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FOREWORD 


Dear Learner, 


We are very happy that you have joined NIOS and decided to become an Open and 
Distant Learner. 


NIOS has brought out its revised Senior Secondary Course material. This course 
has been designed in a modular format in the sense that the content is divided 
into different modules. These modules are made up of a number of lessons. The 
modules are self contained and you can pick up any of the modules first that interests 
you. However, we would like you to proceed as the modules have been arranged 
because there are references and cross references to other lessons. 


One of the main features of this course is the division of the modules into core and 
optional modules. The core modules are compulsory for all learners, but you can 
choose any one of the two optional modules. For example, in Geography, you can 
pick up either Local Area Planning or Tourism Geography; in Business Studies, you 
can study either Wage Employment in Business or Self Employment in Business. 
Each subject offers two optional modules. The idea is to allow you to study what 
interests you more even in one particular subject. This is something unique to the 
NIOS courses of study. You will not find such choice elsewhere. 


This course is revised on the lines of the guidelines contained in the National 
Curriculum Framework.2005. We have tried to make the material as activity based 
as possible. We believe that you learn more when you do something with your own 
hands rather than just passive reading. We have made efforts to keep the language 
of the study material simple to facilitate you to understand the content easily. 


The examples that we have chosen and used in the course material are from daily 
life to enable you to relate easily what is new to what you already know. Through 
the Self Learning Materials, we are trying to help you to construct your own knowledge 
so that you learn by understanding and not just by memorising everything. 


Another important feature of this learning material is integration of Adolescence 
Education issues with the learning content. Realising that development of life 
skills like self awareness, critical thinking, negotiation and communication skills 
is important, we have used different opportunities to build desirable skills in the 
lessons. 


The study materials developed by NIOS are self-learning materials. You are supposed 
to read and work on your own. Unlike a textbook, you do not need a teacher to tell 
you what to do. 


With our good wishes, start studying, do what you are told to do, attempt all activities, 
answer the intext questions, check your answers from the answers given, learn 
each topic well and be a successful self learner. 


Chairman, NIOS 
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27. EENE S НҢ 
A NOTE FROM THE DIRECTOR 


Dear Learner, 


The Academic Department at the National Institute of Open Schooling tries to bring you 
new programmes in accordance with your needs and requirements. After making a 
comprehensive study, we found that our curriculum is more functional, related to life 
situations and simple. The task now was to make it more effective and useful for you. We 
invited leading educationists of the country and under their guidance, we have been able 
to revise and update the Senior Secondary curriculum in the subject of Mathematics in 
the fight of National Curriculum Framework, (NCE)-2005. 


At the same time, we have also removed old, outdated information and added new, relevant 
things and tried to make the learning material attractive and appealing for you. 


I hope you will find the new material interesting and exciting . Any suggestions for 
further improvement are welcome. 


Let me wish you all a happy and successful future. 


A Word With You 


Dear Learner, 


In this book you will be introduced tò a optional module of your course titled “Vectors and 
Three Dimensional Geometry”. In your daily life situation, you are acquainted with physical 
quantities like distance, speed, temperature etc., which are expressed in terms of numbers 
only. You have also come across physical quantities such as velocity, acceleration etc. where 
you need to give their magnitude and direction to express them completely. We will be dealing 
with such physical quantities and their properties in the first lesson of this book. 


Next we move on to Three Dimensional Geometry which is the extension of Two Dimensional 
Plane Geometry. We have discussed the location of a point in plane Geometry in the core 
modules. In Three Dimensional Geometry, we locate a point in space (i.e. in Three Dimensions) 
by describing its perpendicular distance from three mutually perpendicular planes. Our basic 
aim in this module is to acquaint you with some basic facts about points, image/projection ofa 
point, planes, angles between two planes and lines in three dimensional space. 


Lastly, we have discussed the sphere- how it is different from a circle in Plane Geometry: We 
-have also discussed the plane section of a sphere in this module. We have explained all these 
concepts through examples in a very simple way. 
This module also contains a “Questions For Practice" page for self-check. Try to solve it and 
get it checked by the subject teacher at your study centre. 


If you face any difficulty, please do not hesitate to write to us. 


Your suggestions are also welcome. 
Wishing youall the best. 


Yours 


Ж-- 


(Suvendu Sekhar Das) 
Academic Officer (Mathematics) 
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MATHEMATICS FOR COMMERCE, 
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VECTORS 


In day to day life situations, we deal with physical quantities such as distance, speed, temperature, 
volume etc. These quantities are sufficient to describe change of position, rate of change of 
position, body temperature or temperature of a certain place and space occupied in a confined 
portion respectively. We also come across physical quantities such as dispacement, velocity, 


acceleration, momentum etc.-which are of a difficult type. 


Let us consider the following situation. Let A, B, Cand D be 
four points equidistant (say 5 km each) from a fixed point P. If 
you are asked to travel 5 km from the fixed point P, you may 
reach either A, B, C, or D. Therefore, only starting (fixed 
point) and distance covered are not sufficient to describe the 
destination. We need to specify end point (terminal point) also. 
This idea of terminal point from the fixed point gives rise to the 


need for direction. 


Consider another example of a moving ball. If we wish to 
predict the position of the ball at any time what are the basics 


we must know to make sucha prediction? 


Let the ball be initially at a certain point A. If it were known that the ball travels in a straight 
line at a speed of Scm/sec, can we predict its position after 3 seconds ? ‘Obviously not. 
Perhaps we may conclude that the ball would be 15 cm away from the point A and therefore 
it will be at some point on the circle with A as its centre and radius 15 cms. So, the mere 


knowledge of speed and time taken are not sufficient to 
predict the position of the ball. However, if we know 
that the ball moves in a direction due east from A at a 
speed of Scm/sec., then we shall be able to say that 
after 3 seconds, the ball must be precisely at the point P 
which is 15 cms in the direction east of A. 

Thus, to study the displacement of a ball after time t (3 
seconds), we need to know the magnitude ofits speed 
(i.e. 5 cm/sec) and also its direction (east of A) 

In this lesson we will be dealing with quantities which have 
magnitude only, called scalars and the quantities which 
have both magnitude and direction, called vectors, We 
will represent vectors as directed line segments and 
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Notes 


A 
әке 
5 km B 
Skm 
5 km с 
р 
Fig. 32.1 


N 


5 
Fig. 32.2 
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determine their magnitudes and 
perform operations on vectors with properties thereof. We will also acquaint ourselves with 
dimensional Geometry} position vector ofa point w.r.t. some origin of reference. We will find out the resolved parts of 
a vector, in two and three dimensions, along two and three mutually perpendicular directions 
respectively. We will also derive section formula and apply that to problems. We will also define 
scalar and vector products of two vectors. 


©om 


After studying this lesson, you will be able to : 

explain the need of mentioning direction; 

define a scalar and a vector; 

distinguish between scalar and vactor; 

represent vectors as directed line segment; 

determine the magnitude and direction ofa vector; 

classify different types of vectors-null and unit vectors; 

define equality oftwo vectors; 

define the position vector ofa point; 

add and subtract vectors; 

multiply a given vector by a scalar; 

state and use the properties of various operations on vectors; 
comprehend the three dimensional space; 

resolve a vector along two or three mutually prependicular axes, 
derive and use section formula; and 

define scalar (dot) and vector (cross) product of two vectors. 


EXPECTED BACKGROUND KNOWLEDGE 


Knowledge of plane and coordinate geometry. 


Knowledge of Trigonometry. 


32,1 SCALARS AND: VECTORS 


A physical quantity which can be represented by a number only is knownas a scalar i.e, quantities 


which have only magnitude. Time, mass, length, speed, temperature, volume, quantity of heat, 
work done ete. are all scalars. 


The physical quantities which have magnitude as well as direction are known as vectors. 
Displacement, velocity, acceleration, force, weight etc. are all examples of vectors. 


322 VECTOR AS A DIRECTED LINE SEGMENT 


You may recall that a line segment is a portion ofa given line with two end points. Take any line 


EN 22277 2 оз сл 
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l (called a support). The portion of L with end points A and В is called ! ( 
a line segment. The line segment АВ along with direction from A to В 


is written as AB and is called a directed line segment.A and B are 
respectively called the initial point and terminal point ofthe vector 


AB. 
The length AB is called the magnitude or modulus of AB 
and is denoted by | AR|. In other words the length AB = IABI. 


Notes 
Fig. 32.3 


Scalars are usually represented by a, b, c etc. whereas vectors are usually denoted by а, БУС 


E 


etc. Magnitude ofa vector a ie, | Гү | is usually denoted by 'a' 


32.3 CLASSIFICATION OF VECTORS 


32.3.1 Zero Vector (Null Vector) 


A vector whose magnitude is zero is called a zero vector or nall vector. Zero vector has not 


definite direction. AA, ВВ are zero vectors. Zero vectors is also denoted by 0 to distinguish 
it from the scalar 0. 


32.3.2 Unit Vector 
A vector whose magnitude is unity is called a unit vector. So for a unit vector 2) 5 Га |=1.А 


unit vector 18 usually denoted by à . Thus, a=lal а. 


32.3.3 Equal Vectors 

Two vectors а and P are said to be equal ifthey have the ко 
same magnitude. i.e., | a |= n | and the same direction as 

shownin Fig. 32.4. Symbolically, it is denoted by а=. сеа 32.4 


Remark : Two vectors тау be equal even. m Ше] bey 
different parallel lines of support. : 
32.3.4 Like Vectors 522 
АВ and CD are like vectors, although their magnitudes are 

not same. С 


Vectors are said to be like if they have same direction 
whatever be their magnitudes. In the adjoining Fig. 32.5, 


32.3.5 Negative of a Vector B 


BA is called the negative of the vector AB, when they have the 
same magnitude but opposite directions. 


Le. BAS -АВ А 
32.3.6 Co-initial Vectors 
Two or more vectors having the same initial point are called Co-initial vectors. 


A 
| Fig, 32.6 
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ТОНЫ IS adjoining figure, AB, AD and AC are co-initial vectors 
Vectors and three Ё eae 5 
with the same initial point А. D 


dimensional Geometry 
32.3.7 Collinear Vectors 
Vectors are said to be collinear when they are parallel to the same А < С B 


line whatever be their magnitudes. In the adjoining figure, AB. $ Fig. 32.7 


Notes 


ср апа EF are collinear vectors. AB and рс аге also collinear. 


A B с D 


Fig. 32.8 p 
32.3.8 Co-planar Vectors 
Vectors are said to be co-planar when they are parallel to em 
the same plane. In the adjoining figure а, b, © and dare E 
co-planar. Whereas a B and © lie onthe same plane, EU 
d is parallel to the plane of a, В апа с. 

Note : (i) А гето vector сап Бе made {о be collinear with any vector. 

(1) Any two vectors are always co-planar. 


State which of the following are scalars and which are vectors, Give reasons. 
(a) Mass (b) Weight (c) Momentum 
(d) Temperature (е) Force (f) Density 


Solution : (a), (d) and (f) are scalars because these have only magnitude while (b), (c) and (e) 
are vectors as these have magnitude and direction as well. 


152111: 259292 Represent graphically 


(а) a force 40N in a direction 60° north of east. 
(b)a force of 30N in a direction 40? east of north. 


Solution : 20 
N 


a) r N 2 
(a) a <-20м-> (b) 
30N 
40% 
60% 
w E w E 
5 


$ 
Fig. 32.10 Fig. 32.11 
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CHECK YOUR PROGRESS 32.1 dimensional Geomet 


1. Which of the following isa scalar quantity ? 
(a) Displacement (b) Velocity (с) Force (d) Length. 


2. . Whichofthefollowing is a vector quantity ? 


(a) Mass (b) force (c) time (d) tempertaure 
3. _ Youaregivenadisplacement vector of 5 cm due east. Show by a diagram the corresponding 
negative vector. 


4. Distinguish between like and equal vectors. 
5.  Represent graphically 
(a) a force 60 Newton is a direction 60? west of north. 


(5) a force 100 Newton in a direction 45? north of west. 


32.4 ADDITION OF VECTORS 
Recall that you have learnt four fundamental operations viz. addition, subtraction, multiplication 
and division on numbers. The addition (subtraction) of vectors is different from that of numbers 
(scalars). : 
In fact, there is the concept of resultant of two vectors (these could be two velocities, two forces 
etc.) We illustrate this with the help of the following example : 
Let us take the case of a boat-man trying to cross a river in a boat and reach a place directly in 
the line of start. Even if he starts in a direction perpendicular to the bank, the water current 
carries him to a place different from the place he desired., which is an example of the effect of 
two velocities resulting in a third one called the resultant velocity. 
Thus, two vectors with magnitudes 3 and 4 may not result, on addition, in a vector with magnitude 
7. It will depend on the direction ofthe two vectors i.e., on the angle between them. The addition 
of vectors is done in accordance with the triangle law of addition of vectors. 


32.4.1 Triangle Law of Addition of Vectors 


A vector whose effect is equal to the resultant (or combined) 
effect oftwo vectors is defined as the resultant or sum of these 
vectors. This is done by the triangle law of addition of vectors. 


B 


ol 
=} 


In the adjoining Fig. 32.12 vector OB is the resultant or sum of 

vectors OA and АВ andis written as о 
OA + AB = OB 

ie. re Г = OB — ri Fig. 32.12 

You may note that the terminal point of vector 2 isthe initial point of vector Ъ and the initial 


point of a+ В isthe initial point of а and its terminal point is the terminal point of 5. 


MATHEMATICS 
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Vectors and three. | Addition of more then two vectors is shown in the adjoining figure 
imensional Geometry É 
> > > > Я 
а-р-с-4 


—+ — — 
+BC+CD+DE D 


The vector АЁ is called the sum or the resultant vector a 
of the given vectors. 
32.4.3 Parallelogram Law of Addition of Vectors 


Recall that two vectors are equal when their magni- С B 
tude and direction are the same. But they could be 


parallel [refer to Fig. 32.14]. E 2 
а 
See the parallelogram ОАВС in the adjoining figure : b 
We have, OA TABE OB 
SA is A 
But AB - 0C Ё 
ОА + 0C - 0B Fig. 32.14 


which is the parallelogram law of addition of vectors. If two vectors are represented by the 
two adjacent sides ofa parallelogram, then their resultant is represented by the diagonal 
through the common point of the adjacent sides, 


32.4.4 Negative of a Vector 

For any vector a= OA, the negative of а is represented by AO. The negative of AO is the 
same as OA. Thus, [ОА| =| AO! = a |and OA --АО. It follows from definition that for any 
vector а, at (- а) = 0. 

32.4.5 The Difference of Two Given Vectors 


$ x 2 => 
Fortwo given vectors а and b , the difference а — 


x > С B 
b is defined as the sum of a and the negative of 

the vector Б.іе, a-b- 2 +B). 19 

Inthe adjoining figure ifOA=a then, in the paral- 

lelogram OABC, СВ = a 0) 


апа ВА--Р 
CA=CB+BA= a- È Fig. 32.15 


ШЕР И When is the sum of two non-zero vectors zero ? 
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Solution : The sum of two non-zero vectors is zero when they have the same magnitude but] OPTIONAL - I 
Vectors and three 


dimensional Geomet 


opposite direction. 


ЖЕАР Show Бу a diagram a+b=bta 


Solution : From the adjoining figure, resultant с zu 
--- —+ --- В 
OB = ОА + AB 
г 20,228 7 
Complete the parallelogram ОАВС 5 
к -* > — —- > 
ОС = АВ = b, СВ =ОА = а о anm * 
a 
Fig. 32.16 
BE (ii) 
D с 
1. The diagonals of the parallelogram ABCD inter- 
sect at the point O. Find the sum of the vectors 
OA, OB, OC and OD. 
A B 
Fig. 32.17 
с 
2.  Themedians of the triangle ABC intersect at the 
point O. Find the sum of the vectors OA, OB F E 
and oC j / > зас 
А 2212: B 
Fig. 32.18 


32.5 POSITION VECTOR OF A POINT 


A 


We fix an arbitrary point O in space. Given any point P in space, 
we join it to O to get the vector OP. This is called the position 
vector of the point P with respect to О, called the origin of refer- 
ence. Thus, to each given point in space there corresponds a unique 
position vector with respect to a given origin of reference. Con- 
versely, given an origin of reference O, to each vector with the initial 
о В 


point О, corresponds a point namely, its terminal point in space. 
Consider a vector AB. Let O be the origin of reference. 


>) = e — — — Fig. 32.19 
Теп ОА+АВ=ОВ  .AB=OB-OA $ 


or АВ = (Position vector of terminal point B)- (Position vector of initial point A) 
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N OF A VECTOR BY A SCALAR 


| x || а | and whose direction is the same as thatof a ifx>Oand opposite to that of а ifx<0. 


The product of the vector a by the scalar x is denoted by x a. 


Not : > 
ores | The product of vector a by the scalar 0 is the vector 0. 


By the definition it follows that the product of a zero vector by any non-zero scalar is the zero 
vector i.e., x 9 = 9 ;also on = 9. 

Laws of multiplication of vectors : If а and В are vectors and x, y are scalars, then 

Q — xy2-&ys 

(ii) ха+уа=(х+у)а 

(ii) ха+х® -x(a« b) 

| оа+хб=0 

Recall thattwo collinear vectors have the same direction but may have differeat magnitudes. 


This implies that 2 iscollinear with a non-zero vector В Напа only if there exists a number 
(scalar) x such that 

a=xb 
A necessary and sufficient condition for two vectors a ard В to be col- 
linear is that there exist scalars x and y (not both zero simultaneously) such that x re y b= 0 : 


The Condition is necessary 

> > ; 4 -» > 
Proof: Let a and b be collinear. Then there exists а scalar / such that a = / b 
іе, a+()b=0 
2. Weare able to find scalars x (= 1) and у (= -/) such that х at y 5-0 


Note that the scalar 1 is non-zero. 
The Condition is sufficient 


Itis now given that xat y ie 0 and x + Q and y = 0 simultaneously, 
We may assume that у = 0 


yb=-xa e idend ie. D and a are collinear. 
Уу 
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i Е yon абда ой | gh 
[Hint : If any one ofx and y is non-zero say y, then we get b = — 5 а whichis a contradiction] dimensional Geometry 


0) à (0) -â 
5 x 5 Жук Not 
Solution : (i) x a =a ie. х|а|@ =a и 
1 
= Mou 
[а | 
(ii) ха = 1, х|8(8:-48 
Ж коё 
С 12| 


Example 32.6 The vectors а and B are notcollinear. Find x such that the vector 


Q-(x-2)24 В and d = Qx4) a- b 
Solution : © is non-zero since the co-efficient of b is non-zero. 
2. There exists a number y such that d =y © 
ie. Qx«Da-b-y(x-2)a«yb 

(yx -2y -2x- 1) a (y 4) В =0 
As a and. b arenon-collinear. 

ух – 2у – 2х – 1 = 0 апйу+1=0 


Solving these we get y = —1 and X = 


Thus es 9 
у 


1 
3 
d-23-9 


uU 


a у ылу 1 : 
We can see that с and d are opposite vectors and hence are collinear. 


ЕНИСЕЙ The position vectors of two points A and B are 2 a+ ЗВ and 3a+b 


respectively. Find AB. 
Solution : Let О be the origin of reference. 


Then AB = Position vector of B — Position vector of A 
-» — 
= OB- ОА 
= (a+ b)—(2a+3b) 
бав. 
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Vectors and three ER 
dimensional Geometry} and — 7 Б respectively are collinear. 


— 
Solution : PQ — Position vector of Q — Position vector of P 


= (2 а+3В)-(а-28) 
Notes EO UNT 440) 
апа QR = Position vector of R — Position vector of О 
--78-(24-35) 
--78-28-38 
--28-105 
=-2(а+5Ъ) «D 
From (i) and (ii) we get РО --2 QR, ascalar multiple of QR 
к — — 
PQ || QR 
But Q isa common point 


--> — 5 
PQ and QR are collinear. Hence points P, О апа R are collinear. 


CHECK YOUR PROGRESS 32.3 


The position vectors of the points A and B are a and b respectively with respect to a 
givenorigin of reference. Find AB. 
Interpret each ofthe following : 


@3a i) -5 b 
The position vectors of points A, B, C and D are respectively 22-38 КТРК ету 
and 2+2 b. Find DB and AC. 


Find the magnitude of the product ofa vector п by a scalar y. 
State whether the product ofa vector by a scalar is a scalar or a vector. 


State the condition of collinearity of two vectors р and q 1 


Show that the points with position vectors 5 a+6b 2: a- 8b and 324 20 D are 
collinear. 


Given any two non-collinear vectors а and Б, they can be made to lie in one plane. There (in 
the plane), the vectors will be intersecting. We take their common point as О and let the two 


ь MATHEMATICS 
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vectors be OAand OB. Given a third vector n8 
риоя таш 27, 105 
coplanar with а and b , wecan choose its initial point 
also as O. Let C be its terminal point. With OC as 


diagonal complete the parallelogram with За b 
as adjacent sides. 


> > > 
c=la+mb 


Thus, any di; coplanar with а and P. isexpress--. 0 TECTA n= 


ible as a linear combination of a and P. Fig. 32.20 


1 > > > 
Le. с = Іа+тб` 


32.8 RESOLUTION ОЕ A VECTOR ALONG 


PERPENDICULAR AXES 
Consider two mutually perpendicular unit vectors 


i апа) along two mutually perpendicular axes ү 
ОХ and OY. We have seen above that any vector 


T in the plane of 1 and 7, can be written in the 

form T = xi as у) N P 
If O is the initial point of T „then OM=xand 

ON = y and OM and ON are called the 

component vectors of T along x-axis and y-axis. о M X 
OM and ON , in this special case, are also called 
the resolved parts of T 

RESOLUTION OF A VECTOR IN THREE DIMENSIONS 
ALONG THREE MUTUALLY PERPENDICULAR AXES 


The concept of resolution of a vector in three dimen- 
sions along three mutually perpendicular axes is an ex- 
tension of the resolution ofa vector in a plane along 
two mutually perpendicular axes. 


32.9 


Any vector 1 r in space can be expressed as a linear 
combination of three mutually perpendicular unit vec- 


tors 1, 1 and К asis shown in the adjoining Fig. 32.22. 
We complete the rectangular parallelopiped with 


o E ды 
OP = г asits diagonal : 
X Fig. 32.22 


then Т=хі+у +2 
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ЁС 


т=з \ 
== 


xi, y 1 and zk are called the resolved parts of т along three mutually perpendicular axes. 
Thus any vector Tin space is expressible as a linear combination of three mutually perpendicu- 
lar unit vectors i 5 1 апа К. 
Refer to Fig. 32.21 in which ОР? = OM? + ON? (Two dimensions) 

FTA 


or P= xe у? ЖОМ (i) 
and in Fig. 32.22 
OP? = OA? + ОВ? + OC? 
Е 


тех тул туст Е аре ен (ii) 
Magnitude of T =| т | incase of Öis x2 + y? 


and Gi)is x? + y? +22 
à с = c» . 
Note : Given any three non-coplanar vectors а, b and с (not necessarily mutually 
: ee : : cas 
perpendicular unit vectors) any vector d. is expressible as a linear combination of — — 
> > x > УКУ 
а, band ¢,ie., d -xacybeze 


ICT РД A vector of 10 Newton is 30° north of east. Find its components along east 


and north directions. 


Solution :Leti andj be the unit vectors along бх апа oY (East and North respectively) 
Resolve OP in the direction OX and OY. 


OP = OM + ON Y North 
| = 10 cos 30° {+10 sin 307) d 
- 3410.13 ; 
254/3i45j 
-.Componentalong (i) East = 5/3 Newton о 


(ii) North = 5 Newton 
Show that ће following vectors are coplanar : 
ie 29,324 B and a+4b 
Solution : The vectors will be coplanar if there exists scalars x and y such that 


Fig. 32.23 


Example 32.10 


а+4Б = x(4-28) « yG a 8) 
= (x +3у)а+ (—2х +y)b 5. (1) 


—— 


MATHEMATICS 


к " 2 à OPTIONAL - | 
Compile m —— of э and В on both sides of (i), we get Votos ani үре 


x+3y=1 and -2x + y = 4 dimensional Geometry 


11 
which on solving, gives X = EE and y = 7 


77 —— 


> z : 2 -» > > > 
As a+4b is expressible in terms of a—2 b and 3 a+ b , hence the three vectors are [^x 6. 
coplanar. 


Example 32.11 Сіуеп т == 1 +k and 5 а 3k , find the magnitudes of 


(а) 1 в () q4 5 @ 1-5 


Solution : 


Ө \PRl=|i-j+k|= P «CD «P =%3 
(0 x= 422 +H? «(-3)y 5529 


(с) Ter =0-j+ + @i- 4j- 3k) = 31 -5i - 2k 


(08 (43 -3)-28|-4 «сэр (2)? = 8 
(d 1-0 -ü-j«b- Qi -4j- 3k) = ci 3j + 4k 

12-215:153144 54205 2 16 

Determine the unit vector parallel to the resultant of two vectors 
4 =3i + 2j—4k and В 2i] +2 
Solution : The resultant vector R-a+b= (3i * 2j = 4k) + бі + j + 2k) 
_ = 4) 43) - 2k 

Magnitude of the resultant vector Ris | R [= 42 4321+ (-2y = 429 


2. The unit vector сү to the resultant vector 


Ri n 3 
4i 5-29- 5 EE 1 


(921111 СКУНЕЯ Find a unit vector in the аган огт-% 

where T =1+2)—3К апа з =2i-j+2k 

Solution: P- Э = (1+ 2j- 3k) - Qi - j + 2k) 
==ї+3)=5К 
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1Z- 2 |=y(-1) + (3? +(-5)? = 35 
2, Unit vector in the direction of G- з) 


сал 


(ee йн ЕЕ 
= (1+3) -5®) = 1+ AR 
BG On CES As 455 


Notes | ӨТ ЕУДЕЙ Find a unit vector in the direction of 2 4438 where а =i+ 3j +k and 


27 


9-31-2)-Ё: 

Solution: 22. 38 - 2(1+3}+k)+3@i-2j-k) 
= (2i + 6j + 2k) (9i — 6j — 3k) 
-1ü-k. 

122438 | = (11)? + (71? = 122 


Uni шады С Y) odi 
2. Unit vector in the direction of (2 a+ 3 b) is “122 Aa 
ИУ БХ Show that the following vectors are coplanar : 
42-59 ос, 240455 27 and 24-2844 where а,Ь and С are three 
non-coplanar vectors. 


Solution : If these vectors be co-planar, it will be possible to express one of them as a linear 
combination of other two. 


Let -22-28+4@ =x (42-20-26) * y (-2a+4b-2¢) 
here x and y are scalars, 
Comparing the co-efficients of 2, B and © from both sides, we get 

4x -2у=-2, -2x + 4y --2 and -2x - 2y = 4 
These three equations are satisfied by x = —1, y = —1 Thus, 


-24-29446 =(-1) (42-25-26) + (-1 (22à« 48- 2€) 
Hence the three given vectors are co-planar. 

жа 

ж CHECK YOUR PROGRESS 32.4 


2. Determine the resultant vector T whose components along two rectangular Cartesian 
co-ordinate axes are 3 and 4 units respectively. 
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In the adjoining figure : 
[ОА [=4, [ОВ |= 3 and 


| OC [= 5. Express OP in terms of its 
component vectors. 


44 Iq =4i+j-4k, р = 2i 2j + 3k and 
5 =i+ 3) — Е then show that 
> > > 
|p*n*n5l-7- X Fig. 32.24 

5. Determine the unit vector parallel to the resultant of vectors : 
3=2+4]-5 and B 214 2j +36 

6. Find a unit vector in the direction of vector 32-28 where а =i- 1 -К and 
ЕДА 
b=i+j+k. 


7. Show thatthe following vectors are co-planar : 


32-78-42,32-28» © and 24 В+26 where 2,Б and © are three non- 
coplanar vectors. 


3210 SECTION FORMULA 
Recall that the position vector of a point P is space with respect to an origin of reference O is 
Т =O. 

In the following, we try to find the position vector ofa point dividing a line segment joining two 
points in the ratio m : п internally. 


A m Р п B 


4) 


Fig. 32.25 
Let А and B be two points and 2 апа В be their position vectors уггі. the origin of reference 


O, so that OA= а and ОВ = Ts 
Let P divide AB in the ratio m : n so that 
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> 


Vectors 


m — — s 
= d. ог, nAP = mPB 440) 


пАР - mPB, it follows that 
n(OP - OA)= m(OB - OP) 
(m+n) OP = m ОВ +п0А 


ОР = mOB + nOA 
m+n 


mbtna 

Ts 

or І-------- 
m+n 


where Т is the position vector of P with respect to O. 


[Hint : This division is in the ratio -m : n] 
ОТИ КУМ С Find the position vector of a point which divides the join of two points whose 
position vectors are given by Х and y in the ratio 2 : 3 internally. 


Solution : Let T be the position vector of the point. 
3559312 y 1,2 2 
------(3х42у). 
Оо" 
Find the position vector of mid-point of the line segment AB, ifthe position 


Example 32.17 
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vectors of A and B are respectively, X42 y аш 2 Х- У. 
dimensional беоте! 


Solution : Position vector of mid-point of AB 


_ (+29) *QX- У) 
2 


=> 
х+ 


iy 
y 

ТТК Е The position vectors of vertices A, В and C of ДАВС аге а, Band е 
respectively. Find the position vector of the centroid of AABC. 
Solution : Let D be the mid-point of side BC of AABC. 


Let G be the centroid of AABC. Then G divides AD 
in the ratio 2 : 1 i.e. AG: GD=2:1. 


A(a) 


$ E 
Now position vector of D is £e 


B(b) \C(@) 
D 


AE t с——+1.а ї 
2. Position vector of G is 2 Fig. 32.26 


CHECK YOUR PROGRESS 32.5 


OH AOI 
1. Find the position vector ofthe point C if it divides AB in the ratio (i) 2 : 3 


(ii) 2 : — 3, given that the position vectors of A and B are Запі В respectively. 


N 


Find the point which divides the join of P(p) and Q(q) internally in the ratio 3 : 4. 
CD is trisected at points P and Q. Find the position vectors of points of trisection, if the 


25 


zi > zd } 
position vectors of C and D are с and d respectively 
4. Using vectors, prove that the medians ofa triangle are concurrent. 


5. Using vectors, prove that the line segment joining the mid-points ofany two sides ofa 
triangle is parallel to the third side and is half of it. 


32.11 PRODUCT OF VECTORS 


In Section 32.9, you have multiplied a vector by a scalar. The product of vector with a scalar 
gives us a vector quantity. In this section we shall take the case whena vector is multiplied by 
another vector. There are two cases : 


(i) | When the product of two vectors is a scalar, we call it a scalar product, also known as 


MATHEMATICS are 


OPTIONAL - | dot product corresponding to the symbol ' e ' used for this product. 


Vectors and three (jj) ^ When the product of two vectors is a vector, we call it a vector product, also known as 
mensional Geometry cross product corresponding to the symbol ' x ' used for this product. 


VECTORS 


Let a and В two vectors and Ө be the angle 
Notes | between them. The scalar product, denoted by 


a М В , is defined by 


2.8-12||8|сов0 b 
Clearly, а. В isa scalar as | a Ы % | and cos 0 6 


are all scalars, ! — 
a 


Fig. 32.27 


| Example 32.19 ЖЖ PT НАН 4i - 3j - k, find а. Б. 


Also find angle between zand В. 


Solution: 2. B = (3i + 2j – 6k) - (4i - 3j +k) 
=3х4+2х (-3) + (6) x1 


=12-6-6=0 
Let 0 be the angle between the vectors 2 and В 
> > 
Then найс c нра А 
ІЗГІРІ 
ЖЕ 
2 
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Before we define vector product of two vectors, we discuss below right handed and left handed dimensional Geometr 
screw and associate it with corresponding vector triad. 
32.13.1 Right Handed Screw 

If a screw is taken and rotated in the anticlockwise direction, it translates towards the reader. It 
is called right handed screw. 
32.13.2 Left handed Screw 


Ifa screw is taken and rotated in the clockwise direction, it translates away from the reader. It is 
called a left handed screw. 


Now we associate a screw with given ordered vector triad. 


Let а T В апа T be three vectors whose initial point is О. 


ок 
с а 


[0] (ii) 
Fig. 32.28 
Now ifa right handed screw at О is rotated from 2 towards P through an angle <180°, it will 


undergo a translation along © [Fig. 32.28 (1)| 


Similarly ifa left handed screw at O is rotated from 2 to $ through an angle «180^, it will 


undergo a translation along © [Fig. 32.28 (ii)]. This time the direction of translation will be 
opposite to the first one. 


Thus an ordered vector triad 2,8,218 said to be right handed or left handed according as the 


right handed screw translated along © oropposite to T when itis rotated through an angle less 
than 180° 
32.13.3 Vector product axb в 
Та à and В be two vectors and 9 be the angle 4 
‘between them such thatQ < Ө < т. The vector n 

-» >. э > : 
product of а and Б is denoted by a x b andis: 0 
defined as the vector 
2x B =|? || В | sino â where fis the unit тазы» 
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vector perpendicular to both ‘a and such that a ‚ band й form aright handed triad of 
vectors. 


dimensional Geomet a 
į 


d. 


7. 


^^ 
6. CHECK YOUR PROGRESS 32.6 


э > 
a 


Clearly axb=-b 


x 


If ax В = $, theneither а = 0 or В =@ ога | P. 
Ө is not defined if any or both of заар аге @.Аз 0 has no direction and so Й is not 


defined. In this case ax B= @. 


2 > > э > > 
ax(b+ с) = ахъ+ахс. 


Find the angle between two vectors 


(a) 3i 2j — ЗК and 2i +3} + 4k. (b) 21+} - 3k and 3i - 2j + È 


LET US SUM UP 


A physical quantity which can be represented by a number only is called a scalar, 
A quantity which has both magnitude and direction is called a vector. 


A vector whose magnitude is 'a' and direction from A to B can be represented by AB and 
its magnitude is denoted by | AB |= а. 


A vector whose magnitude is equal to the magnitude of another vector à butof opposite 
direction is called negative of the given vector and is denoted Бу-а. 


Aunit vector is of magnitude unity. Thus, a unit vector parallel to а is denoted by 4 and 
> 


3 а 
is equal to Wes 
Га | 


А zero vector, denoted Бу Т] , is of magnitude 0 while it has no defi 
Unlike addition of scalars, vectors are added 
of vectors and therefore, the ma 
to sum of their magnitudes. 


nite direction. 
in accordance with triangle law of addition 
gnitude of sum of two vectors is always less than or equal 


EN сес 
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° Two or more vectors are said to je collinear if their dus are ара same ог parallel. 


° Three or more vectors are said to be coplanar if their supports are parallel to the same 
plane or lie on the same plane. 
° If a isavector and x is a scalar, then x a isa vector whose magnitude is | x| times the 


magnitude of 2 and whose direction is the same or opposite to that of a depending 
upon x > 0 orx <0. 


° Any vector co-planar with two given non-collinear vectors is expressible as their linear 
combination. 


° Any vector in space is expressible аз a linear combination of three given non-coplanar 
vectors. 


° Тһе position vector ofa point that divides the line segment joining the points with position 
vectors a and b inthe ratioofm:n internally/externally are given by 
> Р -» T 
natmo, ae respectively: 
m+n n-m 


° The position vector of mid-point of the line segment joining the points with position уес- 
52 жк ы а 
tors a and b is given by 
- 2 
a+b 
2 


Е 
° The scalar product of two vectors a and b is given by a.b = а || b | cos 0, where 


0 isthe angle between ‘a and Di 


ОИ e 
» The vector product of two vectors a and b is given by 322 P = T || D | sin Ө Я where 


. . <> 
0 is the angle between a ‚ band fj is a unit vector perpendicular to the plane of а and 
MS 


bu 
SUPPORTIVEWEBSITES 
° http://www. wikipedia.org мажат, Чи 
° http://mathworld.wolfram.com oon Ld 26! 
toon, Ба. 3 105289, 


ын TERMINAL EXERCISE 


1. Let a, Band c bethree vectors such that any two of them аге non-collinear. Find their 


sum if the vector a+ Б iscollinear with the vector с and ifthe vector b+ с iscol- 
» ° > 
linear with а. 


MATHEMATICS 


OPTIONAL - | 
Vectors and three 
dimensional Geometry 


Prove that any two non-zero vectors 2 and B. are collinear if and only if there exist 
numbers x and y, both not zero simultaneously, such that x D y В = 0 : 

ABCD isa parallelogram in which М is the mid-point of side CD. Express the vectors 
BD and AM in terms of vectors BM and MC. 

Can the length of the vector re P be (i) less than, (ii) equal to or (iii) larger than the sum 
of the lengths of vectors aandb ? 

Let a and B be two non-collinear vectors. Find the number x and y, if the vector 
(2-х) a+b and y des (x — зв are equal. 

The vectors a and В are non-collinear. Find the number x ifthe vector 3 a+xb and 


0-х) a- 38 are parallel. 


Determine x and y such that the vector а =-21+ 3) + yk is collinear with the vector 
be=xi- 6) + 2k . Find also ће magnitudes of заар. 

Determine the magnitudes of the vectors a+ band 2- B ifa -3i— 5j + 8k and 
%--із 1 – 4k. 

Find a unit vector in the direction of а where а = -6i + 3) ~ 2k. 

Find a unit vector parallel to the resultant of vectors > 21 + Капа —21 + 4] +k 
The following forces act on a particle Р: 

F, =2+)- 3k, B = -3i + 2j + 2k and В = 31 — 2) + К measured in Newtons. 


Find (a) the resultant of the forces, (b) the magnitude of the resultant. 
Show that the following vectors are co-planar : 


(2-294 с), (2а+ b-3¢) and (-3а+ 042€ 
) 


>> > 
where а , b and с аге апу three non-coplanar vectors. 
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CHECK YOUR PROGRESS 32.1 
її @ 2. (b) 


5 


Fig. 32.30 
4. Two vectorsare said to be like if they have same direction what ever be their magnitudes. 


But in case of equal vectors magnitudes and directions both must be same. 


5. N <—50N—>, 100N N 
60N 
60° 
м Е 8 45° Е 
6 . X 
Fig. 32.31 Fig. 32.32 

CHECK YOUR PROGRESS 32.2 
Da d 2.0 
CHECK YOUR PROGRESS 32.3 
ва 


2. (0) Itisa vector in the direction of 2 and whose magnitudes is 3 times thatof а. 
(ii) Itis a vector in the direction opposite to that of & and with magnitude 5 times that of 


= 


b. 
3.*рв=@- and AC - 24435. 
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ЕЕ — — — — —— — — 


4 |уп|=у|п|їу>0 


--у|п | Ғу<0 
. =O0ify=0 
> > ? 
6. р = х 4 ,xisanon-zero scalar. 


CHECK YOUR PROGRESS 32.4 


15 If there exist scalars x and у such that С = x a+ y b 
О ЕИ 3. OP = 4+3} sk 
oe: 


1: 
ёт СУТ Л 


ж» 


5 (316-2) 6. 
CHECK YOUR PROGRESS 32.5 
1. OQ 35) (ii) 32-25) 
2. lugaas) а (оса) ено 
7 3 3 
CHECK YOUR PROGRESS 32.6 
1 шщ b cos- (£) 
2208) (b) s 
TERMINAL EXERCISE 
> э э > 
1. a+b+c=0 


— 0-0 — — -» — 
3. Вр-ВМ-МС,АМ-ВМ-2МС 


^ -» > 2 2 : : 
4. (i) Yes, a and b areeitherany non-collinear vectors or non-zero vectors of same direction. 


.. =z "rd 5 . . . р 
(її) Yes, a and b are either in the opposite directions or at least one of them is a zero 


vector. 


(iii) Yes, запа В have opposite directions. 


3: x=4, y=-2 6. х2, L 
7 у [2 |= 14:| B | 2 2/14 
8 |2-5|-26,|]a2- B|-14 
б зк ud L^ ^ 2 
= S praet р лса. 
9 ет” 10. += (@+2]+2Ж) 
П. 294535 


МАТНЕМАТІСЅ 


INTRODUCTION TO THREE 
DIMENSIONAL GEOMETRY 


You have read in your earlier lessons that given a point ina plane, 
numbers, called its co-ordinates in the plane. Conversely, given any ordered pair (x, y) there 
corresponds a point in the plane whose co-ordinates are (x, y). 

Leta rubber ball be dropped vertically іп a room The point on the floor, where the ball strikes, 
can be uniquely determined with reference to axes, taken along the length 
room. However, when the ball bounces back vertically upward, the position ofthe ball inspace 
at any moment cannot be determined with reference to two axes considered earlier. Atany 
instant, the position of ball can be uniquely determined if inaddition, we also know the height of 


the ball above the floor. 

If the height of the ball above the flooris2.5cm 
and the position of the point where it strikes 
the ground is given by (5, 4), one way of 
describing the position of ball in space is with 
the help of these three numbers (5, 4, 2.5). 
Thus, the position ofa point (or an article) in 
space can be uniquely determined with the 
help of three numbers. In this lesson, we will 
discuss in details about the co-ordinate system 
and co-ordinates of a point in space, distance 
between two points in space, position of a 
poirit dividing the join of two points in a given 
ratio internally/externally and about the 
projection of a point/line in space. 


OBJECTIVES 


After studying this lesson, you will be able to : 
e associate a point, in three dimensional space 
e find the distance between two points in space; 


itis possible to find two 


and breadth ofthe 


with given triplet and vice versa; 
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e  findthecoordinates ofa point which divides the line segment joining twogiven points in a 
givenratio internally and externally; 

define the direction cosines/ratios ofa given line in space; 

find the direction cosines ofa line in space; 

find the projection ofa line segment onanother line; and 

find the condition of prependicularity and parallelism oftwo lines in space. 


ECTED BACKGROUND KNOWLEDGE 
Two dimensional co-ordinate geometry 
Fundamentals of Algebra, Geometry, Trigonometry and vector algebra. 


33.1 COORDINATE SYSTEM AND COORDINATES OF 

A POINT IN SPACE 

Recall the example of a bouncing ball in a room where one corner ofthe room was considered 
as the origin. 


It is not necessary to take a particular 
comer ofthe room as the origin. We could 
have taken any corner of the room (for 
the matter any point ofthe room) as origin 
of reference, and relative to that the co- 
ordinates of the point change. Thus, the 
origin can be taken arbitarily at any point 
of the room. 


Let us start with an arbitrary point O in 
space and draw three mutually 
perpendicular lines X'OX, Y'OY and 
Z'OZ through О. The point O is called the 
origin of the co-ordinate system and the 
lines X'OX, Y'OY and 7/02. аге called 
the X-axis, the Y-axis and the Z-axis 
respectively. The positive direction of the 
axes are indicated by arrows on thick lines 
in Fig. 33.2. The plane determined by the 
X-axis and the Y-axis is called XY-plane 
(XOY plane) and similarly, YZ-plane 
(YOZ-plane) and ZX-plane (ZOX-plane) 
can be determined. These three planes are 
called co-ordinate planes. The three 
coordinate planes divide the whole space 
into eight parts called octants. 


Let P be any point is space. Through P 
draw perpendicular PL on XY-plane 


Introduction to Three Dimensional Geometry 


meeting this plane at L. Through L draw а line LA 

parallel to OY cutting OX in А. If we write OZ = x, 
AL - y and LP =z, then (x, у, 7) are the co-ordinates 
ofthe point P. 


Again, if we complete а reactangular parallelopiped 
through Р with its three edges OA, OB and OC 
meeting each other at O and OP as its main diagonal 
then the lengths (ОА, OB, OC) i.e., (x, у, Z) are 
called the co-ordinates of the point P. 


Name the octant wherein the given points lies : 


(а) @; 6, 8) (b) (-5 2, 3) 
(d) (-3.1,-2) (е) (-6,-1,-2) 


(с) C2. 5. 1) 
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Since all the co-ordinates are positive, .-. (2, 6, 8) lies in the octant OXYZ. 

Since x is negative and y and z are positive, ., (-1,2,3) lies in the octant OX'YZ. 
Since x and y both are negative and zis positive .-. (-2,-5, 1) lies in the octant OX'Y'Z. 
(-3, 1, 22) lies in octant OX'YZ'. 


Since x, y and z are all negative .. (-6, —1, 2) lies in the octant OX'Y'Z’. 


< 
6. CHECK YOUR PROGRESS 33.1 


1. Name the octant wherein the given points lies : 
(a) (-4, 2,5) (5)(4,3,-6) (©) (-2, 1, 3) 
(4) (1,-1,1) ()(8,9,-10) 


33.2 DISTANCE BETWEEN TWO POINTS 


Suppose there is an electric plug on a wall ofaroom 2 
and an electric iron placed on the top ofa table. What 
is the shortest length of the wire needed to connect the 
electric iron to the electric plug ? This is an example 
necessitating the finding of the distance between two 
points in space. 


Electric iron) 


а И 


Р (plug) 
Let the co-ordinates of two points Р and Q be 
(х1, Yi» 21) and (x2, y2, 2; ) respectively. With 
PQ as diagonal, complete the parallopiped 
PMSNRLKQ. 


Fig. 33.5 


PK is perpendicular to the line КО. X 


2. From the right-angled 7 
triangle PKQ, right angled at К, 


We have РО? = pK? + ко? 


Again from the right angled triangle PKL right angled 
at L, 


PK? = KL? + PL? = МР2 +Р12 (2: KL = MP) 
PQ? = MP? + PI? + КО2 ...(i) 


The edges MP, PL and KQ are parallel 
to the co-ordinate axes. 


% =. -------ааа шт 


Introduction to Three Dimensional Geometry 
Now, the distance of the point P from the plane YOZ = x; and the distance of Q and M from 
YOZ plane = ху 
МР = [хо - xi| 
Similarly, PL = |y? - yı | and КО = |z? - 21|. 


OPTIONAL - | 
Vectors and three 
dimensional Geomet 


PQ? = (x2 - ху у + (У2 – У! Т + (2-21 y [From (0) ] 


= ; |Po| = (хо =)? «(v2 1) + (22-1) 


Solution : Let P (2, 5, — 4) and Q (8,2,- 6) be the two given points. 
IPo| = (8-2) + (2-5)? + (6+ 4) 

= 36 +9+4 
-JD 
=7 

2. The distance between the given points is 7 units. 

ҮТТЕ Prove that the points (—2, 4,-3). (4,-3,-2) and (-3, - 2,4) are 

the vertices ofan equilateral triangle. 


Solution : Let А (—2, 4, — 3),B (4, -3, — 2) and C(-3, - 2,4) be the three given points. 


Now |AB| = (442)? «(-3-4) +(-2+3) 
= 36+ 49 +1 = V86 | 
|BC| = (33-4 «(2243 +(442) = 486 


[СА| = (2 +3)? + (4*2) + (3-4) = 486 
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Since |AB| = |BC| = |СА |, A ABC isan equilateral triangle. 


|Example33.4 5% whether the following points form a triangle or not : 
(a) A(-1, 2,3) B(L4 5) ал C(5, 4, 0) 


6) (2,-3,3), (L2, 4) ad (3-82) 


Solution : 


(а) |aB| = (1+1 +(4-2} « (5-3) 
-422 +22 +22 -243 =3.464 (арргох.) 

[Bc] = {5-12 + (4-4 + (0-5 
= V16+0+25 = 4/41 764 (approx) | 
а (асі- s? (4-2 + 0-37 


= /36+4+9=7 | 


|AB| +|BC| = 3.464 + 64 = 9.864 > |АС|, | AB| + [АС] > [ВС] | 


B 


add |BC|+|AC| » |AB|. 

Since sum of any two sides is greater than the third side, therefore the above points form a 
triangle. 

(b) Let the points (2,— 3,3), (1,2, 4) and (3,— 8,2) be denoted by P, Q and R 
respectively, 


ten |PQ|- (1-2) +(2+3)2 +(4-3) 
SUEDE 31 


jar| = (3-15 « (8-2? « (2-4) 


= 44310044 = 643 


|PR| = (8:27 eee 39 (2-37 
НТ 
= 343 


In this case |PQ|+|PR| = 348 + 3V3 = 643 = [ОК |. Hence the given points do not form 
atriangle. In fact the points lie ona line. 


MATHEMATICS 
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Show that the points A (1,2, — 2), B (2,3, — 4) and Бор 4, „д form 
aright angled triangle. 


Solution: | АВ? = (2 1) *(3-2) «(4*2 =1+1+4=6 
Bc? -(3-2y +(4-3) + (3+4) =1+1+1=3 

and АС? = (3-1)? -(4-2у +(-3 +2) =4+4+1=9 
We observe that AB? + BC? бааа AC? 


А ABC isaright angled triangle. 
Hence the given points form a right angled triangle. 


| Example 33.6 > гоус that the points A(0, 4,1), В(2,3,-1), C(4 5, 0)and 


D (2, 6. 2) are vertices оға square. 
Solution : Here, АНЬ (2-0) -(3-4 «C1-1) 
= J44+14 4 =3 units 
BC = (4-2) (5-3) (041) 
Кука сео. 
Ср = (2-4)--(6-5) (2-0) 
= J441+4 4 =3 units 
and РА = (0-2)? +(4-6) + (1-2) 


= 4/4 +4+1 = 3 units 
AB = BC = CD = DA 


Now ac? = [ао «(5-4Y +(0-1/ 


=16+1+1=18 
AB? + ВС? = 32 +32 =18 = AC? 
ZB = 90° 


In quadrilateral ABCD, AB = ВС = CD = DA and ZB = 90° 
„. ABC Disa square. 


CHECK YOUR PROGRESS 


1. Find the distance between the following points : 
(a) (4.3, — 6) and (-2, 1, -3) (b (23.1 -2) and (-3, - 1, 2) 
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nensional Geometry} _ 


Let the co-ordinates of P be (хү, уу, 21 ) and the со 
points P, К and О, draw PL, RN and QM perpendiculars to the XY- 


UN. ———ee—— eee 


(c) (0, 0, 0) and (-1, 1, 1) 
Show that if the distance between the points (5, — 1, 7) and (a, 5, 1) is 9 units, "а" 
must be either 2 or 8. 


Show that the triangle formed by the points (a, b, с), (b. c, a) and (с, a, b) is 
equilateral. 


Show that the the points ( —1, 0, — 4), (0, 1, — 6) and (1, 2, — 5) form aright angled 
tringle. 

Show that the points (0, 7,10). (—1, 6, 6) and (—4; 9, 6) are the vertices of an 
isosceles right-angled triangle. 

Show that the points (3, — 1, 2). (5, - 2. - 3). (-2, 4, 1) and (-4, 5, 6) forma 
parallelogram. 

Show that the points (2, 2, 2), (—4, 8, 2), (—2, 10, 10) and (4, 4,10) forma 
square. 


Show that in each ofthe following cases the three points are collinear : 


(a) (-3, 2, 4), (—1, 5, 9) and (1, 8, 14) 
(b) (5, 4, 2), (6, 2, - 1) and (8 - 2, —7) 


(с) (2, 5, – 4), (1, 4, — 3) and (4, 7, — 6) 


33.3 COORDINATES OF A POINT OF DIVISION OF A 
LINE SEGMENT 


Fig. 33.7 
Let the point R (x, y, z) divide PQ in the ratio / : m internally. 


-ordinates of Q be ( x», У?, 72 ). From 
plane. 


MATHEMATICSS 
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Draw LA, NC and MB perpendiculars to OX. ^. OPTIONAL - I 


Vectors and three 
Now AC = OC - OA = x - x, and BC = OB- OC = x5 - x dimensional Geometry 


АС IN .PR Ш 
Also we have, BC NM RQ m 


X EXE 1 
Х2-Х т 
ог mx — mx, = хә — Ix 
or (1+ m)x = Ix; + mx, 
Ixy - mx, 
or ispum 
1+ т 


Similarly, if we draw perpendiculars to OY and OZ respectively, 


ly; + my; Izy + mz 

E ікт cal l+m 
? ‚ (ә + тхр іу) + шур dz, =m | 
Risthe point ( EA E E ИТ: 


1 2 / 
ША = ==, еп ће co-ordinates of the point R which divides РО in the ratio 3, : 1 are 
Е Mya + у маха teo 
WTR rs т 


It is clear that to every value of ),, there corresponds a point of the line PQ and to every point 
Ron the line PQ, there corresponds some value of à. If à is postive, В lies on the line segment 
PQ and if л, is negative, R does not lie on line segment PQ. 


Inthe second case you may say the R divides the line segment PQ externally intheratio — А. : 1. 


[ ШЕЕ Fin the co-ordinates ofthe point which divides the line segment joining the 
points (2, — 4, 3) and (-4, 5, = 6) inthe ratio 2 : 1 internally. 


Solution : Let А (2, — 4, 3), В(—4, 5, - 6) be the two points. 
Let P (х, у, 2) divides AB in the ratio 2 : 1. 


MATHEMATICS : ЕЕ 
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dimensional Geometry 2-1 PTI 
2(-6) +13 
Vc EE 
as 2-1 


Thus, the co-ordinates of P are (-2, 2, — 3) 

Find the point which divides the line segment joining the points (-1, — 3, 2) 
and (1, — 1, 2) externally in the ratio 2 : 3. 

Solution : Let the points (—1, — 3, 2) and (1, — 1, 2) be denoted by P and Q respectively. 
Let R (х,у, 2) divide PQ externally in the ratio 2:3. Then 


ПОЕТО... а ls е, 
2-3 2 2-3 


7 = 2(2)=3(2) , 
29 


Thus, the co-ordinates of R are (-5, - 7, 2). 


РТТ Find the ratio in which the line segment joining the points (2 —3, 5) and 
(7,1,3) is divided by the XY-plane. 


Solution : Let the required ratio in which the line segment is divided be / : т. 
71+2m 1-3ш xm 


The co-ordinates othe pointare ( “Гоо ҮШҮРҮ rem 


Since the point lies in the X Y-plane, its z-coordinate is zero. 


31+ 5m 1 5 
нЕ 
1+ т НЗ 


ie., 


Hence the XY-plane divides the join of given points in the ratio 5 : 3 externally. 


CHECK YOUR PROGRESS 33.3 
1. Епа the co-ordinates of the point which divides the line segment joining two points 
(2, — 5, 3) and (—3, 5, — 2) internally in the ratio 1 : 4. 

2. Find the coordinates of points which divide the join of the points (2, – 3, 1) and 
(3, 4, — 5) internally and externally in the ratio 3 : 2. 


3.  Findtheratioin which the line segment joining the points (2, 4, 5) and (3, 5, — 4) is 
divided by the YZ-plane. 


es MATHEMATICS - 
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(2, 1, 8) inthe ration 3 :2atthe point (0, BA 2) 
5 


» 


Show that the ratios in which the co-ordinate planes divide the join ofthe points (-2, 4,7) 
and (3, — 5, 8) are2:3,4:5 (internally) and 7 : 8 (externally). 

6. Find the co-ordinates of a point R which divides the line segment P (xi, Уу, 21) and 
О (x5, Y2, 22) externally in the ratio 2 : 1. Verify that О is the mid-point of PR. 


33.4 ANGLE BETWEEN TWO LINES 


You are already famililar with the concept of the 
angle between two lines in plane geometry. We 
will extend this idea to the lines in space. 


Let there be two lines in space, intersecting or 
non-intersecting. We consider a point A in space 
and through it, we draw lines parallel to the given 
lines in space. The angle between these two lines 
drawn parallel to the given lines is defined as the 
angle between the two lines in space. 


You may see in the adjointing figure, that 0 is the x 
angle between the lines / and m. 


33,5 DIRECTION COSINES OF A LINE 


If a, В and Y are the angles which a line AB 
makes with the positive directions of X, Y and 2 
axes respectively, then cos a, cos B and Cos y 
are called the direction cosines of the line AB and 
are usually denoted by the letters /, m and n 
respectively. In other words / = cosa, 
m = cos В and n = cos у. You may easily see 
that the direction cosines of the X-axis are 1,0,0, 
because the line coincides with the X axis and is 
perpendicular to Y and Z axes since cos 0° = 1, 
cos 90° = 0. Similarly direction cosines of Y and 
2 axes аге 0, 1,0 and 0, 0, 1 respectively. 


33.5.1 RELATION BETWEEN DRECTION COSINES 
Let OP be a line with direction cosines cos 0, cos and cos y i.e. 1, mand n. 


Again since each of ZOLP, ZOMP and ZONP isaright angle. 
We have, or = созо = Ї 


MATHEMATICS Д | 35 | 
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OM EDU ON a -n i 
OP OP, et 


Le. [ОР = ОГ, m.OP = OM and n.OP = ON 


) ОРТ IONAL - | 
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ОР? (2 +m? +n?) 


= OL? + ОМ? + ON? = ОР? 


Г +m? +n? =1 


В Fig. 33.10 


cos а + cos” В + cos? y = 1 x 


This is the relation between the direction cosines ofa line. 


33.6 PROJECTION 


Suppose you are standing under the shade ofa tree. At 
atime when the sunis vertically above the tree, its shadow 
falling on the ground is taken as the projection of the 
tree on the ground at that instant. ` 
Thisis called projection because the rays falling vertically 
on the tree create the image of the each point of the 
tree constituting its shadow (image). 


i 
H 
{ 
H 
| Recall the example оға bouncing ball. When the ball ` Ò 1 
falling freely from a point in space strikes the ground, | 
the point where the ball strikes the ground is the | 
projection of the point in space on the ground. 


Fig. 33.11 


33.6.1 Projection of a Point and of a Line Segment 


The projection ofa point ona plane can be taken as the foot of the perpendicular drawn from 
the point to the plane. Similarly, the line segment obtained by joining the feet of the perpendiculars | 
in the plane drawn from the end points of a line segment is called the projection of the line , 
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segment on the plane. 
We may similarly define the projection ofa point and ofa line segment on a given line. 


P 


p A м о 


Fig. 33.13. — ' Fig. 33.14 


——— 


Fig. 33.12 


33.6.2 Projection of a Line Segment Joning Two Points ona Line 
Let P(x, уз 21 )and О(хо, y2,Z2) be two 
points. To find the projection of PQ ona line with 
direction cosines /, m and n, through P and © draw 
planes parallel to the co-ordinates planes to forma 
reactangular paralleloppied whose diagonal is PQ. 


Now РА = х. = ху, АМ=у2 71 
and № = 2-4. 


The lines PA, AN and № are parallel to X-axis, 
Y-axis and Z-axis respectively. 


Therefore, their respective projections on the line 


_with direction cosines /, m and n аге (х-х)1, м 


(Ya - yi) m and (22 - 4 )n. 
Recall that projection of PQ on апу line is equal to the sum of the projections of PA, AN and 
NQ on the line, therefore the required projection is 
(хо 7x1) 1+ (У2 = у) м + (z2 - z ) п. 
33.7 DIRECTION COSINES OF 
THE LINE JOINING TWO POINTS 


Q (хо, Yo. 22) 


Р(х, | 


| 
| 


Let Land M be the feet of the perpendiculars | 
drawn from P (xy, yz )and 
О (хо, Y2, Z2 ) onthe X-axis respectively, 
sothat OL — Xx and ОМ = хо: 


"Projection of PQ on X-axis 
‚<= LM 2 OM- OL x Fig. 33.16 
СББ ЕЕ Ш 
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dimensional Geometry} Also, if /, m and n are the direction cosines of PQ, the projection of PQ on X-axis=/. РО 


EPO=x5 = Xj 


Similarly by taking projection of PQ on Y-axis and Z-axis respectively, 


we get, m.PQ = уз — y; and n.PQ = 25 – 21 


302221) УЕ 20 =PQ 
1 т п 


Thus, the direction cosines of the line joining the points ( хү, уі, 21 ) and 


(Хо, Уз. 22 ) are proportional to x; — ху, y; — y; and z; — 21. 


Pct БЭЭ Find the direction cosines ofa line that makes equal angles with the axes. 


2 


Solution : Here a = В = ү. We have, cos? о + cos? В + cos? y 21 


3со8 a. =1 or соза ЭС 


45 
Hence the required direction cosines are 
1 1 1 
+— + + 
453' УЗ V3 


same sign (positive or negative) to be taken throughout. 


ЖЕЗДІ Verify whether it is possible for a line to make the angles 30°, 45° and 60° 
WI е co-ordinate axes or not ? 


Soluton : Let the line make angles œ, В and y with the co-ordinate axes. 
a = 30°, B = 45? and y = 60° 
Since the relation between direction cosines is cos? а + cos? B + cos? y = 1, we have 


cos? 30? + cos? 45? + cos? 60° 


Ч 2 
ARE (H 
2 42 y wa 
In view ofthe above identity, it is not possible fora line to make the given angles with the co- 
ordinate axes. 
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thi ired directi i SS eee 
Hence the required direction cosines are 7. 7: 50177 77 7 4 


ОТКАН KE Find the projections (feet of the perpendiculars) of the point (2,1,-3) on] Notes 
the (a) Co-ordinate planes (b) Co-ordinate axes. 


Solution : (a) The projections of the point on the co-ordinate planes YZ, ZX and XY are 
(0, 1, — 3). (2, 0, —3) and (2, 1, 0) respectively. 
(b) The projections on the co-ordinate axes are (2,0,0), (0,1, 0) апа (0,0,- 3) 
respectively. 

Example 33.14 
and (8, 2, — 6). 


Solution : Let /, m and n be the direction cosines of the line joining the two given points 
(2, 5, - 4)and ( 8, 2, — 6). 


Find the direction cosines of the line-segment joining the points (2, 5, — 4 ) 


Then the direction cosines are proportional to 8 — 2, 2—5 and —6 + 4 


ie., 6, — 3, — 2 are direction ratios of the line. 


> 


2 
7 


, 


а ON AE AA 
~. The required direction cosines of the line are 77 77 7 огт 


Since (6) + (-3} C2. -7. 
Find the projection of the line segment joining the points (3, 3, 5) and 
(5, 4, 3) on the line joining the points (2, — 1, 4) and (0, 1, 5). 
Solution : The direction cosines of the line joining the points (2, - 1, 4) and (0, 1, 5) are 


because (2-0)? +(-1-1)7 «(4-5 =3 


Thus, the projection of this line segment on the given line is 
2 2 3 4 
21 EA nA 25 Г 815 |=- 
(з 3)( = |+(4 2(5)+6 JE : 


4 on : i 
Hence the required projection is 3 because the projection is the length of: a line segment which 


is always taken as positive. 


MATHEMATIC: Г | > | 


OPTIONAL - | 
Vectors and three 
dimensional Geometry 


Infroduction to Three Dimensional Geometry 


CHECK YOUR PROGRESS 33.4 


№ Find the direction cosines of the line having direction ratios 
(а) 3, -1, 2 (b) 1, 4,1 
Find the projections of the point (—3, 5, 6) on the 


ы 


(a) Co-ordinate palnes (5) Co-ordinate axes 
36 Find the direction cosines of the line segment joining the points 
(1) (5,-3,8) апа (6,-1,6) 1 
(ii) (4,3, —5) and (-2,1,-8) 


Find the projection of a line segment joining the points P (4, —2, 5) and Q (2, 1, -3)оп 
the line with direction ratios 6, 2 and 3. 


Find the projection ofa line segment joining the ых 1,3) апа (1,0, -4) onthe line 
joining the points (2, -1, 4) and (0, 1, 5). 

33.8 ANGLE BETWEEN TWO LINES WITH GIVEN 
DIRECTION COSINES 


Let OP and OQ be the two lines through 
the origin O parallel to two lines in space т Р (хь ys 21) 


whose direction cosines are (4, пу, пу) 
and (15, m», n» ) respectively. 


Leto be the angle between OP an OQ and 
let the co-ordinates of P be (хі, у, 21). 


Draw PL perpendicular to XY-plane and 
LA perpendicular to X-axis. Then the 
projection of ОР on OQ = Sum of х Fig. 33.17 
projections of OA, AL and LP on OQ. 


ie. OP cos 0 = xi]; + yim» + 2102 5.0) 
Ви x, 7 projection of OP om X-axis = OP. j 

Similarly, yı = OP. m; and z; = ОР. пу 448) 
Thus, we get, ОР cos0 = OP (145 + mim; + по ) -4| From (i) and (ii)] 
giving 115 + mm, + nn, = сов0 -.. (iii) 


Corollary 1: If the direction ratio of the lines are ат, by, cj and a5, bz, с then the angle Ө 
between the two lines is given by 
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а аҙ + by bz +С C2 
y ар 52 bi? ii e? ao” F ы? + c? 


Here positive or negative sign is to be taken depending upon Ө being acute or obtuse. 


cos0- + 


Corollary 2 : If OP an OQ are perpendicular to each other, (i.e., if Ө = 90° then 
1 ly +m, m; +n; n5 = cos 90° 
=0 
h m n 
Corollary 3 : If OP and OQ are parallel, then " vid mj 7 ту 
Since OP || OQ апа О is a common point, OP lies on OQ. 
Hence sin0 = 0 
Now sin? Ө = 1 — cos? 0 = 1- (h +m m + nj f 
-( 12:02 +? )( 12 +? +щ?)-(һ 1, +m, mj * nj n, Y 


у 2 
= (4 m -h mı)? + (minz — тоту)? + (ni - n2 Д) 
and hence | m; — h m = 0, myn - топу = Oand п; h — n; 1-0 


| h m nm 


These gives b = mj nj 


ы 2 
Hint : 1 = а „= bi 7 and ny x] 
ap +2 жср Var? НЭГТ 3 ар +by +c 
(©) The condition of parallelism of two lines with direction ratios, ay, br, c, and аз, Бэ, c; is 


ap bp c 


‚а; № с; 


OPTIONAL - | Example 33.16 Find the angle between the two lines whose direction ratios аге — 1, Оа 
Vectors and three à 
dimensional Geometry 0,-1,1- 


Solution : Let @ be the angle between the given lines. 

(=1)x0+0x(-1) +1х (1) ЕЗ 
(1 +02 +12 yo? + (yr +12 Ч 
Ө = 60° ог 1209 


ev) RES ҮЙ Find the acute angle between the lines whose direction ratios are 5, — 12,13 
and -3, 4,5. 


cos0 = + 


Solution : Let Ө be the angle between the two given lines, then 
5(-3) +(-12)4 + (13)5 


cos 0 = АА 
5? +(-12)? +132, (-3 +42 + 5 
-15 - 48 + 65 


425 + 144 +169, V9 +16 + 25 


2 
= +——— 
4169 + 169, -/50 


2 1 
-————— i 
1342x542 65 


1 
Since, 6 is acute itis given by cos 0 = 65 


Ө = соз”! (5) 
65 


PEN 
6. CHECK YOUR PROGRESS 33.5 


1. Find the angle between the lines whose direction ratios are 1,1,2and J3 _ 1, 3—1, 
4. 

2: Show that the points A (7, 6, 3), В (4, 10, 1), C (-2, 6, 2) and D ( 1,2, 4) are the 
vertices ofa reactangle. 

3. By calculating the angle of the triangle with vertices (4, 5, 0), (2, 6, 2) and (2, 3, —1), 
show that it is an isosceles triangle. 

4. Find whether the pair of lines with given direction cosines are parallel or perpendicular. 
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° For a given point P (x, у, 7) in space with reference to reactangular co-ordinate axes, if 
we draw three planes parallel to the three co-ordinate planes to meet the axes (in A, B 
and C say), then 


OA =x, OB =y and OC =z where О is the origin. 


Converswly, given any three numbers, x, у and z we can find a unique point in space 
whose co-ordinates are (x, y, Z). 


e Thedistance PQ between the two points P ( хү, у, 21) and (хо, уҙ, 22) isgivenby 
2 2 2 
PQ = у(х; -xi) + (у = у) *(z2- а) 


In particular the distance of P from the origin O is (хүд кур +212 - 


e Тһе co-ordinates of the point which divides the line segment joining two points 
Р(х, yy, 21 ) and О (хо, уҙ, 22 )inthe ratio/:m 


ЇЕ +mx; Гуз my, 122 tm | 


(a) internally are ТЕ, NUTS кн 
хә = mx; ly;- my, lz} - mz 
(b) externally аге (=m Е E AA 


In particular, the co-ordinates of the mid-point of PQ are 
(% +X. У1%У2 ні) 
АЛЫУ ДЕ 


ө If], mand n are the direction cosines of the line, then 2 +m? +n? =1. 


е | Thethree numbers which are proportional to the direction cosines ofa given line are 
called its direction ratios. 


© Direction cosines of the line joining two points P хү, уу, 2 ) and Q( x. Уг» 2) are 
proportional to x5 — xj, y — y; and 2) – 21: 

e | Theprojectionofthe line segment joining the points P (ху, уу, 21 ) and О( хэ, уз, 22) 
onaline with direction cosines /, mandnis (x2 — x )/ + (y2 — уу) + (22 - z1 )n. 

ә Тһе direction cosines /, m and n of the line joining the points Р(х, у, 21) and 
О (X2, уг, 22) are given by 


ха. 327. 201. ang 
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Vectors and three 
limensional Geometry 


isgivenbycos0 = Д 45 + mp m, +n; п). 
Ifthe lines are 


(a) perpindicular to each other then, Д /5 +m, m5 +n; n3 = 0 


(b) parallel to each other then A be a Bu. 
2, m5. n5 


e. If ац, Бү, c, and аҙ, b2, су are the direction ratios of two lines, then the angle 9 ' 
between them is given by 
ааз + 6; + 6162 


cos0 = + i 5 3 xj 
Var? * bi? +o Ха +b «с; 


° The lines will be perpendicular if ajay + bjb + сүс) = 0 and parallel if 


SUPPORTIVE WEB SITES 


http:// www.wikipedia.org. 
http:// mathworld.wolfram.com 


“ч TERMINAL EXERCISE 


Show that the points (0, 7, 10), (-1, 6, 6) and (—4, 9, 6) form an isosceles right-angled 
triangle. 


2. Prove that the points P, Q and R, whose co-ordinates are respectively (3, 2, —4 ).(5,4, 
—6) and (9, 8, —10) are collinear and find the ratio in which О divides PR. 


3. А(3,2,0), B (5, 3,2), C (9, 6, —3) are three points forming a triangle. AD, the bisector 
ofthe angle “BAC meets BC at D. Find the co-ordinates of D. 


(Hint : D divides BC in the ratio AB : AC) 
4. — Findthe direction cosines of the line joining the point (7, 5, 4) and (5, —3, 8). 


5.  Whatare the direction cosines ofa line equally inclined to the axes ? How many such lines 
are there ? 


6. — Determine whether itis possible for a line to make the angle 45°, 60° and 120° with the 
co-ordinate axes. 
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the vertices of al OPTIONAL -1 


7. Show that the points (0, 4, 1), (2,3, —1), (4, 5, 0) and (2, 6, 2) are 
! square. Vectors and three 
dimensional Geometry 
8. Show that the points (4, 7, 8), (2, 3, 4), 1, 22, 1) and (1, 2, 5) are the vertices of a 
parallelogram. 
9. 4А(6,3,2),В(5,1,4), С (3,—4,7)апа D (0, 2, 5) are four points. Find the projections 
of (i) AB оп CD, and (ii) CD on AB. 
10. —Three vertices of а parallelogram ABCD are A (3, 4, 7), В (5, 3, -2) and 
C(1,2, 3). Find the fourth vertex D. 5 
/ 
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Introduction to Three Dimensional Geometry 


A 
[$ ANSWERS 


CHECK YOUR PROGRESS 33.1 


1. (а)ОХ ҮЙ (b) OXYZ (c) ОХ" YZ' 

(4) OXY'Z (e) OXYZ' 
CHECK YOUR PROGRESS 33.2 
1. . (97 (b) 2/5 (с) 3 
CHECK YOUR PROGRESS 33.3 

187767 E, 

18 (a AD 2 (2. d - 2) (5,18,-17) 
3. 15598 6. (2x2 – хі, 2y2 - Yi 222 - д) 


CHECK YOUR PROGRESS 33.4 


3 І 2 АЕ 
i——, t——,t—— t—, t—, t- 
Тб) 27211 (b) З 5 3 
2. (a)(0, 5,6), (-3, 0,6) and (-3, 5,0) 
(6) (-3, 0,0), (0, 5,0) and (0, 0,6) 
СИ С 
3 (a) $3; Ыз? Ға (b £7. t +7 
з0 ‚7 
7” "3 
CHECK YOUR PROGRESS 33.5 
1. A 4. (@Paralllel (by Perpeudicular 


TERMINAL EXERCISE 


ЭМ (222) 1 12 -1-1 2 
H . 16° 16° 16 Mc ECCE DE ris HERES 
1 -1 1 : 

5i uc eae ee 34 6. Yes. 
NEN 7: 

Dn (1) 3 (ii) 3 10. (-1, - 5, 6) 
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THE PLANE 


Look closely at a room in your house. It has four walls, a roof and a floor. The floor and roof are 
parts oftwo parallel planes extending infinitely beyond the boundary. You will also see two pairs 
of parallel walls which are also parts of parallel planes. 
Similarly, the tops of tables, doors of rooms etc. are examples 
of parts of planes. 


If we consider any two points in a plane, the line joining 
these points will lie entirely in the same plane. This 18 the 
characteristic of a plane. 


Look at Fig.34.1.You know that itis a representation of a 
rectangular box. This has six faces, eight vertices andtwelve 
edges. 


The pairs of opposite and parallel faces are 
| @ ^ ABCDandFGHE 
(ii) AFED and BGHC 
(ii) ^ ABGF and DCHE 
and the sets of parallel edges are given below : 
@ AB, DC EH and FG 
(i) AD, BC, GH and FE 
(i) AF, BG, CH and DE 


Each of the six faces given above forms a part of the plane, and there are three pairs of parallel 
planes, denoted by the opposite faces. 


In this lesson, we shall establish the general equation ofa plane, the equation ofa plane passing 
through three given points, the intercept form of the equation ofa plane and the normal form of 
the equation of a plane. We shall show that a homogeneous equation of second degree in three 
variables x,y and z represents a pair of planes. We shall also find the equation ofa plane bisecting 
the angle between two planes and area of a triangle in space. 
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: The Plane 
OPTIONAL - I 


Vectors and three 
dimensional Geometry 


After studying this lesson, you will be able to : 
e X identifyaplane; 


Ч 


7 


. establish the general equation ofa plane; 
Notes | e find the general equation ofa plane passing through a given point; 

° find the equation of a plane passing through three given points; 

e X find the equation ofa plane in the intercept form and normal form; 

. find the angle between two given planes; 

е __ find the equation ofa plane bisecting the angle between two given planes; and 


‚ Show that the homogeneous equation of second degree in three variables represents a 


‘PECTED BACKGROUND KNOWLEDGE 
Basic knowledge of three dimensional geometry. 
. Direction cosines and direction ratio ofa line. 


° Projection ofa line segment on another line. 
Condition of perpendicularity and parallelism of two lines in space. 


34.1 GENERAL EQUATION OF A PLANE 


Recall that a plane is a surface such that if any two points be taken on it, the line joining these two 
points lies wholly in the plane. 


Consider the general equation of first degree in х,у and z 
ax + Бу + с2+1= 0 


Ifpoints Р (хү, уі, 21) and © (хо, Y2, 22) satisfy the equation (i), then . 
ax; + by + сд +d = 0 

and ах) + by; ғс22 +d = 0 

Multiplying (ii) by nand (ii) by m and adding the results, 


‚ | ме get, a (mx, + пх) + b(my; + пуз) + c(mz; + пд) + 4(т+п) =0 


mx, + nx (22201) [mem dé : 
© 4 ae E RA Er PAM %4-0 (іу) 


2. All points lying on the line through P and Q lie on the surface represented by (i) 
2. The equation (i) represents the general equation ofa plane. 
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34.2 GENERAL EQUATION OF A PLANE PASSING 


THROUGH A GIVEN PC 
Let P (xj, yj, 21) beagiven point and ax + by + cz + d = 0 be the given equation of the ж \ 
р!апе. 

Since the plane ax + by + cz +d = 0 (i) 


passes through the point ( хү, уу, 21), itimplies that 


аху Бур ez ater УГЧТТ-1| 7 0 (ii) 
Subtracting (ii) from (1), we get 
a(x-xi)« b(y-yi) *€(z-z)) =0 -.. (iii) 


which is the required equation ofa plane passing through the point (ху, у, 21 ) 
Remark : Can you say, how many planes are represented by (iii) ? 


As a,b and c can take any real value, there are infinitely many planes passing through a given 
point. 


Note : In equation (1); there are four constants a,b,c and d. When d + 0, we can divide (i) 


by dto get 
(2j (Ss ан =0 
d d d 


or, Ах + Ву + С2+1= 0 (iv) 


wes — А-(1)в-(2аас-(1| 


You may note that in (iv), А,В and C are three independent constants. 


Find the equation of a plane passing through the point (1,-3,2). 
Solution : Here x, = 1, у; = —3 and 2 = BA 
2. The required equation of the plane is. 
a(x-1)+b(y+3)+e(z-2) =0 
or ах + by + cz + (-а + 3b – 2c) = 0 


DET NORE WAM Find the equation of a plane passing through the point( 3, 0,-2) 


Solution : Here x, = 3, y, = 0 and z; = -2 

En The required equation ofthe plane is 

| a(x—3)+b(y-0)+e(z+2) =0 
lor ах + Бу + cz + (53a + 2c) = 0 


"MATHEMATICS ЕСЕ 


: сы The Plane 
OPTIONAL - | Find the equation of a plane passing through a point which divides the line 
Vectors and three 


mensional Geometry] joining the points (2,2,4) and (5,2,1) in the ratio of 1:2 internally. 


Solution : A r B 


(2,2,4) 1:2 (5,2. 1) 
Fig. 34.2 
Notes | The co-ordinates of P, which divides the join of A and B in the ratio of 1:2 internally are 


(2212 2х2+1х2 ime 


QUEM 241 241 
or (3,2,3) 


2. The required equation of the plane is 
а(х-3)%Ь(у-2)ғс(2-3)-0 
ог ах + by + cz — (3a + 2b+3c) = 0 


Q CHECK YOUR PROGRESS 34.1 


Find the equation ofa plane passing through the origin. 
2. Find the equation ofa plane passing through the point ( 0, 0, —2 ) . 
3. Find the equation ofa plane passing through the point ( 5, —7, 3). 
4. Find the equation of a plane which bisects the line segement joining the points 
(ху, Уу 2 )and (х2,у2,22). 
5.  Findthe equation of a plane which divides the line joining the points (1,2, 3) and 
(4,2, -3) in the ratio of 1:2 internally. 
ON OF A PLANE PASSING THROUGH 
EN POINTS 


You may recall that the general equation of a plane contains only three independent constants. 
Hence, a plane сап be uniquely determined if it is given to pass through three given non-collinear 
points. 


Let ax + by + cz + d = 0 be the equation of the plane and (xi yj) | (X2, ¥2,2Z2 ) and 
(хз, уз, Z3 ) be three given points. 


The equation of the plane passing through the point ( хү, у, z; )is 
a(x-xi)*b(y-yi) *c(z-z)20 528) 
If (1) passes through the points (хо, Y2, 22) and (хз, уз, 23), then 


Ч EN MATHEMATICS 


лад, 

EINE | „| OPTIONAL - | 
a(x = ху) + (уг = у) * c(z2- 2 )=0 20] ода ьо 
dimensional Geometry 


and a(x3- ху) +b(y3-y1) +¢(43 - 2) = 0 (dii) 
Eliminating a,b and c from (i), (ii) and (iii), we get the required equation ofthe plane as 
х-х уур 6? 
хә - хр уз - У 22- 2| =0 кир 
X3 —X| Ya YES] 


34.4 EQUATION OF A PLANE IN THE INTERCEPT FORM 
Leta, b,c be the lengths of the intercepts made by the plane on the x,y and z axes respectively. 


It implies that the plane passes through the points (а,0,0), (0,b.0) and (0,0.c) 


Putting ху =a y, =0 z, =0 
хз =0 уз =b 2-0 
апа хз =0 уз =0 2; = cin(A), 


we get the required equation of the plane as 


х-а у 7 
—а b 0 E 
-a' 0 C 


which on expanding gives bex + acy + abz — abc = 0 


or X йаш E di oh ERTA rt ms (В) 
Бос 


Equation (В) is called the Intercept form ofthe equation ofthe plane. 
Example TW MI Find the equation ofthe plane passing through the points (0,2,3), (2.0.3) and 
(2,3,0). 


Solution : Using (A), we can write the equation of the plane as 


х-0 у-2 2—3 
2:0 0-2 3-3 | =0 
2550 3:2 0-3 
x у-2 2-3 
ог 2 207 0 | =0 
2 1 =з 


ог x(6-0)-(y-2)(-6)*(z-3)(2*4)-0 
or 6x + 6(y —2) + 6(z-3) =0 
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or х+у-2+2-3 = 0 ог х+у+2= 5 


Ехатр1е 34.5 Show that the equation of the plane passing through the points (2,2,0), (2,0,2) 
and (4,3,1)isx=y+z. 
Solution : Equation of the plane passing through the point (2,2,0) is 
а(5<-2)--Ь(у-2)тсае 2" алза (1) 
.. (i) passes through ће point (2, 0, 2) 
a(2-2)+b(0-2)+2c=0 
or Ca БЕ халы д и E eg i echa (ii) 
Again (i) passes through the point (4, 3, 1) 
a(4-2)+b(3-2)+c=0 
or 2a+b+c=0 ... (ili) 


From (ii) and (iii), we get 2a + 2b = 0 ora = —b 


(i) becomes 
—b(x-2)+b(y-2)+bz=0 
or -(х-2)+у-2+2=0 
ог y+z-x=0 
or x=yt+z 


ТЛ ЕҚ Reduce the equation of the plane 4x - Sy + 62 - 60 = 0 tothe intercept 
form. Find its intercepts on the co-ordinate axes. 


Solution : The equation of the plane is 


4x — 5y + 6z- 60 = 0 or 4x — 5y + 6z = 60 426) 
4х 5у 62 x y 7 
ion (i i —-—+—=1 cvv Bera 
The equation (i) can be written as 60 60 60 ог 157 (210) 10 


which is the interecept form of the equation of the plane and the intercepts on the co-ordinate 
axes are 15,—12 and 10 respectively. 


CHECK YOUR PROGRESS 34.2 


1. Find the equation of the plane passing through the points 
(а) (22,-1), (34, 2) and (7, 0, 6) 
() (2,3,-3), (L1, - 2) and (-1, 1, 4) 
(c) (2, 2, 2), (3, 1, 1) and (6, - 4, - 6) 


Y MATHEMATICS 


5 Е : А = OPTIONAL - І 
2. Show that the equation of the plane passing through the points (3, 3, 1), (-3, 2 — I) and Too a 
(8, 6, 3)is 4x + 2y —13z = E dimensional Geometry 


3. Find the equation of a plane whose intercepts on the coordinate axes are 2,3 and 4 
respectively. 


4. Find the intercepts made by the plane 2x + 3y + 42 = 24 onthe co-ordinate axes. 


5. Show that the points (-1,4,-3) ,(3,2,-5),(-3,8,-5 Jand (-3, 2, 1) are coplanar. 


AL FORM 


Let ON be perpendicular from the origin O to 
the plane ABC and let P (х, y, z ) beany point 
on the plane. Let PL be drawn perpendicular 
to XY plane and LM be perpendicular to OX 
so that OM =x, ML =y and PL =z. The sum 
ofthe projections of OM, ML and LP on ON 
is equal to ће projection of OP on ON. 


If1, m and n are the direction cosines of ON 
and p is the length of the perpendicular ON, 
then Ix+my+nz=p ....... (i) 


(i) is called the normal form of the equation of 
the plane. 


х 


We know that | = cos а, m = cos Band п = cos у, where о, В and y аге angles made 
by ON with the positive directions of x, y and z axes respectively. 


(i) can alternatively be written as 


x cos a+y cos В + z cos у= P 


MATHEMATICS 
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OPTIONAL - | 
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dimensional Geometry ()2x -3y + 4z-5=0 (ii) 2x+ бу -3z+5=0 


Find the length of perpendicular from origin upon the plane in both the cases. 
Solution : (i) The equation of theplaneis 2x-3y+4z-5=0 ....... (A) 


Dividing (A) by [22 + (-32) + 42 or, by V29 


2x 3y 4z 


west ВАВТ р e 
2x 3y 4z 5 


к /29 25.05. bs 


which is the equation ofthe plane in the normal form. 


Notes 


5 
г. Length of the perpendicular is 179 


(ii) The equation of the plane is 2x + бу З= 0О Ls (В) 


Dividing (B) by J22 + 62 +(-3)2 


or by —7 we get, [ refer to corollary 2] 
» 2x y бу 3 32-5 5: 2Х бу -3z 
un su 7 АЛЕ 


which is the required equation of the plane in the normal form. 


5 
2. Length of the perpendicular from the origin upon the plane is 7 


dU SE The foot of the perpendicular drawn from the origin to the plane is (4, —2, —5). 
Find the equation of the plane. 


Solution : Let P be the foot of perpendicular drawn from origin O to the plane, 
Then P is the point (4,-2,-5). 
The equation of a plane through the point Р (4,-2,-5)is о 
а(х-4)+Ъ(у+2)+с(2+5)=0 
Now OP | plane and direction cosines of OP are proportional to 
4-0,-2-0,-5-0 
ie. 4,-2,-5. 


Substituting 4, -2 and — 5 fora, b and c in (i), we get i Fig. 34.4 
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4(x -4) ео 
or 4x-16-2y-4-5z-25-0 
or 4x – 2у – 52 = 45 


which is the required equation of the plane. 


ы 
“CHECK YOUR PROGRESS 34.3 


1. Reduce each of the following equations of the plane to the normal form : 


(i) 4x + 12y — 6z - 28 = 0 


(1) 3y + 42+3 = 0 
2. Тһе foot of the perpendicular drawn from the origin to a plane is the point (1, —3, 1) . Find 
the equation of the plane. 
3. The foot of the perpendicular drawn from the origin to a plane is the point (1, —2, 1). Find 
the equation of the plane. 
4. А plane meets the co-ordinate axes in points A,B and C such that the.centroid of the 
2 


triangle ABC is the point (a,b,c). Prove that the equation of the plane i is T : + z =3 


5.  Aplane meets the coordinate axes at the points P, О and R and the centroid of A PQR is 
the point (3, 4, —6 ) . Find the equation ofthe plane. 


34.6 ANGLE BETWEEN TWO PLANES 
Letthe two planes p; and p; be given by 

ax «уулс +d =0 246) 

and ах + boy + с22 + d; = 0 441) 


Let the two planes intersect in the line/and let пу and п be 


normals to the two planes. Let @ be the angle between two 
planes. 


Fig. 34.5 


2. The direction cosines of normals to the two planes are 


+ ay + by tL 
> > 2 
yay? + bi? + ср. yay + bi? + ер. ар +67 +c 
апа + 22 


Va? bj +527 712 ыз +652 отсто 
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2223 ajaz + ЫЬ, + cic 
- cos@ is given by cos@ = + eee 


Jai? + b? жер ya” + b" + c? 


where the sign is so chosen that cos Ө is positive 


Corollary 1 : 


When the two planes are perpendicular to each other then Ө = 90° ie, cos0 = 0 
The condition for two planes a,x + byy + cz + dy = 0 
and ах + Бру + с22 + d; = 0 to be perpendicular to each other is 
ajaz + ЫЬ; + сүс) = 0 
Corollary 2: 
If the two planes are parallel, then the normals to the two planes are also parallel 
a _ by 


аҙ 3 2 02 
2. The condition of parallelism of two planes аүх + Бу + сүл + dj = Oand 
Pies. ae 
ax + boy + coz + dy = 0 is a В) 


This implies that the equations of two parallel planes differ only by а constant. Therefore, any plane 
parallel to the plane ax + by +cz+d=0 is ах + Бу - cz - k = 0, where k is a constant. 


Example34.9 8 ind the angle between the planes 


3х + 2у —6z-t TES TER E coe ts OA (i) 
and Tee sy 2e Se Жал акыр сла ae: (ii) 
Solution : Here а) = 3, = 2,c =—6 
and a5 = 2,6, -3,сҙ =2 
2. If Ө is the angle between the planes (1) and (ii), then 

р 324234(-6)2 4 


432 +22 + (—6)? V22 + 32 + 22 
а 90° 
Thus the two planes given by (i) and (ii) are perpendicular to each other, 


|Ехатріс34.10 ЕШ equation of the plane parallel to the plane x - Зу + 4z - 1 = 0 and 
passing through the point (3, 1, 2.) . 


Solution : Let the equation of the plane parallel to the plane 


М ЕСЕ MATHEMATICS 


OPTIONAL - | 
Vectors and three 
dimensional Geometry 


que c 

Since (i) passes through the point (3,1, -2 ), itshould satisfy it 
3-3284k-0: 0 К=8 

>. The required equation ofthe plane is x – Зу + 4z +8 = 0 

[Example 34.11 | Find the equation of the plane passing through the points (—1, 2,3 )and Note 

(2,-3,4) and whichis perpendicular to the plane 3x + y — Z +5=0 

Solution : The equation of any plane passing through the point (-1,2,3 Jis 
a(x +1)+b(y-2)+e(z-3)=9 Жел @ 

Since the point ( 2, —3, 4) lies on the plane (i) 
За - 56 +с=0 ii) 

Again the plane (i) is perpendicular to the plane 3x + y -Z + 5=0 

3a+b-c=0 ... (iii) 


From (ii) and (iii), by cross multiplication method, we get, 


209 a 
1. D 


p М 
6 3 


Hence the required equation of the plane is 
2x +1) + 3(у - 2) + 9@- 3) = 0 “| From (i)] 
or 2x + Зу +92 = 31 


Example 34.12 Find the equation of the plane passing through the point (2,-1,5) and 
perpendicular to each of the planes 
x42y-z-l and 3x - 4y +2 = 5 
Solution : Equation ofa plane passing through the point (2,-1,5) is 
a(x-2)+b(y+1)+¢(z-5)=0 A (i) 
As this plane is perpendicular to each of the planes 


x+2y-z=1 and | 3х-4у%2-5 


We һауе al b24c(-1) 20 

and a.3 + b.(-4) + (I) =0 

9E а еа Os. ео (ii) 
за, 2466 0:05 5 о икта Sr le aed ater a= (11) 


From (ii) апа (iii), we get 
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XS a b c a b с 2. 
ELS === = — = À (ау) 
| 5 ud cda io mt tees 


57 а =À, b = 2), and с = 54. 

Substituting for a, b and c in (i), we get 
^(х-2)+2^(у+1)+5^ (2-5) =0 

or х-2+2у+2+52-25=0 

ог х+2у+52-25=0 

which is the required equation of the plane. 


2" 
6. CHECK YOUR PROGRESS 34.4 


1. Find the angle between the planes 
(0 2x-y+z=6andx+y+2z=3 
(ii) 3x — 2y + z +17 = 0 and 4x + 3y — 6z +25 = 0 
2. Ртоуе that the following planes are perpendicular to each other. 
(i) x + 2y + 2z = 0 and 2x +y -2z =0 
(ii) Зх + 4y - 52 = 9 and 2x + 6y + 6z = 7 


Find the equation of the plane passing through the point (2,3,-1 ) and parallel to the 
plane 2x + Зу + 6z+7=0 


Find the equation of the plane through the points (-1,1,1) and (1,—1,1)and 


perpendicular to the plane x + 2y + 2z = 5 
Find the equation of the plane which passes through the origin and is perpendicular to 
each of the planes x + 2y + 2z = 0 and 2x + 01422150 

34.7 DISTANCE OF A POINT FROM A PLANE 

Let the equation of the plane in normal form be 


Xcos a + ycos B+zcos y =p where р>0 
Case I: Let the point P (хуул ') lieon the same side ofthe plane in which the orig 


Let us draw a plane through point P parallel to plane (i).Its e 
Xcos a + ycosB + zcosy = p' : 


in lies. 
quation is 


MATHEMATICS 


эм: iz E. o NE 
D м, Т М ov №. 
, с " uj 4 s E к" + 
ҮЭ, ) 


x'cos a+y'cos В + 2' cosy = p' 
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х, The distance of P from the given plane is 
р-р'= р - (х'соѕ a + y'cos В + z'cos y) 
Case II : If the point P lies on the other side of the plane in which the origin lies, then the Notes 
distance of P from the plane (i) is, 
р-р-х соза ғу" cosB+z'cos y- p 
Note : If the equation of the plane be given as ax + by + cz + 4 = 0, we have to first 
convert it into the normal form, as discussed before, and then use the above formula. 


34.8 EQUATION OF A PLANE BISECTING THE ANGLE 


BETWEEN TWO PLANES 


Let the equations of the planes be a,x + Бу + cız + dj = 0 and арх + boy + с22 + d5 = 0 


If P ( xi, у, zi ) be any point on the plane bisecting the angle between two given planes, then 
the lengths of the perpendiculars drawn from P to them should be equal. 

aj + by + ez; tdi _ , aoXi + boy; + сәд + d2 
а? + ы? + с? Ja? + by” + сэ? . 


according as the two perpendiculars are ofthe same sign or of different sign. 


2. The equation 


ax + ужс + dı _ ,aox + bay + сох + 4; 


Jai? + Бү“ + сү Ala + 6,2 + © 
is satisfied by co-ordinates of any point on the planes bisecting the angles between the two given 
planes. 


г. (i) represents the equations of the planes which bisect the angles between the two given 
planes. 


Note : You may note that we get two planes bisecting the angles between the given planes. 


150111 578 Find the distance of the point (1,2,3) from the plane Зх — 2y + 5z +17 = 0 


3.1-2.2+5.3+17 31 
Solution : Required distance = 32 +(—2)2 + 52 1/38 units. 


Ехашр 34.14 Find the distance between the planes 
and 


x —2y +3z-6=0 
2x -4y + 6z +17 = 0 


MATHEMATICS. ШЕШ 


eii 


ЗЭР а The Plane 


OPTIONAL -1 | Solution : The equations of the planes аге 
poctom and ine х-2у%32-6-0 (i) 
dimensional Geometry 


2x - 4y + 62 417 = 0 28) 
1 ие 

Неге 5T (74) ic 

2. Planes (i) and (ii) are parallel 


Any point on plane (i) is (6, 0, 0) 
2. Distance between planes (i) and (ii) = Distance of point (6,0,0) from (ii) 
2х6-4.0-6.0-17 
= (2) + Cy «e 
й ^ SO. ot 
= є units = 2.74 units 
ТУСКЕ NE Find the equation of the planes which bisect the angles between the planes 
Зх – 2y + 62+ 8 = 0 and 2х -у + 22+3 = 0 
Solution : The required equations of the bisector planes аге 


Зх -2y + 6z+8 2х-у+22+3 
ео (бу 7 423 (21) 622 


3х-2у%62%8 ,2x-y*2z43 


=" 


ог 7 3 
or 9х — бу + 182 + 24 = +(14х – 7y + 142 + 21) 
ог 9x — бу +182 + 24 =-(14х – 7y +14z + 21) 
=> 5х-у-42-3 ог 23x — 13у + 322+ 45 = 0 


| "Аа! 
| e 4 CHECK YOUR PROGRESS 34.5 
1. Find the distance of the point | 

(i) (2, — 3,1) from the plane 5x – 2y +3z +11 = 0 

(ii) (3, 4, — 5) from the plane 2x — Зу + 3z + 27 =0 
| 2. Find the distance between planes 
| Зх+у-2-7 = 0 and 6x+2y-2z+11=0 

3. Find the equations of the planes bisecting the angles between the planes 
@ 2x+y-2z=4 and 2x-3y+6z+2=0 


m MATHEMATICS 


The Plane 
(ii) Зх — 4y +122 = 26 and x + 2y – 22 = 9 


А 
OPTIONAL - 1 
Vectors and three 


(iii) x + 2y + 2z-9=0 and 4х — Зу +122+13 = 0 dimensional Geometry 


NEOUS EQUATION OF SECOND DEGREE 
G TWO PLANES 


34.9 HOMOGE 
_ ВЕРВЕЗЕМТИХ 


Let the equations of two planes be 
А = ах + буу + 612 + d =0 444) 
and B = ax + boy + oz + 42 = 0 2.4) 


Consider the equation AB =0 

i.e, (aix + МУ + z+ di У(аҙх + bay + coz + do )-0 841) 
The co-ordinates of all points satisfying (i) ог (ii) satisfy the equation (iii) 

i.e., all points of A=0 or, В =0 Пе оп the surface represented by the equation AB=0 
Again AB = 0 is a second degree equation in x, y and 2. 


nin x, у and z represents а pair of planes only ifit can be resolved 


2. A second degree equatio 
factor equated to zero representing a plane) 


into two linear factors (each 


viz. ах2 + by2 + с22 + 2hxy + 2fyz + 2gxz = 0 


(A)is factorisable into two linear factors ifand only if 
abc + 2fgh — af? — bg? —ch? = 0 
Also, the angle @ between the two planes is given by 


м 


{ап 
a+b+c 


The proofs of these results are beyond the scope of this lesson. 


Ехатрї 34.16 Prove that the equation 


8х2 — 3y2 —10z? +10ху + 17yz + 2xz = 0 
represents a pair of planes through the origin. Also find the angle between the two planes. 


Solution: Here а = 8, b = —3,с = 10, h = osi = andg=1 
abc + 2fgh — af? — bg? = ch? 


-%(-3)(-10)% 2(9)1)65)- (2) +3(1} +10(5)° 
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limensional Geometry 


The Plane 


= 240 + 85 – 578 + 3 + 250 
= 578 — 578 = 0 
~. The given equation 
8x? — Зу? — 10272 + 10xy + 17yz + 2xz = 0 represent a pair of planes through the origin. 
Also, angle @ between the planes is given by 


[е2 2 Е ee 
tang = 202 +8 + h? – ab - bc - ca 


a+b+c 
2289 4 1425 424-304 80 ee 
tan - t4 E Ae ORD 
25 514 
EN 
514 


27 


1. Prove that the equation 2x2 — 6y2 — 1222 + 18у2 + 2xz + ху = 0 represents a pair 
of planes. Find also the angle between the planes. 


2. Show that the equation 6x2 + 4у2 - 1022 + 3yz + 4х2 


— Пху = 0 represents а pair 
of planes and find the angle between the planes. 


Y ЕШ  — — — —ounsnus 
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APPENDIX OPTIONAL - | 
Vectors and three 


А special method for factorising a general homogeneous polynomial of second degree | dimensional Geometr 
_ in x,y and z. 


Forexample, let us consider the polynomial 


8х2 – 3y2 — 1022 + 10xy + 17yz + 2xz 4) 
Putting z=Oin(i),wehave 8х2 – 3у2 +10ху 
or | 8х2 + 12xy – 2xy - 3y? 
or 4x (2x + Зу) - y(2x + 3y) 
or * (Ах-у)(ӘхендуҘх воле 05 анд А gal eed (A) 
Putting y =0 in (i) 
we have 8x2 + 2xz - 1022 
or 8x2 + 10xz – 8xz – 1022 
or 2x (4x + 5z) - 2z(4x +57) 
or (2х 2725 ӘБЖ МЫ Seti erate casa ре (B) 


Let x =0 in (i), we get 


-3y2 – 1072 + 17yz 


or 3y2 -17yz + 1022 
or 3у2 — 2yz – 15yz + 1022 
or у(3у = 22) – 52(3у – 22) 
ог (3y -A 2 2223 evt а Же (С) 
Combining (А), (В), (С), we get the factors of (i) as 
(4x - y + 52) and (2x + 3y - 2z) 


8x2 — 3y2 — 1022 + 10ху + 17yz + 2х2 = (4x – y + 5z)(2x  3y - 2z) 


This method is applicable for all such homogeneous polynomials of second degree in х,у and z. 
Мое: 


@ ^ Lookatthe factor (2x+3y) in (A) and the factor (2x — 22) in (B). As 2x is common 
between the two, the complete factor is( 2x + Зу — 22). Similarly, looking at (4x — y ) 
in (A) and (4х + 52) in (B), we get the complete factor as (4x - y + 5z). 


(ii) The equations ofthe two planes represented by the equation 
8х2 — 3y2 — 1022 + 10xy + 17yz + 2xz = 0 аге 
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dimensional Geometry} Gii) ^ You are advised to find the equations of the pairs of planes in Check Your Progress 


34.6 using the method as shown in the appendix. 


4x -y+5z=0 and 2х-3у-22-0. 


34.10 AREA OF A TRIANGLE 


Letcos a, cos В and cos y be the direction cosines of the normal to the plane whose area is 
A. Then the 
() ^ projection of the area A, say A}, on yz-plane is A cosa 
Hes A; = Acos a 
(i) Similarly A5, the projection of the area А on xz-plane and Аҙ, the projection of A on 
xy-plane are given by 
A, = АсозВ and Аз = A cosy 
Ар + Ap” + Аз = А2 cos? а + А2 cos? В + А? cos? y 
= A2 (cos? a + cos? В + cos? y) 
= A2 (since cos? а. + cos? В + cos? y = 1) 
We shall use this result in finding the area ofa triangle. 
Let the vertices of the triangle ABC be A (xj, уу, 21), B( x2. y2, za ) and С (хз, Уз» 23 ) 
respectively and let the area ofthe triangle be А. Let the projections of A on the co-ordinates 
planes be Axy , Ay; and A,, respectively. 
The projection of A, B and C on xy-plane are 
(ху, 1,0), (хэ, У2.0) and (хз, уҙ,0) 


Ass = [я (уз 75) + хә (уз 75) + хз (у = Y2)] 


үз 1 
xpo Nr rd Sat КУПЕ тос ES... (А) 
хз уз 1 
[Recall that you have found the area of a triangle with vertices (xj, y; ), (x2. Уг )and 
(хз, Уз )as given in (A) in two dimensional co-ordinate geometry] 


У 4 1 21 Х| 1 
Similarly, Ay = 5|¥2 22 l| and bx = PE 
ys 23 1 73 X4 1 


42 =(Ay) (Ay ) + (А 


һ кш MATHEMATICS 


The Plane 


Vectors and three 


2 2 2 
x nl Iu all |ах! А 
dimensional Geometn 


хә у21 +|у2 221 %|22 хо 1 
хз уз 1 Уз 73 1 Z4 хз l 
which gives required area of the triangle in space. 

[Example34.17 [ш the area of the triangle with vertices (1,5,2), (1,2, -3) and (3,2, -) 


Solution : Here 


151 
Alyy 112 -ip-2)-50-3 0-9) 
321 
1 2 
= 200-4) =9 
Si: Це 
Ny, -1 2-31 = 1[5(-3 +1) -2(2-2)+1(2 +6] 
2:58 
1 2 
22020 0d =9 
ЖАП 
А? их | 311 -ipa-3 3+0) 1950) 
эрэл 


=1(-4+2-8) = 25 


M» =9+9+25 = 43 
A = „43 sq. units. 


CHECK YOUR PROGRESS 34.7 
1. Find thearea of the triangles with vertices 

(i) (2,-5,3),(1-7,4),(2,-3,5) 

(ii) (3,01), (4,7121), (3.2. 2) 

Gi) (а,0,0),(0,5,0),(0,0,с) 


Ж 
(849 


e  Aplaneisa surface such that ifany two points are taken on it, the line joining these two 


MATHEMATICS 
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dimensional Geometry 


points lies wholly in the plane. 
The general equation ofa plane is ax + by +ez+d=0 


The equation ofa plane passing through a given point ( хү, уц, 21) is 
a(x-xi)«b(y-yi)*c(z-z)) = 0 
There are infinite number of planes passing through а given point. 


The equation Ax + By + Cz +1 =0 of the plane, contains three independent constants. 
The equation of a plane passing through three points 


(xis у, 21), (хо, уг, 22) and (хз, уз, 23) 

мут Урлул айр 

Ха Хр Y2-Y1 22-24|-0 

X3 coa x мк тас? 

Е : : mx. Зугаа 

Equation ofa plane in the intercept from is Б + b + " =1 
where a,b and c are intercepts made by the plane оп x,y and z axes respectively. 
Equation of a plane in the normal form is /x +my +nz=p 


where /, m, nare the direction cosines of normal to the plane and p is the length of the 
perpendicular from the origin to the plane. 


Angle Ө between two planes aix + Бу + cız +d, = 0 
and аҙх + bzy + coz + d> = 0 is given by 


cosh + аа + bib; 14512) 


ар + bi? + с> Ja? + bj? + a? 
Two planes are perpendicular to each other ifand only if 
ajaz  bjb5 + сүс = 0 
Lb c 


a 
Two planes are parallel if and only if n = b. E 9 
2 


Distance ofa point ( x ', у', z') fromaplane 
x cosa + y cos + zcos y = pis 
|р – (x'cosa  y'cosp + Z'cos y )|, where the point (x' y ,z') lies on the same 
side of the plane in which the origin lies. 


Equations of the planes bisecting the angles between two planes 
арх + byy + cz + 4; = 0 and арх + boy + coz + 4; = 0 are given by 
aix + Му + cz + di _ + 82X + boy + coz + 4, 
Жозе 2 


DESEE, 
a tbc az +b,” 4 c 
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Ы А homogeneous equation of second degree 


ax? + by? + cz? + 2hxy + 2fyz + 2gxz = 0 
represents a pair of planes if and only if abe + 2fgh — af? — bg? — ch? = 0 
e Тһе square of the area of a triangle with vertices (х1,у1.21).(х2,У2.22 )and 


(хз, Уз. 23 ) 8 Notes 


2 2 2 
xy yy 1 Ур 2 1 Аки 
X2 Yo Ц +|у; Z2 l| +172 хә 1 


5 
4 
хз уз Ц [Уз 23 Ц. |8531 


SUPPORTIVE WEB SITES 


http:// www.wikipedia.org. 
http:// mathworld.wolfram.com 


2 
ea TERMINAL EXERCISE 


1. Епа the equation ofa plane passing through the point ( —2,5, 4) 


2. Find the equation ofa plane which divides the line segment joining the points ( 2, 1, 4 ) and 
(2,6, 4) internally in the ratio of 2 : 3. 

3. Find the equation of the plane through the points (1,1,0), (1, 2,1) and (—2, 2,-1). 

4. Show thatthe four points (0,-1,-1),(4,5,1).(3,9,4)ап4 ( —4, 4, 4) are coplanar. 
Also find the equation of the palne in which they lie. 


5. The foot of the perpendicular drawn from (1, -2, —3 ) to a plane is (3,2,-1). Find the 
equation of the plane. 


6. Find the angle between the planes x + у + 22 = 9апі 2х - y +z = 15 


7. Prove that the planes 3x — 5у + 8z - 2 = 0 and 12x - 20y + 32z + 9 = 0 аге 
parallel. i 


8. Determine the value of k for which the planes 3x — 2y + kz – 1 = 0 and 


x ky + 52 + 2 = 0 may be perpendicular to each other. 


9. Find the distance of the point (3,2, —5) from the plane 2x — 3y — 5z = 7 


MATHEMATICS |. 67 | 


-- аа | ёл... 


OPTIONAL -| |10. Find the equation of the planes that bisect angles between the planes 
Vectors and three 


dimensional Geometry 2х — y + 2z + 3 = Qand 3x – 2y + 62+8 = 0 

Prove that the equation 6x2 – 12у2 + 422 + xy + 13yz — 14xz = 0 represents a pai 
of planes through the origin. Find also the angle between the two planes and the equation 
of the two planes. 


Find the area of the triangle with vertices (1,2,1),(3,4,-2) and (4, 2,-1) 


The Plane 


„2108 
OPTIONAL - 1 
[UTE DC Vectors and three 
ANSWERS dimensional Geometi 
CHECK YOUR PROGRESS 34.1 
` 
1. ax+by+cz=0 2. ax +by+e(z+2)=0 
А Notes 


3. a(x-5)+b(y+7)+ce(z-3)=0 
4. a(x- 828 )ev(y 21022) e (2- 8222)- o 
2 2 2 

5. -а(х-2)-5(у-2)-с(243)-0 
CHECK YOUR PROGRESS 34.2 
1. (a)5x42y-3z-17-20 (Б) 3х -у+2=0 

(c) х+2у-2=4 
33 X ia 
4. Intercepts are 12, 8 and 6 on the co-ordinate axes x,y and z respectively. 


CHECK YOUR PROGRESS 34.3 


4x 12у 62 3 3 

ЗХ Sy eee ары ашытады 
ENTE ДИЙ ТВ 
2 x-3y+z-11=0 3. х-2у%2-6-0 


55 4x + 3y – 22 = 36 

CHECK YOUR PROGRESS 34.4 

i aie fuos: 
205 Gl 

3: 2x +3у +6z=7 


4. 2x +2y – 32+3 = 0 
5, 2Х-2у-7-0 


CHECK YOUR PROGRESS 34.5 


30 6 
) (i) 438 units (ii) 22 units 
2 25 2 
BM ve 
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3: (1) 10х- y+ 2z-11=0 ; 4x + 8y – 162-17 = 0 


(ii) 4х + 38y - 622 – 39 = 0 ; 22x + 14у + 10z - 195 = 0 
(iii) 25x + 17y + 622 - 782 0; x + 35y -10z-156 = 0 


CHECK YOUR PROGRESS 34.6 
cos-! ( x) Ж 

b 21 5 2 

CHECK YOUR PROGRESS 34.7 

ТЕ (i) VII sq. units (ii) = sq. units 
Gii) 5 (2252 + Ь2с2 + с2а? ) sq. units. 


TERMINAL EXERCISE 


— 


a(x+2)+b(y-5)+c(z-4)=0 
2. a(x-2)*b(y-3)*c(z-4)-0 
Bi 2x %3у-32-5-0 


4. 5х - Ty +112+4= 0 5.x+2y+z=6 
6 8. К эл 
Me эй] $ 
A 3 1 1 9. 438 


10. 5х-у-42-3-0,23х-13у +322+45=0 


-2 
gol.) Ces 2 e 26 
И. 3x - 4y -2 = 0; 2x +3y – 42 = 0; 08 Ё- 1 


1 
12. 2/7 sq units. 


п 
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THE STRAIGHT LINE 


In Fig. 35.1, we see a rectangular box having six faces, which are parts of six planes. In the i 
figure, ABCD and EFGH are parallel planes. Similarly, 
ADGH and BCFE are parallel planes and so are ABEH G F 


and CFGD. Two planes ABCD and CFGD intersect in " ИЕ 


the line CD. Similarly, И happens with any two adjacent 
planes. Also two edges, say AB and AH meet in the 
vertex A. Italso happens with any two adjacent edges. 


y и с 
We can see that the planes meet in lines and the edges Dale a а 


meet in vertices. A B 
In this lesson, we will study the equations of a line in Fig. 35.1 
space in symmetric form, reducing the general equation 

ofa line into symmetric form, finding the perpendicular distance ofa point from a line and finding 
the angle between a line and a plane. We will also establish the condition of coplanarity of two 
lines. 


S) 
©) 


After studying this lesson, you will be able to : 

° find the equations ofa line in space in symmetric form; 

e convert the general equations ofa line into symmetric form; 
‚ _ find the perpendicular distance of a point from a line; 

° find the angle between a line and a plane; and 

e _ findthecondition of coplanarity of two lines. 


EXPECTED BACKGROUND KNOWLEDGE 


e Вавіс knowledge of three dimensional geometry. 
° Direction cosines/ratios ofa line and projection ofa line segment on another line. 
. Condition of parallelism and perpendicularity of two lines. 
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e Equations of a plane in different forms. 
° Angle between two planes. 


Vectors and three 
dimensional Geometry 


MMETRIC FORM 


Let us consider a line segment whose end 
points. are | P, (xyz) апа 
Р, (X2, Y2, za ). Let the distance between 
points P, and Р, berand direction cosines 
of Р P) becos ©, cos апа cos Y . Draw 
perpendiculars PL and PM from the 


points P, and Р, onthe XY- plane and draw 


perpendiculars from L and M on OY and 
OX. (See fig. 35.2) We have 


X? -Хі = rcosa, y, — yı =rcosß 
and 25 – 2] =rcosy 


By equating the values ofr from (i), we have 


ец Уо ур 22-2 
cosa cos p COS y 


That is the projections ofa line-segm 


ent on the coordinate axes are proportional to the direc- 
tion cosines ofthe line-segment. 


Ifthe coordinates of P, and Р, are given, the direction cosines of Pj 
ifonly one-point Р, ( хү, уу, 


Р, can be obtained. Even 
24 )and the direction cosines are given, the line can be determined, 


Soif P; (x2, уз, 22 ) is taken as an arbitrary point P(x, Y, Z), we can write the equations of 


(һе line through Р, (xi. yz ) with direction cosines cosa, cos f and cosy as 


к= У 
—=—— — =r „+ + 
cosa cosp cosy (Yom оды (ii) 


If the direction cosines of the line are 1, mand п, then equations (ii) can be written as 


X-X] yy) -2-74 Ш 
Пааа ашы, (А) 


Equations (A) are called the equations of the line in symmetric form. 


Corollaries :(i) The co-ordinates of any point P on the line whose direction cosines are 1, m 


NEN ша 
bm MM 
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_ andnand which passes through the point ( x1, у, z; ) are (x, + Ir, y} + mr, zı + nr) where 
risthe distance of the point P from the fixed point ( ху, у, z; ). 
(ii) The equations ofa line through ( хү, у, z; )with direction ratios a,b,c will be 


Хе УЕА 
а b с 


In this case, г does not represent the actual distance of the point P from the point ( Хү, уџ, z; ). 
(iii) Let Р, (x, yy, 21 ) and Р, (x2, уг, Z2 ), be two points in space. The direction cosines o 
РР, are proportional to (хо — ху), (уг — у )and (22 — 2). If P(x, y,z) be any point 
onthe line P,P), then the equations of the line passing through the points P, and Р, are 


хаса ану т 


“С 
XQ Ray 0X0 VI 220071 © 


(C) are called the two-point form of the equations ofa line. 


RET АКИ Find the equations of the line through the point (1, 2, —3) with direction 
cosines 
1 1 1 
E 45. 2) 
Solution : The equations of the line are (Using A) 
Xi]. —y- 52 «2:42 
yc avete e БАРЫП 
513, voe: (143 
xl 2070203 
В EIC AY TEST 
or х-і-у-2--(2%3) 


| Example 35.2 00 the equations of a line passing through the point (1, -3, 2 )and having 
direction ratios (1, -2,3) 


Solution : The equations of the line are (Using B) 


Ехатрїс 353 Find the equations of the line passing through two points (1,-3,2)and 


(4,2,-3) 
Solution : The equations of the required line are (Using С) 
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ae SEP yan 2222 Meee oe 
E212 03g аии 3 5 -5 


ТЕСЕ Find the equations of the line passing through the points (1,-5,-6 ) and 
parallel to the line joining the points (0, 2,3) and (-1,3,7). 
Solution : Direction ratios of the line joining the points (0,2,3) and (-1,3,7) are 
-1-0,3-2,7-3 
ог —1, +1, +4 
2. Direction ratios of a line parallel to this line can be taken as —1,1, 4. 


Thus, equations of the line through the point (1,-5,-6 ) and parallel to the given line are 


Gr Ms Beers 
= 1 4 


Ға” 
CHECK YOUR PROGRESS 35.1 


1. _ Find the equations, in symmetric form , of the line passing through the point ( 1, —2, 3 ) with 
direction ratios 3, —4, 5. 


2. Find the equations of the line, in symmetric form, passing through the points (3, —9, 4) 
and (-9,5,-4). 

3. Find the equations of the line, in symmetric form, passing through the points ( —7, 5, 3 )and 
(2,6,8) А 

4. Епа the equations of the line, in symmetric form, through the point (1,2,3) and parallel to 
the line joining the points ( —4, 7, 2 ) and (5, -3, -2) 


5. Find the equations ofa line passing through the origin and equally inclined to the co- 
ordinate axes. 


35.2 REDUCTION OF THE EQUATIONS OF A LINE INTO 


SYMMETRIC FORM 


You may recall that a line can be thought ofas the intersection of two non-parallel planes. 
Let the equations of the two intersecting planes be 

ax + by +с2+4 = 0 440) 
апа a'x+b'y+c'z+d'=0 ^. ii) 


Let AB be the line of intersection of the two planes. Every point on the line AB lies on both the - 


planes. Thus, the co-ordinates of any point on the line satisfy the two equations of the planes. 
Hence (i) and (ii) together represent the equations ofa line. 


EN MATHEMATICS 


The Straight Line 


The equati 2 Faia А ; “OPTIONAL - | 
е equations ах + by + cz = Oanda'x+b'y+c¢'z 0 together represent the equations Ed atic thre 


ofthe line through the origin parallel to the above line as the above two planes also pass through | dimensional Geome 
origin. The above form of the equations ofa line is referred to as general (or non-symmetric) 
form of the equations ofa line. 


To reduce the general equations ofa line given by (i) and (ii) in the symmetric form, we need the 
direction cosines of the line as well as the co-ordinates ofa point on the line. 
Let the direction cosines of the line be Z, m and n. The line is perpendicular to the normal to 
planes given by (i) and (4). 
al+bm+cen=0 and’ a'l+b'm+c'n=0 
By cross multiplication method, we get 
1 ox vf am ДД ЕМ, ИНА, 
bc'—b'c са'-ас' ab'-a'b 


Thus, the direction cosines ofthe line are proportional to 
(ъс'— b'c), (ca'- ac')and (ab'- a'b). 
The point where the line meets the XY —plane is obtained by putting z= 0 in the equations (i) 


and (ii), which give 
ах.+ by +d =0 ... (iii) 


a'x+b'y+d'=0 У) 


Solving (11) and (iv), we get 
AUD big da'- d'a 


Xd cub. арса 


ШЕ bd ымын da'- d'a 0 
2. A point on the line is КЕТЕТ 40024757 


5. The equations of the line in symmetric form are 


bd'- b'd _ da'- d'a 
АЗЫП 23 aou. uu 
ab'-a'b 


bc'- b'c ca'-c'a 


Example 
2x — y + 4z = 5 into symmetric form and find its direction cosines. 
Solution : Let z = 0 be the z—co-ordinate ofa point on each ofthe planes. 
5. The equations of the planes reduce to 
x-2y=4 
irae 3y =5 
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which on solving give x = —2 and y = -3 
2. The point common to two planes is (-2,-3,0). 


Let /, m, n be the direction cosines of the line As the line is perpendicular to normal to the planes. 
we have 


1-2т +30 = 0 
and 21 -3m+ 4n = 0 
TA ARCET n 
-849 6-4 -3+4 
Г. "mon 1 
=== 
il 1210 6 
2. The equations of the line аге 
х+2 уал: 
ORE 
t-= (£u B 
46 № 46 
ETAN д 
Ps 1 ҮІ 
ре; : : 1 2 1 Е M 
and the direction cosines of the line are + ——,‚ + -= , + —_ (the same sign positive or nega- 
№’ 46' Уб 
tive to be taken throughout) 


ч 
6. CHECK YOUR PROGRESS 35.2 


1. Find the equations, in symmetric form, of the line given by 


(i)x+5y-z=7 and 2х = 5у + 32 = -1 
( х+у+2+1=0 and 4х%у-22%2-0 
(Ш)х-у%2%5-0 апа x-2y-z+2=0 


35.3 PERPENDICULAR DISTANCE OF A POINT FROM A LINE 


Let P be the point (Ху, у, 21 ) and AQ be the given EET 2) 
line whose equations are joa 
x-a y-p z-y 


1 т п 


where /, m and n are the direction cosines of the line 
AQ, Q is the foot of the perpendicular from P on AQ 
and A is the point (a, p, ү). 
А  Fig353 0 
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We have РО? = AP? – АО? 
Now АР? = (x, -а)* «(yy -B)? «(zi - y) 
Again AQ, the projection of AP on the line is 
(xi -«)! + (уу -В)м + (z = y)n 
2 2 
PQ? = (Gu =a)? + (y1 В) + (a -»»'] 
- {и 7a) * (n -B)m + (a -ү)п} 
which gives the length of perpendicular (PQ) from the point P to the line. 


190111) ORAK Find the distance ofa point (2,3,1) from the line 
у+2-1=0=2х-3у-22+4 


Solution : Let >= 0 be the z-coordinate of the point common to two planes. 


2. Their equations become у = 1 and 2x —3y + 4 = 0 whichgive x = -5 


1 
2. A point common to two planes 18 ( no» 1, o) 


Let /, m, n be the direction cosines ofthe given line 
Then, 0/ +m + n = 0 and 2/ — 3m - 2n = 0 


1 du 2011 1 1 2 2 

- = — = — = — Т=+—,ш=#—,п=+-— 
* 1 2 2 2 3 3 
If PQ isthe length ofthe perpendicular from (2,3,1) to the given line. Then 


LY 2 [5 1, 2 go. 2 
ro: = (21) + (3-1) Е Басы hi 


~ PQ-3 


х+3 у-1 2+4 


(i) Point (0, 2, 3), line B [m 
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x 
Vectors and three (ii) Point (—1, 3, 9), line 
қ А 5 -6 1 
dimensional Geometry 
КЧ (iti) Point (4, 1, 1), line x + y -z-4, x -2y-z -4 


\ (iv) Point (3, 2, 1), line X+y+z=4,x-2y-z=4 


35.4 ANGLE BETWEEN A LINE AND A PLANE 


The angle between a line and a plane is the complement ofthe 907-0 
angle between the line and normal to the plane. Let the equa- 2 487 


tions of the line be 


х-х. y-y' 2-7! 


1 E eme (i) 
and that of the plane be О ү 
ах + by +cz+d=0 E) 
If Ө bethe angle between (i) and (ii), then X Fig. 35.4 
sin Ө = cos(90* - 0) = Kema 


ЇЇ Ema 402 la? + b? + с2 
x—2 3 - 
Example 35.7 Find the angle between the line зун 2 ; - 21 


and ће plane 2x – Зу + 42-7 - 0 


Solution : Here the angle 9 between the given line and given plane is given by 


2x3-3x344x] 1 


= 
Уз? +32 +12 J22 +(-3) +42 М9 9 


5іпӨ = 


1. Find the angle between the following lines and the planes. 


X-4 у+2 283 
5 ERI and Plane: 3x — 4y + 52 = 5 


(i) Line: 


> 
| 


X-2 2-3 у+2 
2 pus 1 апі Plane: -2x + 4y — 52 = 20 


cna У ТУРИНЕ 


(ii) Line: 


The Straight Line : 
OPTIONAL - | 


x -2 %2 
бе: х = 72 = Y^ 44 Plane: x - 4y + 6z=11 Vectors and three 
4 -3 5 dimensional Geometry 
eels „х+2 Ly cS UM 
(iv) Line: = and Plane: 4x -3y-z- 7-0 


35.5 CONDITION OF COPLANARITY OF TWO LINES 


Ifthe two lines given by 
х= yc: een : 
lj m FW en. at CT HN () 
х= УЕ ua P d m i 
and Б ш; Ta are ee) ae (ii) 
intersect, they Не in the same plane. 
Equation ofa plane containing line (1) is 
А(х )*B(y-cyp)eCc(z-a)s0 о (iii) 
with AL Эпи ЕС 215220122200. (iv) 
Ifthe plane (iii) contains line (ii), the point (хо, Y2, Z2 ) must lie onit. 
Tus A(x,-x)B(yo-X))*C(m-2)-0 тыы (v) 
with Ah + Bm; + Cn; =0 (vi) 
Eliminating А,В and C from (iv), (v) and (vi), we have 
X2—X| Y27X1.22 сс 
йолы ы ее o REND ii) 


h m, 212 
which is the necessary condition for coplanarity of lines given by (i) and (ii) 
Again, eliminating A,B and C from (iii), (iv) and (vi) we get 


х-хі Yy—-Yr 7-271 


(viii) represents the equation ofthe plane containing the two intersecting lines. 
We shall now show that if the condition (vii) holds, then the lines (1) and (ii) are coplanar. 


Consider the plane 
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h: 4102-1112 


The Straight Line 


х-х У-У 2-2) 


en (хех) (пуп – тоу) + (у – у) (0 – ал) 
*(z-z )(Ijm; - 5m) = 0 


A line will lie in the plane, if the normal to the plane is perpendicular to the line and any point on 
the line lies in the plane. 


You may see that 

1 (mnz - туп) + my (nij — под) + nj (4m3 - bmi) = 0 
Hence line (i) lies in plane (ix) 
By similar argument, we can say that line (ii) lies on plane (ix) 
г. The two lines are coplanar. 
Thus, the condition (vii) is also sufficient for the two lines to be coplanar. 
Corollary : The lines (i) and (ii) will intersect if and only if (vii) holds and lines are not parallel. 


м 


. Let equations of one line be 


XU 2379 55) ! 
1 a 5 se 

and that of the other line be 
ах + Бу +cz +d = 0 and a'x+b'y+c'z+d'=0 2. (ii) 


If the two lines are coplanar, then a point on the first line should satisfy equations of the second 
line. A general point on line (1) is (хі + /r, y; + mr,z, + nr). 
This point lies on ax + by + cz + d = Oif 
a(x; +/r)+b(y, +mr)+c(z, +nr)+d=0 
ах, + by; +cz +d 

or rt = -AM 

al + bm + сп 
Similarly, this point should еоп a'x + b'y +c'z + d' = 0, resulting in 

.LA'Xp*tb'y c'z +d! 
a'l+b'm+c'n 
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Equating the two values of r obtained above, we have the required condition as 
ax, + by; + 621 td ах, +b'y,+e'z +4" 
al + bm + сп a'l+b'm+c'n 


Solution : For the lines ЕВ 17.28 age 
x-8 ZA Z9 
and : E ERE Gi) 
to be coplanar we must have 
8-5 4-7 543 Soe 
4 4 SS =0 or 4 4 —5 =0 
ny» me TU 
or 3(12 +5) +3(12 +35) £8(4-28) - 0 
ог 51+141-192 = 0 
ог 0-0 whichistrue. 
2. The two lines given by (i) and (ii) are coplanar. 
Example 35.9 Prove that the lines 
2-6 


х+1 y*3 2%5 Аа А 
Kc Т АЛДЫҒА Зар” 


3 2778077000888 a 7 
are coplanar. Find the equation ofthe plane containing these lines. 
Solution : For the lines 
x+1_y+3_2+5 x-2 -4 2-6 
dl eee йз 4 7 
to be coplanar, we must have 
241443645 АУЛЫ УД 
3. 5- реа ST pe Ù 
1 4 7 DEA 207 


The Straight Line 
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3(35-28)-7(21-7)-11(12-5)-0 
ог 21-98-77-0 
ог 0 =0. whichis true. 
2. The given lines are coplanar. 
Equation of the plane containing these lines is 
х+1у+3 7+5 

3 5 10 5) 

1 4 7 
ог (х+1)(35-28)-(у+3)(21-7)+(2+5)(12-5)=0 
ог 7х +7-14у- 42 + 72+ 35 = 0 
ог 7х -My + 72 = 0 


ог х-2у+2= 0 


25:5 


1. Prove that the following lines are coplanar : 


Х-3 у-2 2+1 


(i) 57-2 = 7р and x + 2y +32= 0 = 2x + 4y +3243 
,Х-і у-2 2-3 
(ii) Ug 704 and 4х - 3у+1=0 = 5х -32+2 
+1 3 de a 
2; Show that the lines ~~ = = = 5 


x 7 
апа + us VAS coplanar. Find the equation of the plane containing them. 


. A line is the intersection of two non-parallel planes. 
e  _Theequations ofa line in symmetric form are 
Х-Х, ы FEM 22-4 


1 т п 


where ( хү, ут, 21 )is a point on the line and 1, m and n are its direction cosines (or 
direction ratios). 


em MATHEMATICS 


e The general form of the equations ofa line is 


ajx + МУ + с + dj О 
ах + boy + с22 + d; = 0 


X-X] i yy E Za 
ра УЕ Уи 


e Equations ofa line in two-point form are 


where( xi, Y1» 21 )ап ( хэ, ул, Z2 ) are two points on the line. 


Our ist 2282 Б А 
e Тһеапоје 0 between the line TIONIS " and the plane 


ax + by + cz + d = 0 isgivenby 
al + bm + cn 


sin Ө = 
М2 m2 +n2 Va? +b? +c? 


e The condition of coplanarity of two lines, 


x — Xy Уно 2 xoxo yr»oy2 4:722. 
x XQ NOn с Uns 
1 mj ni h тә n2 


X2 Xp Y2 2 

1 my ny zu 
[5 m n5 
and the equation of the plane containing the lines is 


x-x у-у 2-4 


6 шишшжихин 


http:// www.wikipedia.org. 
& 


http:// mathworld.wolfram.com 
l.  Findtheequations ofthe line passing through 


TERMINAL EXERCISE 


2. Find the equations of the line passing through the ро 
the plane 3x — 4y + 52-1 = 0 
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the points (1 4,7) and (3, 22,5) 
int (-1, 2, -3) and perpendicular to 
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10. 


The Straight Line 
Find the direction cosines of the line which is perpendicular to the lines whose direction 
ratios are 1,-1,2 and 2,1,-1. 


Show that the line segment joining the points (1,2,3) and (4,5,7) is parallel to the line 
segment joining the points ( —4, 3, —6 ) and (2,9,2) 


Find the angle between the lines 
ХИ feel AY An =) 4 X rl ychl aun 
2 -4 5 na 3 4A 


Find the equations ofthe line passing through the point (1, 2, —4 ) and perpendicular to 
each ofthe two lines 


3 -16 7 à: 3 8 —5 


KOM д 0 4 о Уо 1 22.5 


Convert the equations of the line x – y + 2z-5=0, 3x +y+z-6=0 into the 
symmetric form. 
пелі 373 ене ат pid 
Show that the lines 5 1 Ti and 3 12877411 
are coplanar. Find the equation of the plane containing them. 
Find the equation of the plane containing the lines. 


У ИНЬ а MSS y c Е S 
4 4 -5 T 7 TAS 


Find the projection of the line segment joining the points (2,3,1) and (5,8,7) on the line 
Хы УА ZI 
2 3 6 
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ANSWERS 
CHECK YOUR PROGRESS 35.1 


х Эу НОЕ З 


ja 3 a 5 2: 
3 хээ 4 
5 ТІП 

CHECK YOUR PROGRESS 35.2 

L @ Е оф 


CHECK YOUR PROGRESS 35.3 


1. @) /21 units (i) 21 units 
(iii) 2 units (iv) J units 


CHECK YOUR PROGRESS 35.4 
1 гу sin! (-2) 
ee - 


22 sin( 46 } iv) 0° 
(iii) 2650 (iv) 
CHECK YOUR PROGRESS 35.5 


2: х+у+2=0 


TERMINAL EXERCISE 


х-1 y-4 a 
1 = =m s 2 ER 
2 -6 3 


ао; 1 
=) 


9 -10 -4 
қысу 
пай TP 
1 -2 1 
уз2 z*3 
-4 5 
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2x — 5y -16z2 +13 = 0 


5 
7 units. 


ШШ ee 


The Straight Line 


90° 


c 
ША Sa ТАД 


17Х-47у-242-172-0 
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Notes 


THE SPHERE 


You must have played or seen students playing football, basketball or table tennis. Football, 
basketball, table tennis ball are all examples of 

geometrical figures which we call "spheres" in three Р 

dimensional geometry. 

If we consider the rotation of a semi-circle OAPB about 

its diameter AB, the rotation generates a sphere whose 

centre is the centre of the semi-circleand whoseradius д 


is equal to the radius of the semi-circle. i Qe aut 
Thus, a sphere is the locus ofa point in space which X Ж 
moves in sucha way that its distance from a fixed point, See 

in space, always remains constant. The fixed pointis и 77777 

called the centre of the sphere and the fixed distance Fig. 36.1 


is called the radius of the sphere. 

The difference between a sphere and a circle is that a sphere is a figure in three-dimensional 
space whilea circle is a figure in two dimensions (in a plane). 

In this lesson, we shall study the equation of a sphere in centre-radius form, equation ofa sphere 
through four non-coplanar points, the equation ofa sphere in diameter form, plane section ofa 
sphere and general equation ofa sphere through а given circle. 


OBJECTIVES 
After studying this lesson, you will be able to find: 


e — the equation ofa sphere in centre-radius form; 

“ — theequation ofa sphere in general form; 

ə — the equation ofa sphere through four non-coplanar points; 
+ — theequation of a sphere in diameter form; 

* the equation ofa plane section ofa sphere; and 

* ^ the general equation of a sphere through a given circle. 
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EXPECTED BACKGROUND KNOWLEDGE 


e Knowledge ofthree-dimensional geometry. 
e X Various forms ofthe equations of a plane. 


e Straight line in space. 


36.1 EQUATION OF A SPHERE IN CENTRE RADIUS FORM 


Recall that a sphere is the set of points equidistant from a 
fixed point. The fixed point is called the centre of the sphere P (x, y, 2) 
and the constant (or fixed) distance is its radius. ` 


Let P (x, y, z) be a point on the sphere whose centre is 
C (xq. ут, 21 ). Letr be the radius of the sphere. 
СР? = UN HUNAN е sas () 
Using distance formula, we can write (i) as 
: 4 ТАСУ Fig. 36.2 
(K- xy а(у- «(254 Е А) 
which is the equation of the sphere in centre-radius form. 
Corollary : If the centre of the sphere is at the origin, the equation of sphere with radius r is 


x2 + у? Ін УЛИ ед ORSA ДОДАЛЫ, АЛД ta ДАН (1) 


Note : The equation (A) is an equation of second degree in x, yand z. 
We observe that : 


(a) The co-efficients of the terms involving x2, y2 and 72 are all equal (in this case each is 
equal to 1). 
(b) There are no terms involving the products xy, yz or zx. 


Thus, you will see that a general equation of second degree іп x,yand z will representa sphere if 
it satisfies the above two conditions. 


(c) Consider an equation of the form 
ax? + ay? + az? + 21х + 2my + 2nz +d = 0 емо) а аА Gii) 


On dividing throughtout by 'a', equation (iii) can be written as 


21 2m 2n 


2 2 3 
x^ + y* +22 + х + y 2-2 6 = 0 
3 а Ptr Л XB) 
(B) can be written in the form x? + y? + 22 + 2g x + 2f “елле (рен (іу) 
1 m n 
where g = —, f = —, h = — and с = 
а а а а 


Equation (iv) can be written as 
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(x «gy «(ye (ЖЕН) = (82 et? +n? - e) Ын (v) 
dimensional Geometry 


Comparing (v) with (A) above, we have centre ofthe sphere (iv) as С" )and radius of 
the sphere (iv) as 4 [52 4 #2 +2 -c 

Equation (iv) is called the general form of the equation of the sphere. 
In order that the sphere may be real g? + #2 +h? -с>0. 


Ў (d) асаѕег=0, the sphere is a point sphere. 


(e) The sphere whose centre is same as the centre of (iv) is called a concentric to sphere in 
(iv).The equation of the sphere concentric with (iv) is 
x2 + y2 +22 + 2gx + 2fy + 2hz +k = 0 where kis a constant and this can determined 


from some other condition. 


36.1.1. Interior and Exteroir of Sphere 


Let O be the centre ofa sphere with radius r. A point 


Р, lies in the interior of the sphere if OP, <r. The point Sphere 


Interior 
of the 


Р, lies on the sphere if ОР, = rand apoint Р, liesin 
sphere о 

the exterior of the sphere if OP; > г. 
) Exterior 

Example 36.1 Find the equation of the sphere with “ә ofthe 

P3 sphere 


centre at origin and radius 4. 


Solution : The required equation ofthe sphere is Fig. 36.3 
211142 
(x -0y «(y-0y «(z-0) = 4 
or х2 y? xz? =16 


| Example коа the equation ofthe sphere with centre а! ( 2, -3, 1) and radius /7 - 
Solution : The required equation of the sphere is 


(х-2 sy - C Ren -(/7) 


2 
ог (x-2y +(у+3) + (220 #7. 
or axis gh ВР айы 
or gay 422 Ax + 6y 22 770 


Find the centre and radius of the sphere whose equation is 
2x? + 2y? + 222 -4x + By - 62-19 = 0 


Solution : The given equation of the sphere is 
MATHEMATICS 
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dimensional Geometi 
Ж х2 +y? ez? -2х+4у 23212-0 
3 19 
-. Here 66-05 ӨТ бж 
3 
-. Centre = (-g,-f,-h) =| 1, - 2, 2 


| 2 
3 19 
and radius = Jg? +f? +h? -c= Cy «ey +(-3) vip 
| 9h N67 
=,/l+4+—+ — =— 
42 2 


Find the equation ofthe sphere which has its centre at the origin and which 
passes u e point (2,3,6). 


Solution : We are given the centre of the sphere as (0, 0, 0). 

** The point (2,3,6) lies on the sphere. 

2. Radius ofthe sphere = Distance of the origin from the point (2,3,6) 
= (2-0y « (3-0)? +(6-0)? 
=V4+9+ 36 
= V49 


=7 
г. Equation of the required sphere is 
(х-0) -(у-0) «(z-0? = 72 
or х2 + y2 +22 = 49 
| Example 36.5 8% the sphere x2 + y2 + 22 – 2x + 4y — 6z — 2 = 0, find if the point 
(2,3,4) lies in the interior or exterior of the sphere. 


Solution : The equation of given sphere is 

x2 + y? +22 -2х+4у-62-2=0. 
Here g=-l,f = 2,h = -3 and с = -2 
Centre of the sphere = (1, -2,3 ) 


Radius of the sphere = J14 4-942 = 4 


EN MATHEMATICS 
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As 34/3 > 4, the point (2,3,4) lies in the exterior of the given sphere. 


ч 
CHECK YOUR PROGRESS 36.1 


1. Find the equation of the sphere whose centre is at the origin and whose radius is 5. 


2. Find the centre and radius of the sphere 
3x2 + 3y2 + 322 - Зх + бу -9z -17 = 0 
3. Find the equation of the sphere which passes through the origin and 


(i) has the centre at the point (3, —3, -1). 
(ii) has the centre at the point (2, 2, -1). 

4. Find the equation ofthe sphere which has its centre at the point (3, -3 — 1 )and which 
passes through the point ( 5, 2,1) 


5. Когіһеврһеге x2 + y2 +22 - 6x + 8y – 22+1 = 0, find if the following points lie in 
the exterior, interior or on the sphere 


() (2,-3.4)  @i(-1,-4,-2) (ii) (-1,2,3) 


36.2 EQUATIONS OF A SPHERE THROUGH FOUR 
NON-COPLANAR POINTS 
Recall that the general equation ofa sphere is 
х2 + у2 +22.+25х+2у+20+8=0 ~ (i) 

This contains four constants р, f, h and с. If somehow we are able to determine the values of 
these constants, we can determine the equation of the sphere. 
Ifitis given that the sphere passes through four non-coplanar points, it will give us four equations 
which will enable us to evaluate the four constants. 
Let (x1, ур, 2), (хо, У2, 22 ) (хз, Уз» 23 Jand (x4, Y4» Z4 ) be four non-coplanar points. 
These points will satisfy equation (i) as they lie on it. 

х2 + y + 212 + 2gxy + 2fy; + 2hz * c = 0 reet (1) 
x?! + y! + 22 + 2х2 + 24у; + 2hz; +с=0 

хз? + уз? + 232 + 2gx + уз + 2123 +¢ = 0 63) 


x4? + yal + 242 + 2рх + 2 уд + 2824 +o = 0 
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'The Sphere 


| Solving (1), (2), (3) and (4) for g, f, h and c and substituting in (i), we get the required equation 


of sphere as 


х2 +у? +22 С fe а 
x? +512 +22 ху д 1 
x? «yj +232 ху уз 22 Ц. - 0 
32 + yo? +242 X3 Ууз 23 1 


Dr bios о 
X4 +у +74 Ха Y4 24 1 


Example 36.6 IRK] the equation of the sphere passing through the points (0, 0, 0) (1, 0, 0), 
(0, 1, 0) and (0, 0, 1). Find also its radius. 


Solution : Let the equation of the sphere be 
х2 + y2 +22 +2ex+2fy+2hz+c=0 -- (i) 
Since it passes through the point (0, 0, 0) 
e с=0 я 
Again (i) pass through the point (1, 0, 0) 


1+0+0+2g+0+0+0=0 oB=-5 [As c=0] 
Similarly, since it passes through the points (0, 1, 0) and (0, 0, 1) 


1 1 
= == h =-— 
we have, f 2 апа 2 


2. The equation (i) reduces to х2--у2472-х-у-27-0 
which is the required equation of the sphere. 


Radius of the sphere = iut - 


Find the equation ofthe sphere which passes through the origin and the points 
(2,1-1), (15. —4)and (-2,4,-6). Find its centre and radius. 
Solution : Let the equation ofthe sphere be 
х2 y2 +22 +2рх + 2fy + 2hz +с = 0 2141) 
Since it passes through the point (0, 0, 0), c — 0 
Again (i) passes through the point (2, 1, — 1) 
2? +12 « (y) + 4g * 2f -2h =0 
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Similarly, as it passes through the points (1, 5, - 4) and (-2, 4, — 6) 
We have have 42 + 2g + 10# — 8h = 0 
56 - 4g + 8f -12h=0 
Substituting the value ofh from (ii) in (iii) and (iv) we get, 
42 + 2g +10f —8(3+2g+f)=0 


ог 18-14g +2f =0 

or ӨЕ AS as demu ANY T ЕЭ (У) 
and. 56 — 4g +8Ё -12(342g - f£) =0 

or 20 - 28g - 4f =0 

or 5-7g-f=0 ul (vi) 


Solving (v) and (vi) for g and f, we get g = 1, =-2. 
Putting р = 1 and f = —2 in (ii), we geth=3. 
2. The required equation of the sphere is 

х2 +у2 +22 +2х-4у+62=0 


Centre of the sphere is (-1, 2,-3). 


andradius = \/(1)? + (-2 +32 -0 = V14 
[ Example 36.8 |8 the equation of the sphere which passes through the points (2,3,0), 
(3,0,2) (0,1,3)апа (2,2,0). 


Solution : The required equation of the sphere is 


х2 + у2+2х y z 1 х2+у2+2 x y 2 1 
122 +32 +0223 0 1 13 QUIAE GI 
BU-02..22 3 0.20 1 NUS 13 SOI DD gp =O 
02-243 0 1 3 1 10 И 
22-22-022 2 0 1 8 oua Qt 


The Sphere 


Solving (1), (2), (3) and (4) for g, f, hand c and substituting i in (1), we getthe required equation. 
of sphere as 
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x^ ys pati хуи 
x typ жар xyzl 
xy + уз2 +2)” x, yaz Ц. = 0 
хэ +927 +232 ху уз z 1 


D» his Gies so 
X4 *ty4 +24 X4 y424] 


«DETUR ТАТ Find the equation ofthe sphere passing through the points (0, 0, 0) (1, 0, 0), _ 
(0, 1, 0) and (0, 0, 1). Find also its radius. 


Solution : Letthe equation ofthe sphere be 

X? + y2 +22 +2ex+2fy+2hz¢+¢c=0 ..... (i) 
Since it passes through the Dial (0, 0, 0) 

c=0 
PN (1) pass through the point (1, 0, 0) 


1+0+0+2g+0+0+0=0 org--; [Asc 7 0] 
Similarly, since it passes through the points (0, 1, 0) and (0, 0, 1) 
қ Я 
zx һ--- 
we have, f 2 апа 2 


2. The equation (i) reduces to x2 + y2 + 22 — x — y-z=0 
which is the required equation of the sphere. 


Find the equation of the sphere which passes through the origin and the points | | 
(2,1,-1), (1,5,-4)ап4 (-2,4,-6). Find its centre and radius, Ч 


Solution : Let the equation of the sphere be 

х2 +y24+22429x+2fy+2hzt¢eo=0 ran (i) 
Since it passes through the point (0, 0, 0), c — 0 
Again (i) passes through the point (2,1, - 1) 


2? +1? +(-1)? + 4g  2£ -2h - 0 


The Sphere 


or 6+ 4g - 2f -2h=0 OPTIONAL - 1 
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Similarly, as it passes through the points (1, 5, — 4) and (—2, 4, ~ 6) 
We have have 42 + 2g + 10f — 8h = 0 
56 — 4g + 8f - 12h = 0 
Substituting the value of h from (ii) in (iii) and (iv) we get, 
42 42g +10f —8(3+2g+f)=0 


“ог 18-14g + 2f = 0 

or ЕО ВТА (у) 
and 56 — 4g + 8£ -12(3 + 2g +f) =0 

or 20 - 28g - 4f = 0 

or ВО ы дамын ана (vi) 


Solving (v) and (vi) for g and f, we get g = 1, f = -2. 
Putting g=1 and f = —2 in (ii), we geth=3. 
2. The required equation of the sphere is 


x? +y? +22 + 2x-4y + 6z=0 


Centre of the sphere is (-1, 2,-3). 


and radius = vay +62. + 32 202 Vi4 


СИ Find the equation of the sphere which passes through the points (2,3,0), 


Example 36 
(3,0,2) (0,1,3) ава (2,2,0). 


Solution : The required equation of the sphere is 


x2+y2+z2x y z 1 хауыз x y z 1 
22434022 3 0 1 13 ЕЗЕН 
327402 +223 0 2 1 52055 13 BU nse Pople Ші 
02+12+320 1 3 1 10 DAT 2271 
224224022 2 0 | 8 259: Qr 1 
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1. Find the equation of the sphere which passes through the four non-coplanar points given 
below: 
(1) (0, 0, 0), (a, 0, 0), (0, b, 0) and (0, 0, с) 
(ii) (0, 0, 0), (-а, b, с), (а, — b, c) and (a, b, - c) 
Gii) (0, 0, 0), (0, 2, — 1) (1, 1, 0) and (1, 2, — 3) 
Find the centre and radius of each of the above spheres obtained. 


2. Find the equation of the sphere passing through the points (1, —1, 1). (3, 3, 1), 
(-2, 0, 5) and (-1,4,4) . 


Let the point A( Xp Y, Z1 )and В(х.У2.22 ) be the extremities of a diameter of a sphere 


with centre O. Let P (x, y, z) be any point P (x, y, 2) 

on the sphere. $ 

~. PA and PB are at right angles to each other. 

The direction ratios of PA and PB are (х — x; ), A Ж 
(у-у), (а-а) аш (х-ж), "О"? бу) 
(у-у2). (2-22 respectively. Fig. 36.4 
Since PA and PB are at right angles. 


Э(х-ж)(х-ж)-(у-у)(Уу-»)%(2-2)(2-ә)-0 — «9 
which is the equation ofthe sphere in diameter form 


Let us try to find the equation ofthe sphere by an alternative method 
As Ois the mid-point of AB 


! xX, +x + 71 %2 
2. The co-ordinates of O are ( 1—2, Anu ыы ) 


2 IAEN O 


and radius ofthe sphere is 
1 2 2 
E (хо - х1)? + (у-у) *(z-ay 
„. The equation of sphere is 
2 2 2 
x Cu tx) fy Grae) +[2- 632 
2 2 2 


ЕШ MATHEMATICS 
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= 100-0)? «(ny (2-2 
dimensional Geometry 


2 2 
- (228) (gn) Қаз) 
2 2 2 
0, ааа 210 

х2 +y? +22 — (ж+ха)х (у +2) (и + 22)2 

2 215 2 2 
a (22) 4855 (2221) „(злу 

2 2 2, 2 
2 2 
(224) (823 =0 
2 14572 


о xay -z2-(Qxtx)x-(Qity)y-r*)7 


whichon simplification gives 


eqno + 4yiy2 T 472172 ) SN 


or x24 y2 +22 - (x, +x2)x- (y1 У2)У = (2+ 22 )2 
+(х1х2 + УтУ2 + 2122 ) =0 

which is the same as (A) above. 
Find the equation of the sphere having extremities ofone of its diameter as the 
points (2,3, 5) and (-4, 7, 11). Find its centre and radius also. | 
Solution : The required equation of the sphere is 

(x-2)( +4) «(y -3)(y 27) + (24 5)(2-11) = 0 
с x2 4 y2 +22 + 2x -10у-162+ 68 = 0 
Centre of tlie sphere is ( —1, 5, 8) and radius 


-4(-1у +52 +8? - 68 = 422. 


ШШЕ] one end ofa diameter ofthe sphere x+y + 22-2х-6у-22%2-0 
isthe point (3, 4, — 1). Find the other end of the diameter. 
Solution : Let the other end of the diameter be the point (хуу 21 ). 
2. The equation of the sphere described on the join of two given points (xi. Ур Z1 )and 
(3, 4,-1) is 

(x-x)(x-3)«(y -x)0(-4)* G7 206240 79 
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391—153 Жер. Жабек; 
ог х2 + у +22 (xj £3)x-(yy44)y- 


PES 


43x; +4y - zi = 0 


Now equation (i) is identical with the given sphere 


x? + y? %22-2х-6у-22%2-0 
Comparing the co-efficients of each terms of the equation (ii) 


We have, х%3-2 ог хү5-1 


1-1-2 ог 71-393 
апа 3x, +4 —z, = 2 


xı =—1, y, = 2 and 2) = 3 satisfy (iii) also. 


ein ДИН Find the centre and radius of the sphere 


Solution : The equation of the sphere is 


or Хх2-6х%8%у2-4у%3%22%2-6-0 


ог x+y? +27°—6х-4у+ж+5=0` 


Неге, g=-3,f=-2andh =. 


) and radius is 


Nl 


Centre of the sphere is (22- 
2 
(30 «y «(-1) -5 


or (9+4+1-5 ог 533 
4 2 


2 


ғ, 
е. CHECK: YOUR PROGRESS 36:3 


() (2,-3.4) and (-5, 6,-7) 
(ii) (2,-3,4) and (-1,0,5) 


2. The co-ordinates of the other end of the diameter are (-1, 2,3). 


(x -2)(x-4)+(y-1)(y -3)+(z-2)(z+3)=0 


(x -2)(x-4)+(y-1)(y-3)+(z-2)(z+3)=0 


1. Find the equation ofa sphere whose extremities of one of the diameter are 


MATHEMATICS 


(8)(5,4,-1) and (—1,2,3) Sel s aA 


Also find the centre and radius of each of the above spheres. dimensional Geometry 
2.  Ifone end of a diameter of the sphere s 

x2 + у? +22 — 2x + 4y — 6z — 7 = 0 be the point (-1,2,4), find the other end of 

the diameter. 
3. Find the centre and radius of the sphere 


(x +1)(x+2)+(y—-3)(y=5)+(2-7)(243) =0 


364 PLANE SECTION ОЕ А SPHERE AND A SPH ERE 
THROUGH A GIVEN CIRCLE 


(i) Let us first consider the case of plane section of a sphere. (а, b, с) 
We know that the equation of the sphere with origin as centre ERE 
and radiusris given by x2 + y? +77 = КОН ГА 


Let C (a, b, c) be the centre of the plane section ofthe sphere 

whose equation we have to find out. The line segment ос 

drawn from О to the plane through C (a,b,c) is normal to the 

plane. The direction ratios of the normal OC are a, b, с. 

Fig. 36.5 


Let P(x,y,z) be any point on the plane section. 
The direction ratio of PC are x — а, y — b, z — c and itis perpendicular to OC. 
Using the condition of perpendicularity, we have 

(х-а)а+( y-b)b*(z-c)e- 0 d) 
Equation (ii) is satisfied by the co-ordinates of any point P on the plane. Hence (i) and (ii) 
quation of the plane section ofthe sphere. 


_Now we consider the case of the sphere through а given circle. 
(1) Let us consider the sphere 


жал ТТТ 
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$=х2 +92 +22 +295 + 269 +26 +е=0 7 т\т... @ 
andtheplaneL=ix+my+nz+k = О (ii) 


Equations (i) and (ii) together represent the equation of a circle, being the intersection of S=0 
and L = 0. 


Whe equation сро ОО а 1) 7) ЭМН ШИШ. (iii) 


where 2, isa constant, gives the equation of the sphere passing through the circle given by (i) 


and (ii) together, for $ + AL = 0 is satisfied by the co-ordinates of the points lying on the 
circle. f 


Т СЕТ PA Find the centre and radius of the circle given by the equations 
x? +y? +22 -6x - 4y 4122-36 2 0, х+2у-22=1 


Soluion:Let $ =х2 +y? +22 – бх – 4у +122-36=0 2 @ 
DY 22651550 6140 1011 mien амы (ii) 

(i) and (ii) together represents the equation ofa circle. 

We have, (radius of the circle у? = (radius of the sphere)? -(perpendicular distance from the 

centre upon the plane )? 


The co-ordinates of the centre of (i) are (3,2, — 6) 


2. Radius = 32 +22 + (-6)? +36 = J85 


Perpendicular distance from the centre (3, 2, — 6) upon the plane (ii) 
13429526) -1. 
7 442420 
(Radius of the circle)? = 85 — 36 = 49 or, radius=7 
The equation 


6 


x? + y? +22 - бх - 4y + 122-36 +(x + 2y -22-1) =0 
represents a sphere passing through (i) and (ii) 
The above equation can be rewritten as 
x? «y? +22 -(6-X)x-(4-2X)y +(12-24)z-36-2=0 ... (iii) 


6-3 


Now, the centre of the sphere given in (iii) is ( 2 


2-2-6] 
ОЛИ ЕЛҮ 2 2 
and radius is "x +(2-A) +(%-6) +36+^ 


6-1) 2 
(555) +(2-A)? (1-6) «36-3.-172 


EN MATHEMATICS 
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or 36-121 +22 +4(4- 4. +2) + 4(2 -124 +36) + 4(36 +A) =196 


ог 9л? — 720 +144 2 0 
or 0? -8X +16 =0 
or (~-4)? =0 

or Х-4,4 


x 4 
2. The co-ordinates of the centre are ( ,2-4,4- в) іе.,(1,-2,-2) 


Hence, the required radius and centre of the circle аге 7 and (1,- 2, - 2) respectively. 
ОТТОК ЕИ Find the equation of the sphere for which the circle given by 
x2 + у2 + 22 + 7у-22-%2 = 0 апа 2х + Зу + 42 – 8 = 0 isa great circle. 
Solution : The equation 
x? +y? +z? + 7у 222 2+ A(2x +3у + 4z — 8) = 0 represents а sphere passing 
through the circle given by 
х2 + у? +22 +7у-22+2=0 
and 2x + 3y + 42-8 = 0 


The centre of this sphere is Е Б; се) 1-24 } 


This shoud satisfy 2x + Зу + 42 — 8 = 0,as its centre should coincide with the centre of the 
sphere 


калы ы 


or, 4), -21-9.+8-16.=16 OF 3-4 
2. The required equation of the sphere 18 ? 


x2 + y2 +22 +7у-22+2-2х-Зу-42+8=0 


x? + y? +22 -2х+4у-62+10=0 


©. засекли 


Find the centre and radius of each of the following circles : 
0) х2 +y? +2 2 _ ay — 42-11 = 0 and x + 2y +22 = 15 


(ii) (х-3)? +(y +2} +(z-1) = 100 and 2x -2у-2+9=0 
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Show that the circle in which the sphere 
x? + y? +22 – 2x — 4y — 6z = 2 is cut by the plane x + 2y + 2z = 20 has its 


OPTIONAL - | 


Vectors and three 
dimensional Geometry 


centre at the point (2, 4, 5) with a radius of ,/3 units. 


LET US SUM UP 


e A sphere is the set of points in space such that its distance from a fixed point always 
remains constant. The fixed point in the space is called the centre and the constant dis- 
tance is called the radius of the sphere. 


e The equation ofa sphere with centre ( хү, У1.21 ) and radiusris 


2 2 2 
(x-x) *(y-x) *(z-ay =r 
This is called centre radius form ofthe equation ofa sphere. 
. The equation ofa sphere with centre at origin and radius r is 


x? +у? +22 =т? 
o  Ageneral equation of second degree in x, y and z represents a sphere if 
(i) The co-efficients of the terms involving х2, y? and Z? are all equal. 
(ii) There are no terms involving xy, yz or zx. 
e  Thecentre and radius ofa sphere 


j x? + y? +22 + 2gx + 2fy + 2hz + c = 0 are (-g,- f, - h) 
and Jg? + f? +h? — c respectively. 
»  Theequationofa sphere through four non-coplanar points 


(Xi: у, 21}, (х2, уз, 22), (хз, уз, 23) and (ха, Уд, Z4) is 


Хх? +у2+22 x у 281 
2 2 2 

X typ tZ XQ У Zao 
2 


80322 
Хо У2 хус Шо = 70 
о 10-2954 13 

X3 Уз ЕД 337 Walt Seam a 


2 2 2 
X4 +У4 +74 X4 У4 24 1 


The equation of a sphere, with ( хү, ут, 21), (хо, Y2, 22) as extremities of a diam- 
eter, is 
(х-х)(х-х)%(у-у)(У-у2)%(2-а)(2-2;)-0. 
e Тһерізпе section ofa sphere with origin as centre апат, the radius is determined by joint 
equations : 
х2 +у2 +22 =r anda(x-a)*b(y-b)*c(z-c)-0 
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e The sphere S=x? +y? +22 +2gx+2fy+2hz+c=0 and the plane} \ectors and three 


L = [к + my + nz +k = 0, together represent the equation ofa circle being intersec- | “mensional Geometry 


tion of = 0 andL=0. 


The equation $ + AL = 0 represents the equation of the sphere passing through the 
circle given by S=0 and L=0 together. 


SUPPORTIVE WEB SITES 


° http://www.wikipedia.org 
° http://mathworld.wolfram.com 


Ф ; 
TERMINAL EXERCISE 


1. Find the equation of the sphere which passes through the point (2, — 2,3) and which 
has its centre at (0, 0, 0). 
2. Find the co-ordinates of the centre and the radius of the sphere 


2(x? £y? +? )-4х +6у-52=0 
3.  Findtheequation ofthe sphere concentric with 
х2 + y? +22 — 2x — 4y — 6z - И = 0 and with radius 10. 
4. Find the locus of a point which moves such that the sum of the squares ofits distances 
from the points (1, 2, 3), (2, —3, 5) and (0, 7, 4) is 147. 
5. Forthesphere x2 + y2 +22 + 2x + 4y - 6245 = 0, find ifthe point (1, — 1,3) lies 


in the interior or exterior of the sphere. 
6. Find the equation of the sphere passing through the points (0,0, 0), (1, 0,0), (0,2, 0) and 
(0, 0,3). 


7. Find the equation of the sphere having extremities of one of its diameter as (-,2,-3) 
ап4(3,1,-1). 


$. Ifone end ofa diameter of the sphere х2 + y? + 22 - 7x — 3y + 1 = 0 isthe point a, 


5, 1), find the other end point of the diameter. 2 55% 
9. Find the equation of the sphere passing through the origin and cutting intercepts a, b and 
© from the positive directions of the co-ordinate axes. 


10. Find the radius of the circular section of the sphere х2 + у? + 22 = 49 bythe plane 


2x + 3y -z - 5\14 =0. 
ll Find the equation ofa sphere for which the circle x? + у? +22 = 4» 
a great circle. 
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х+у+4 = 015 
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ЁС CHECK YOUR PROGRESS 36.1 
\ 
\ 1 ce 
---- Lins 22422 225 Эх centre: (5. -Ь іш = = 
3. @(х-3)?+(у +3)? «(z«1) =19 
(i) (x -2 +(y +2)? «(z«1? -9 
4. (x-3Y +(y +3)? +(2+1)2 -9 
5. (interior (ii) on the sphere (iii) exterior 
CHECK YOUR PROGRESS 36.2 
ERA СОЛИ; 
1. () xy ez так уа [5,5 S rm te 
бз? 29 ДИ 2 
Oe Балы ЛЛК УО m 
0) а2 + 52 +e? a b c 797 
(a+b? +e? а? + +c? а? +b? +c? : 
1 2а у 2Ь 5 2с 3 
iO атала 
2 abc 
{ fag 
ii) 6(x? + y? +22) + 14x + 2y + 34z = б page ee 
2. x2 +у2 +22 x y СЭР 
3 1 -1 -1 1 
19 3 3 1 Ц = 0 
29 -2 0 5 1 
33 -1 4 1 
CHECK YOUR PROGRESS 36.3 
$ 3 251 
14.20) х ey ed хэх-зуузг-6-04 “3-р l 021 
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The Sphere 


i 1 STe 
(i) Е 72]: 
(iii) x2 + y? +22 - 4x – бу — 2z = 0 ;(2,3,1); Ла 

ЕЕ (5-62) 3 E 
CHECK YOUR PROGRESS 36.4 

L (00.3.5; 4/7 (i) (71,2, 3); 8 
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х2 +у2+22 =17 2. TOR 
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Notes 


2 x24 y2 422 - 2x -4y - 62-86 =0 

4 х2 +у2 +22 – 2х – 4у –82—10=0 

5. Interior of the sphere 

6 x? 4 y? +22 -х-2у-32=0 

To x? 4 y2 42? -2x-3y + 4z42=0 

в (3, -2, -1) 9 х2 +y24+z2-ax—by-cz=0 
в о 11. х2+у2+22 +4х+4у +12 = 0: 
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SENIOR SECONDARY COURSE 
MATHEMATICS 


Questions For Practice - Vectors and Three Dimensional Geometry 


Maximum Marks : 50 Time: 14, Hours 


Instructions : 


r 
2. 


Answer all questions on a separate sheet of paper. 
Give the following information on your answer sheet : 


° Name 

. Enrolment number 
° Subject 

. Assignment number 
. Address 


Get your assignment checked by the subject teacher at your study centre so that you get positive 
feedback about your performance. 


Do not send your assignment to the National Institute of Open Schooling | 


The position vectors of two points А and B are 2а + 3b and 3a+b respectively. Find АВ. (2) 


Given a ={—j—k and b = 2i — 4)+ 3k , find the magnitude of а — p. (2) 
If a - 3i 2j— 6k and b = 41—5]+К. find a-b Q) 
Show that the points (4, 7, 8), (2, 3, 4), (-1, 2,1) and (1,2, 5) are the vertices 

ofa parallelogram. (2) 
Show that the points P, О and R with position vector a-2b, 2a -- 3b and -7b 

respectively are collinear. (3) 
Show that the vectors a —2b,3a + b and а + 4b are coplanar. (3) 


Find а unit vector in the direction of 2a +36 where а = 1+ 3j +k and b « 3i— 2j =k. 0) 
Find the equation ofthe plane which divides the line joining the points (2, 1, 4) and 
(2, 4, 6) internally in the ratio of2 : 3. (3) 
If following forces (expressed in Newtons) act on a particle P : 
Ёү-21-1-3К, Fo = 3i 2j 2k. Fs =3i-2j+k 
Find (i) the resultant ofthe forces (ii) the magnitude ofthe resultant (4) 
MATHEMATICS 


Questions For Practice 


10. Determine the value of k for which the planes 

3х-2у-К2-1-0 and х+Ку+57+ 2-0 are perpendicular to each other. (4) 
11. Find the equation ofthe line passing through the point (-1,-2,-3) and perpendicular 

to the plane 3x —4y + 5z-11=0 (4) 
12. Find the equation of the planes represented by 

бх? -12у2 +422 +ху+13у2-14х2=0 

Also find the angle between the planes. (6) 
13.  Findthe projection of the line segment joining the points (2, 3, 1) and (5, 8, 7) on the line 
x у+4 2141 
= 6 
2 (6) 
14. Find the centre and radius of the following circle : 


х2 +y? +22 -2у-42-П =0 and х+2у+22-15=0 (6) 
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Dear Learner, 


This module contains five lessons pertaining to your day to day activities. You must have noticed 
advertisement in the newspaper for selling shares of various companies. Have you ever thought what are 
shares and debentures, how selling of shares helps a company to accumulate funds? How are they bought 
or sold and why people like investing in them? You will get some of the answers in the lesson on Shares and 
Debentures. 


You must have known that people insure household items against theft, fire and natural calamities. We also 
insure ourselves against accident, riot etc. The lesson on Insurance will introduce you to different types of 
policies, their objectives, how to calculate premium or surrender value when а policy is in force. You will 
also learn about Mediclaim insurance in this lesson. 


The Government has a social responsibility towards the nation and has also to look after the security and 
development of the country. This cannot be done without resources, which have to be mobilized primarily 


through the process of taxation both direct and indirect. These will be discussed in the lesson on Indirect 
Taxes. 


Application of Mathematics in Industry, Trade, Commerce, Economics, Insurance and Taxation will also be 
discussed in this module. 


We would suggest that you go through all the solved examples given in the learning material and then try to 
solve independently all questions included in *Check Your Progress” and “Terminal Exercise” given at 
the end of each lesson. 


This module contains a “Questions For Practice” page for self-check. Try to solve it and get it checked by 
the subject teacher at your study centre. 


If you face any difficulty please do write to us. Your suggestions are also welcome. 
Good luck! 


Yours 


= 
(Suvendu Sekhar Das) 


Academic Officer (Mathematics) 
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SHARES AND DEBENTURES 


To start an industry ona large scale, requires huge amount of capital, professional skills, and 
other resources. Sometime it may not be possible for a single individual to do the needful. In 
such cases, a group of like minded people get together and set up a company, called a Joint- 
Stock Company registered under companies act. The people who start the company are called 
promoters of the company, whe frame the constitution of the company, which lays down the 
objectives of the company. 

Toraise the capital from the general public, the company issues a prospectus giving details ofthe 
projects undertaken, background ofthe company, its strength and risks involved. The capital of 
the company is divided into convenient units of equal value, called shares. Normally, they are of 
the denomination of Rs. 10 or Rs.100. 
Inthis lesson, we shall study about shares, stocks and method of calculating dividends/profits by 
the share holders, We shall also study about debentures, and the method of sale and purchase of 
shares and debentures. 


EN 
© OBJECTIVES 


After studying this lesson, you will be able to 

e explain the need ofa joint stock company; 

• define the terms such as shares, preferred and common shares, debentures, dividend, 
brokerage, paid-up value, at par, at premium, below par, еїс.; 

* distinguish between shares and debentures; 

. find the dividend under diferent conditions for different types of shares; 

* findthe change in income when different transactions are made; 

* distinguish between various stocks on the basis ofincome therefrom; and 

e find the income (as interest) on a given number of debentures. 


m. A MATHEMATICS 
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The total capital of the company is divided into convenient units of. equal value 
and each unitis called a share. 


Shareholder : An individual who purchases/possesses the share/shares of the company is called 
a shareholder of the company. Each share holder is issued a share certificate by 
the company, indicating the number of shares purchased and value of each share, 

Parvalue: Тһе original value of the share, which is written on the share certificate, is called 
its par value. This is also called nominal value or face value of the share. 

Dividend: | When the company starts production and starts earning profit, after retaining 
some profit for running expenses interest on loans, if raised, the remaining part of 
the profit is divided among shareholders, and is called dividend. Dividend is 


usuaily expressed as certain percentage of its par value or certain among per 
share. 


37.2 TYPES OF SHARES 
The shares are of two types : 

6) Preferred shares, and 

(0) Ordinary (or common) shares 
We will discuss in detail about them below: 

G) Preferred shares : There are the shares on which some fixed amount of dividend is 
paid, after working expenses taxes, interests, etc. are paid, Sometimes, when the profit is 


not enough even to meet the other expenses, even the preferred share holders do not get 
any dividend. 


(4) ^ Ordinary (or common) shares : These type of shareholders get dividend only after the 
holders of preference shares receive their share of profit. Due to this only the rate of 
dividend is not fixed and keep on varying, 


37:3- FACE VALUE AND MARKET VALUE OF A SHARE 


We have already explained that the price at which the company issues shares to the sharehold- 
ers is called its face value. 

Like other commodities, shares are also sold and purchased in the market. This market is given 
aspecial name "Stock Exchange ". The price of a share as quoted in the market, is called the 
market value ofthe share. Like other commodities, the market value of shares keep on chainging 
according to demand in the market. 

(0 | When the market value ofa share equals its face value, the share is said to be at par. 


(i) Ifthe market value ofa share is more than its face value, it is said tobe above par (or at 
premium). On the contrary, if the market price оҒа share is less than its face value, it is 
said to be below par (or at discount) 


—— BÀ —— XH 
— ээ лээ ХҮР MATHEMATICS | 


Note : The company always pays dividend on the face value and not on the market value of 
the share. 575 
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Let us take some examples 


amnes eg Lal has 200 shares of par value Rs. 10 each. The company declares an 
annual dividend of 8%. Find the dividend received by Ram Lal. 


Solution : Total par value of 200 shares owned by Ram Lal 
- Rs. (200x10)-Rs.2000 Notes 
| Dividend = Rs. (2000х8%) 
=Rs. 160 
company has issued 25000 shares of par value Rs. 100 each. If the total 
dividend declared by the company is Rs.200000, find the rate of dividend paid by the company. 


Solution : Number of shares : 25000 
Total dividend paid = Rs. 200000 
200000 _ 


Dividend paid per share = Rs. 55000 - Rs. 


Par value of a share = Rs. 100 
Rate of dividend paid = 8 % 


Devi) УЛ: Ram had 2000 preferred shares and 5000 ordinary shares of acompany of 
par value Rs. 10 each. If the dividend declared on preferred shares is 20% and is 12% on 


ordinary shares, find the annual dividend received by Ram. 
Solution : Dividend on preferred shares = 20% of total par value 


=Rs. (5 х 2000 х 10)-ns 4000 


Dividend on ordinary shares = 12% of total par value 


Rs | sg x 5000 х 10] = Rs. 6000 


2. Total dividend received Бу Ram = К. (400040005 Rs em 
Ехашрїе 37.4 Lalwani purchases 1000 shares of a company, of par value Rs.100 each, 

paying an annual dividend of 20%, at such a price that he gets 12 » % on his investment. Find 

the market price ofa share 

Solution : Dividend received by Lalwani 


1000 х 100 20 


Е = Rs.20000 
"uem | 100 } 


+ Let the investment of Lalwani be Rs. x 
124% of x= Rs. 20000 
MATHEMA TICS 


Shares and Debentures 
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Mathematics for x-Rs. [sem = Rs.160000 
ommerce, Economics 25 


and Business 
-. Market value of 1000 shares — Rs. 160000 


Market value of one share = Rs. 160 


СТ ЕЛ ША man sells 1000 shares of a company (of par value Rs. 10 each) giving a 


Notes | dividend of 20% at Rs.25 each. He reinvests the proceeds in shares of another company 
(of par value Rs. 100 each), paying a dividend of 12 T %, at Rs. 125 each. Find the change 
inhis income. 

Solution : Dividend From 1000 shares of par value Rs. 10 each 


3 {г 10х20 
=Кз. 100 


Amount received by selling 1000 shares at Rs. 25 each 
= Rs. (1000х25) = Rs. 25000 


} = Rs.2000 


25000 
: 2. Number of shares of other company at market rate of Rs. 125 each = "s S 200 


Par value of each share = Rs. 100: Rate of dividend : 121% 
200 x 100 x 25 
200 


Change in income = Rs. ( 2500-2000) 
= Rs.500 increase. 


Dividend received = ( ) = Rs.2500 


Asif purchased 400 shares ofa company (of par value Rs. 10 each) ata 


Example 37.6 


premium of 25%. He sells these shares when their price rose to Rs. 16.50 per share. Find his 
gain in the transaction. 


Solution : Purchase price ofa share by Asif =. | 10 x ( E J 


= 1 
Rs.12 5 
Selling priceofeachshare = В. 161 


Gain on selling one share = В5. ( 164 -12 1) =Rs.4 
Gain on selling 400 shares =Rs. 1600 


CHECK YOUR PROGRESS 37.1 


A company declares an annual dividend of 9%. If Ramesh owns 600 shares of the 
company, of par value Rs.10 each, find the dividend received by Ramesh. 


MATHEMATICS . 


Find the dividend received annually on 500 shares of par value Rs. 100 each at 5%] OPTIONAL - II 

payable half yearly. Mathematics for 

Commerce, Economic: 
and Business 


N 


A company issued 25000 shares of par value Rs. 10 each. Ifthe total dividend released 
by the company is Rs. 40000, find the rate of dividend paid by the company. 


4. The capital stock of company is Rs. 2750000, which is divided into 2500 preferred 
shares of 7% of par value Rs.100 and 25000 ordinary shares of par value Rs.10 each. If 
the net profit shown by the company is Rs. 270000 out of which Rs. 160000 is 


` distributed as dividend, find кие 
(i) rate of dividend paid on ordinary shares 
(ii) dividend to be received by a person for 100 preferred shares and 200 ordinary shares. 


Мо 


5. Aman buys 400 shares of a company ( of par value Кө. 100 each) for Rs.125 per share 
and sells them at a premium of Rs. 45 per share. Find the gain of the man in the transac- 
tion. 

6. Катап purchased 250 shares of a company ( of par value Rs.100 each, paying an annual 
dividend of 20%) at sucha price that he gets 10% on his investment. Find the market 
price ofa share. 

7. Ravi sells 200 shares of a company ( of par value Rs.100 each and paying a dividend 
7.5%) at Rs.120 each. He reinvests the proceeds in another company in shares of par 
value Rs.10 at Rs. 12.50, paying a dividend of 10%. Find the change in Ravi's dividend 
income. 

8. Akash sells 2000 shares of a company А ( of par value Rs. 100 each, paying a dividend 
of 10%) at Rs.120 each. He invested the proceeds in shares of another company В par 
value Rs. 25 each at Rs. 40 giving dividend of 15% 


Find (i) the number of shares of company B purchased by Akash - 


(ii) change in the dividend income. 


37.4 STOCKS AND BROKERAGE 


37.4.1 Stock 


Ifa person holds 500 shares ofa company , of par value Rs.100 each, he is said to hold Rs. 
(500x100) or Rs. 50000 stock of that company. 

Generally, the stocks are referred to by their rates of dividend. Thus, ifthe dividend on Rs.100 
stock is Rs.10, it is called "10% stock" and if the market value of the stock is Rs.125, we say it 
is"10% stock at Rs.125". It may be recalled that dividend is always calculated on par value. 


37.4.2 Brokerage 
The sale and purchase of a stock in market is generally done through a broker, who charges 
Some amount for his services. This charge is called brokerage. 
The brokerage is generally charged as some percentage of the market value of the stock or it is 
Some fixed amount on each unit of stock. 


37.4.3 Rule for brokerage i: 
0 їе brokerage is added to the market value of the stock, when it is purchased 


MATHEMATICS 


р ив ТЭЭР 
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(i) Тһе brokerage is subtracted from the market value when it is sold 


37.5 INCOME ON A STOCK 


Let us illustrate the method ofcalculating income on a stock through examples. 


en) ЕДИ Find the income on 8 % stock of Rs. 46000 purchased at Rs.120 
Solution : Here, face value ofthe stock = Rs. 46000 


Income on Rs. 100 = Rs. 8 


8 
Income on Rs. 46000 = Rs ( 3007 46000 )- Rs. 3680 


190111) ЕЛЕ: A man invested Rs. 36300 at Rs. 120 in 12% stock. Find his income if 
brokerage is Re.1 


Solution : According to rule (1) above, market value 


=Rs.(120+1) =Rs.121 


36300 x 100 j 
Amount of stocks bought = Rs. B = Rs. 30000 
30000 x 12 


Income = Rs.- - Rs. 3600 


100 


СТ ТО KIA What amount of 9 % stock will produce an annual income of Rs. 16200 after 
paving an income tax of 10% on the dividend ? 


Solution : Income on Rs. 100 stock = Rs. 9 
(9 


(9х10\ 
Income tax = Rs. | 100 ү Rs.0.90 


Net income on Ёз.100 = Rs.(9.0—0.9)=Rs. 8.10 
ifthe income is Rs. 8.10, then investment = Rs. 100 


: T \ 
If income is Rs. 16200, then investment =Rs. [ene | 


= Rs. 200000 


37.6 MARKET VALUE OF A STOCK 


If the face value ofa stock is given its market value can be found by finding the market value of 
each unit of stock. Let us illustrate is through examples. 


жен ЖУЙ (А How much money should be invested to purchase Rs. 9600 stock at 95 7 
Solution : Market value of Rs. 100 stock = Rs. 95 | 


95 х 9600 


Market value of Rs. 9600 stock = Rs. 


=Rs. 9120 


MATHEMATICS 
„Ж 


190111) (253838 A man sells Rs. 4250 of 8 % stock at 96 and invests the proceeds in 12% OPTIONAL - Il 
Mathematics for 


| stock at 102. How much stock does he hold now ? Commerce, Economics 


5 3 and Business 
Solution : Astock of Rs. 100 is sold for Rs. 96 


2, 2-8 
| 96 х 4250 P 4 
5 А stock of Rs. 4250 is sold for Rs. Е Rs. 4080 57 


In the second case 
An investment of Rs. 102 gets a stock of Rs. 100 


100 x 4080 
102 


37.7 SALE AND PURCHASE OF STOCKS 


The market value of stocks go on changing according to market conditions. Some stockholders 
sell their stocks and reinvest the proceeds in a more beneficial stocks giving more income. 


Investment of Rs.4080 gets a stock of Rs. ( )- Rs. 4000 


Letus see this through examples. 
Example АТАРДА man bought Rs. 12000 of 10% stock at 92 and sold it when the price rose 


| 1085.98. Find his total gain and gain percent. 


5 92 х 12000 
Solution : Investment in buying Rs. 12000 stock =Rs. | 710) (= Rs.11040 


98 x 12000 à 
Amount received by selling the stock = Rs. BOTE GO. HL Rs. 11760 
Gain = Rs. (11760-11040) = Rs.720 | 


720 
ain ресе x100 = 6.52 
Gain percent 11040 


Example 3743 man invests Rs. 28000 in 7 % stock at 98 and sells it when the price rose 


toRs. 105. He reinvests the sale proceeds in 12% stock at 120. Find the change in his income. 


7 28000) . 257 
Mi SCIT Нил 


Solution: Income from first stock 


105 x a | 
Amount realised from selling the stock =Кз.| се у= Rs. 30000 
30000 x 12 
Income from second stock - Rs. mco = Rs. 3000 
Increase in income — Rs. (3000-2000) = Rs.1000 
| Ram Lal sells 450 shares of Rs. 10 ofa company at Rs. 1 8 each, which pays 


à dividend of 9% and then invests the proceeds of this sale in the purchase of Rs.5 shares of 


MATHEMATICS 
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P 1 КЕЙ: 
another company at Rs.4.50 each, giving а dividend of 3 2 %. Find the change іп his income 


450х10х9 
Solution : Dividend оп 450 shares = Rs. 100 =Rs. 405 


Selling price of 450 shares =Rs. (450x18) — —Rs.8100 


8100 x 2 
Number of shares of second company bought = Жасақ - 1800 


1800х5х7 
Income from second company $ 


| = Rs, 318 
100х2 


2. There is a decrease of Rs.(405—315) =Rs.90 in his income 


37.8 DIFFERENT STOCKS - PART INVESTMENT 


For maximising income, an investor can invest his capital ina number of different stocks. His 
total income will be the sum of the incomes from different stocks.Conversely, if the respective 
incomes are given, the investment in different stocks can also be determined. 


СТО ИД ЕЙ Mohan invested a part of Rs. 15000 in 5% stock at 90 and the remaining in 


7% stock at 120. If his total income from the stocks is Rs. 855, find the respective investments 
in different stocks. 


Solution : 
| (i) Let the investment in 5% stock =Rs. x 
(i) The investment in 7% stock = Rs (15000-x) 
xx5 x 
I fi i =Rs.—— = Rs.— 
ncome from (i) stock = Rs. 90 5 18 


7 
Income from (ii) stock = Rs. (15000 — x Уул 


x 105000 - 7x 
Total i =855 = — + 
otal income = 855 18 120 


855 x 360 =20х+ 105000 x 3 — 21x 
х = 315000 — 307800 


= 7200 
.. Amount invested іп 5 ?6stock =Rs. 7200 


Amount invested іп 7% stock =Rs. (15000 — 7200 )=Rs. 7800 
petty ЖҰЙ A invested Rs. 188000, partly in 6% stock at 88 and the remaining in 5 % 


stock at 99. If the incomes derived from both the stocks are the same, find the respective 
investments in two stocks. 


| 120 | MATHEMATICS 


p 


Debentures í : 
Solution : Let the investment in 6 % stock at 88 Бе Rs. x OPTIONAL - Il 


«The investment in 5 % stock at99 — Rs. (188000 — x) Eoo 
59:36 and Business 
Income from first stock = Rs. ( 88 ) 0) 
5 5 
Income from second stock = Rs. | (188000 - х) 99 .. (ii) 


Itis given that (1) = (ii) 
x  (188000-x)x5 


88 99 
or 27 x = 188000 x 20 - 20 x 
47x = 188000 x 20 
— x = 80000 


Investment in 6 % stock at 88 = Rs. 80000 
and, investment in 5 % stock at 99 = Rs. 108000 
Ехашрс 37.17 Which is the better investment 14% stock at 95 or 15% stock at 105 


\ 
Solution : Let the investment їп each сазе by Ёз. (95 х 105 ) 


Income іп Г case = Rs. 1 (95x105) = Rs.1470 


15 
Income in II case = Rs. ДЕГЕ х 105) 
=Rs. 1425 


Income іп I case > Income in И case 


Ist case is a better investment 


CHECK YOUR PROGRESS 37.2 


1. Find the income on 
(a) 8 % stock of Rs. 50000 purchased at Rs. по 
(b) 16% stock of Rs. 14000 purchased at Rs. 130 
2. Find the income received by investing 
(a) Rs. 10000 in 11 % stock at 110 


(b) Rs. 36900 in 15% stock at 123 
3. Renuka invested Rs. 58000 at Rs. 115 in 10% stock. Find her income if the brokerage is 
Re. 1 


1 
4. How much money should be invested to getan income of Rs. 3750 from 7 2 % stock at 


90 ( Brokerage 2%) 


MATHEMATICS 


ч за аа XE Sees: 
OPTIONAL -Il |5. А man sells Rs. 6250, 8 % stock at 104 and invests the proceeds in 12 


Mathematics for How much stock does the man hold now ? 


merce Economics |с А man bought Rs. 12500 of 8% stock at Rs. 95 and sold it when it rose to Rs. 107. Find 


his total gain and gain percent [ Brokerage : Re. 1] 


% stock at 130. 


7. Which ofthe following is a better investment ? 
(i) 9 96 stock at 91 or 12 % stock at 121 
(ii) 11% stock at 110 or 5 ?6stockat60 , 


8. А person invested Rs. 18000 in 8 % at 90 and sold the stock at 95 and invested the 
proceeds in 12 % stock, increasing his income by Rs. 680. At what price did he buy the 
latter stock ? 


9. Vandana invested Rs. 12000 partly in 3% stock at 75 and the remaining in 4% stock 
at 96. Ifthe total income from both the investments is Rs. 492, find the investment in each 
stock. 


37.9 DEBENTURES 


The capital is not only raised through shares, it is sometimes raised through loans, taken in the 
form of debentures. 


A debenture is a written acknowledgment of a debt taken Бу a company. It contains a contract 
for the repayment of principal sum by some specific date and payment of interest at a specified 
rate irrespective of the fact, whether the company has a profit or loss. Debenture holders are, 
therefore, creditors of the company. Of course, they do not have any right on the profits de- 
clared by the company. Like shares, debentures can also be sold in or purchased from the 
market and all the terms used for shares also apply in this case ; with the same meanings. 


Let us take some examples. 


ТУА Find the income percent ofa buyer on 10% debentures of face value Rs.100, 
available in the market at Rs. 125. 
Solution : Income on Rs. 125 is Rs. 10 


0 
100 = Rs. 
1255 ^ m 


4 Income, in percents, on debentures = 8% 
ЕТТУ КУА СЛ Shama has 1000 shares of par value Rs. 10 each of a company and 200 


debentures of par value Rs. 100 each. The company pays an annual dividend of 10% and an 
interest of 15% on debentures. Find the total income of Shania and rate of return on her invest- 


Income on Rs. 100= 


ment. 
| 1000 х 1 
Solution : Dividend оп 1000 shares = Rs. ( TX ) - Rs. 1000 
д 200 х 100 x 15 
Annual interest on 200 debentures - Rs. ИДИ Г Rs. 3000 


[2 27° | MATHEMATICS 


- Total investment of Shama = Rs. ( 1000 x 10 + 200 x 100 )= Rs. 30000 


E 


NES : 
iu Я dux ce RON 


S 


Total income of Shama -Rs. 4000 
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4000 x 100 


%= 
30000 | 0= 13.33 96 


Rate ofreturn = ( 


Q CHECK YOUR PROGRESS 37.3 ту" Да 


1. Епа the percent income on 10 % debentures of face value Rs. 120 available in the 
market for Rs. 150 

2. Find the income percent on 10% debentures of face value Rs. 90 and available in the 
market for Rs. 120 

3. Rama has 500 shares of par value Rs. 10 each and 100 debentures of par value Rs. 100 
each of a company. The company pays an annual dividend of 12 % on the shares and 
15% interest on debentures. Find the total income of Rama and her rate of interest on her 
investment. 


LET US SUM UP 


• — Some like minded people join together, to start a big industry and form a Joint Stock 
company, a Company registered under Companies Act 

e Shares аге some convenient parts of the capital usually of Rs. 10 or Rs. 100 denomina- 
tion. 

• The Company invites the public to invest by purchasing shares of the company through 
public notices. Before that the company issues a prospectus of the company which de- 
tails the objectives, its plus - points and weaknesses and then invites public to invest in the 
company. 

e  Anindividual who purchases/holds the share/shares of the company is called its share- 
holder, 

e  Thecompany issues a share certificate to the share holder indicating the number of shares 
purchased and the par value of each share. 

* The original value of the share fixed by the company iscalled its par value/nominal value/ 
face value. 

*  Thepartofprofit distributed by the company to its shareholders is called the dividend. 

. Preferred shares are those on which a fixed percent of ‘dividend is to be paid, ifthe profit 
is left after paying for interest, working expenses. taxes, etc. 

* Ordinary shares are the shares on which dividend is paid only after it is paid to preferred 
share holders. For that reason there is no fixed percentage of dividend to ordinary share 
holders 

* The shares, as other commodities, can also be purchased from/sold in the market. This is 
done through an agent called broker and his charge is called brokerage. The brokerage is 
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АР 3 > Ба aS Е au s OUR 35 RM die 
generally expressed as percent ofthe par value ofa share or fixed charge per share. The 
value at which а share сап be sold/purchased form the market is called its market value, 
Ifthe market value is greater than face value, the share is said to be at premium (or above 
par). If market value is less than face value the share is said to be below par (or at 
discount). If market value ofa share equals its face value, it is said to be at par. 

Stock = Par value ofa share x Number of shares. 

Stocks are referred to by their rates of dividend 

Income on stocks in different cases can be calculated by the use of unitary method as 
concepts used. 


A debenture is a written acknowledgment of a debt taken by a company. This is issued 
by a pre-decided date and the interest on it is paid irrespective of the fact that the 
company is in loss or profit. 


Like shares, debentures can also be sold in or purchased from the market. 


SUPPORTIVE WEB SITES 


http:// www.wikipedia.org. 
http:// mathworld.wolfram.com 


[] 
TERMINAL EXERCISE 


l. 


Find the dividend received annually on 1250 shares of par value Rs. 10 each at 12 96 
payable annually. 


Find the dividend received annually on 250 shares of par value Rs.100 each at 6% 
payable semi-annually. 


A company with 20000 shares of par value of Rs.50 each, shows a profit of Rs. 300000. 
If the dividend declared by the company is 5 96, then find. 


0) the total dividend paid by the company 
(ii) the dividend received by a person holding 200 shares 


Aman buys 500 shares of a company, of par value Rs. 100 each, at Rs.150 each and 
sells each share at a premium of Rs. 75 each. Find his gain. 


Aman purchased 200 shares ofa company, of par value of Rs.10 each paying an annual 
dividend of 12% at such aprice that the gets 10% on his investment. Find the market 
price ofa share. 

Rama sells 2000 shares of a company A, of par value Rs.100 each paying a dividend of 
12%, at Rs.126. She invested the proceed in another company B's shares of par value 
25, at Rs. 30 each and giving 20% dividend. Find 

(i) the number of shares of company B purchased by Rama 


(ii) change in her dividend income 


EZ E MATHEMATICS 
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19. 


d Debentures : 


(i) Find the income on 6 % stock of Rs.60000 purchased at Rs.120 OPTIONAL - Il 


(ii) Find the income on 16% of Rs. 14000 purchased at Rs. 130 Mathematics for. 
> : 3 р : Commerce, Economic 
Find the income received by investing and Business 


0) Rs. 9595 іп 7 % віоск аё 95 (ii) Rs. 36900 іп 15 % stock at 123 
How much money should I invest to get an income of Rs.4500 from 10% stock at 94 
[Brokerage ; Re. 1] 

A man bought Rs. 12450 of 7 % stock at 95 and sold it when its price rise to Rs. 107. | Notes 
How much stock does the man hold now (Brokerage ; Re.1) 

Which is the better investment 

(i) 10% stock at 110 or 5 % stock at 60 ? 

(ii) 10% stock at 90 or 1196 stock at 103 ? Г 

А person invested Rs. 9000 in 9 % stock at 90 and sold the stock at 95. He invested the 
proceeds in 12% stock thereby increasing his income by Rs. 240. At what price did be 

buy the second stock ? 

Yogesh invested Rs. 94640 partly in 8% stock at 104 and remaining in 5 % stock at 91. 

Ifhis total income from both stocks is Rs.6240, find the respective investment in two 

stocks. 

A invested Rs. 47120 partly in 5 % stock at 75 and remaining in 6 % stock at 96. If the 

income from two stocks is equal, find the respective investment in each stock. 

Find the income percent of a buyer on 12% debentures of face value Rs. 100, brought 

from the market for Rs. 144 

Ram Lal had 1200 shares of par value Rs. 10 each and 400 debentures of par value 


Rs.100 each ofa company. The company pays an annual dividend of 10% on shares and 
12% interest on debentures. Find the total annual income of Ram Lal and return on his 


income, 
Find the income percent on 8 % debentures of face value Rs. 80, available in the market 
at Rs. 120. 


1 -jod 
A man invests half of his money in 13 ^ % stock at 120 and the other halfin 10 2 % 


stock at 90. Had he invested his money to buy equal amount of each stock, he would 
have got Rs. 4.50 less of income. Find his total investment. 


A person holds 60 debentures of a company of par value of Rs.500 on which 15% 
interest is paid annually. When the price rises to Rs.600, the person sells them and investes 
the half of sale proceeds in 8 % stock at 90. He invests the other halfin 10% stock at 80 


of par value Rs. 100 each. 
Find the change in income. 
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CHECK YOUR PROGRESS 37.1 


1. Rs,540 2. Кв. 5000 3. 16% 
4. (i) 5.7% (ii) Rs. 814 
5. Rs.8000 6. Rs. 200 7. Gain : Rs. 420 


8. (1 )6000 shares, (ii) Rs. 2500 more 


CHECK YOUR PROGRESS 37.2 
1. (a) Rs. 4000. (b) Rs.2240 
2.(a)Rs.1000 (b) Rs. 4500 


3. Rs. 5000 4.Rs.45900 5. Rs.5000 6. Rs. 1250 ; 10.42 % 
7. (i) Second (ii) First 
8. At par 9. Rs. 4800, Rs. 7200 


CHECK YOUR PROGRESS 37.3 
1. 8% 2.75% 3.83.2100 ; 14 96 


TERMINAL EXERCISE 


1. Rs. 1500 2. В$. 3000 3. (1) Rs. 50000 (ii) Rs. 500 
4. Rs. 12500 5. Rs. 12 per share 
6. (i) 8400 (ii) Rs. 18000 
7.(1) Rs. 3600 (іі) Rs.2240 
_8. (0) Вз. 707 — (ii) Rs.4500 9. Кз. 42750 
10. В$. 1245 тоге 
11. (1) First (ii) First 12. At par 


13. Rs. 47320 each 14. Rs. 22800; Rs. 24320 15. si% 


7 1 
; . 6000 ; 11—% 51, 
16 Rs. 6000: 117% 17.55% 


18. Rs. 15120 19. Rs. 650 loss 
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А Notes 


INDEX NUMBERS 


Of the important statistical devices and techniques, Index Numbers have today become one of 
the most widely used for judging the pulse of economy, although in the beginning they were 
originally constructed to gauge the effect of changes in prices. Today we use index numbers for 
cost of living, industrial production, agricultural production, imports and exports, etc. 


Index numbers are the indicators which measure percentage changes ina variable (or a group of 
variables) over a specified time. By saying that the index of export for the year 2001 is 125, 
taking base year as 2000, it means that there is an increase of 25% in the country's export as 
compared to the corresponding figure for the year 2000. 


» | define index numbers and explain their uses; 

* — identify and use the following methods for construction of index numbers : 
(i) aggregate method (ii) simple average of relative method; and 

e explain the advantages of different methods of construction. 


EXPECTED BACKGROUND KNOWLEDGE 
* — Knowledge of commercial mathematics 


* — Measuresof Central Tendency 


38.1 INDEX NUMBERS-DEFINITION 


Some prominent definitions, given by statisticians, are given below: 

According to the Spiegel : 

"An index number is a statistical measure, designed to measure changes in а variable, ог agroup 
of related variables with respect to time, geographical location or other characteristics such as 


MATHEMATICS | 122] 


Index Numbers 


2218 
OPTIONAL - 11 income, profession, etc." 
Mathematics for 3 
Sommerce, Economics | According to Patternson : 
and Business 


"1п из simplest form, an index number is the ratio of two index numbers expressed as a percent. 
An index isa statistical measure, a measure designed to show changes in one variable or a group 
of related variables over time, with respect to geographical location or other characteristics", 


According to Tuttle : 
"Index number is a single ratio (or a percentage) which measures the combined change of 
several variables between two different times, places or situations". 


We can thus say that index numbers are economic barometers to judge the inflation ( increase in 
prices) or deflationary (decrease in prices ) tendencies of the economy. They help the govern- 
ment in adjusting its policies in case of inflationary situations. 


382. CHARACTERISTICS OF INDEX NUMBERS 


Following are some ofthe important characteristics of index numbers : 

e — Index numbers are expressed in terms of percentages to show the extent of relative 
change 

e Indexnumbers measure relative changes. They measure the relative change in the value 
ofa variable ora group of related variables over a period of time or between places. 

e Index numbers measures changes which аге not directly measurable. 
The cost of living, the price level or the business activity in a country are not directly 


measurable but it is possible to study relative changes in these activities by measuring the 
changes in the values of variables/factors which effect these activities. 


X NUMBERS 


The decision regarding the following problems/aspect have to be taken before starting the ac- 
tual construction of any type of index numbers. 


(0 Ршрове of Index numbers under construction 
(i) ^ Selectionofitems 


(ii) Choice ofan appropriate average 
(iv) Assignment of weights (importance) 
(V) Choice of base period 


Let us discuss these one-by-one 


38.3.1 Purpose of Index Numbers 


Anindex number, which is designed keeping, specific objective in mind, isa very powerful tool. 
For example, an index whose purpose is to measure consumer price index, should not include 
wholesale rates of items and the index number meant for slum-colonies should not consider 
luxury items like А.С., Cars refrigerators, etc. 


38.3.2 Selection of Items 


After the objective of construction of index numbers is defined, only those items which аге 


— 
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Index Numbers TE . 
related to and are relevant with the purpose should be included. 


38.3.3 Choice of Average 


As index numbers are themselves specialised averages, it has to be decided first as to which 
average should be used for their construction. The arithmetic mean, being easy to use and calculate, 
is preferred over other averages (median, mode or geometric mean). In this lesson, we will be 
using only arithmetic mean for construction of index numbers. 


38.3.4 Assignment of weights 


Proper importance has to be given to the items used for construction of index numbers. It is 
universally agreed that wheat is the most important cereal as against other cereals, and hence 
should be given due importance. 


38.3.5 Choice of Base year 


The index number for a particular future year is compared against a year in the near past, which 
is called base year. It may be kept in mind that the base year should be a normal year and 
economically stable year. 


38.4 USES OF INDEX NUMBERS 


(i) Index numbers are economic barometers. They measure the level of business and economic 
activities and are therefore helpful in gauging the economic status of the country. 


(ii) ^ Index numbers measure the relative change ina variable or a group of related variable(s) 
under study. 


(1) ^ Consumer price indices are useful in measuring the purchasing power of money, thereby 
used in compensating the employes in the form of increase of allowances. 


38.5 TYPES OF INDEX NUMBERS 


Index numbers are names after the activity they measure. Their types are as under : 


Price Indéx : Measure changes in price over a specified period oftime. It is basically the ratio 
of the price ofa certain number of commodities at the present year as against base year. 


Quantity Index : As the name suggest, these indices pertain to measuring changes in volumes 
of commodities like goods produced or goods consumed, etc. 


Value Index : These pertain to compare changes in the monetary value of imports, exports, 
Production or consumption of commodities. 


38.6: CONSTRUCTION OF INDEX NUMBERS 


Suppose one is interested in comparing the sum total of expenditure опа fixed number of com- 
modities in the year 2003 as against the year 1998. Let us consider the following example. 
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Жаы 


Wheat 


Petrol 


Pulses 


Sugar 
Cooking Oil 
Cloth 


Since all the commodities are in different units and their prices are not enlarged proportionally, 
we just cannot get an average for comparison. For that reason, we express the rates of all 
commodities in 1998 as 100 each and proportionally increase for the corresponding commodi- 
ties for 2003. 


400x100 _ 


200 
200 


100 б< 144 
25 


100 
209 ад 
pid 19 


100 18—180 
10 


100 , 30 — 100 


Cooking Oil 
80 


100 
—- x50 = 125 
40 


941 + 6 = 156.83 


We find that the average number (Index) for 2003 is 156.83 as against 100 for the year 1998. 
We can say that the prices have gone up by 56.83% in the year 2003 as against 1998. This 
method is used for finding price index numbers. 


Cloth 


38.7 METHODS OF CONSTRUCTING INDEX NUMBERS 


Construction of index numbers can be divided into two types : 
(a)  Unweighted indices 
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(b) | Weighted indices 


In this lesson, we will discuss only the unweighted indices: Mathematics for 
fe 5 2 : : Commerce, Economic 
The following are the methods of constructing unweighted index numbers : and Business 
(i) Simple Aggregative method 
(i) ^ Simple average of price relative method Л 2 
38.7.1 Simple Aggregative Method они оа: 
о 


This isa simple method for constructing index numbers. In this, the total of current year prices 
for various commodities is divided by the corresponding base year price total and multiplying 
the result by 100. 


2 Simple Aggregative Price Index py, = 2р. х100 
Po 


Where Роу = Current price Index number 
Xp, 7 the total of commodity prices in the current year 
Epo = the total of same commodity prices in the base year. 


Let us take an example to illustrate : 
ЕТТЕ Й Construct the price index number for 2003, taking the year 2000 as base year | 


80 


А 60 
B 50 
С 70 
р Е 120 
Е 100 


Solution : Calculation of simple Aggregative index number for 2003 (agains 
Price in 2000 Price in 2003 


(in Rs) po 


the year 2000) 


Commodity 


(in Rs.) ру 


MATHEMATICS 
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and Business Pac E х 100 = 350 x 100 
ро 400 
2 
= еш, = 137.5 
2 


Notes | i.e. the price index for the year 2003, taking 2000 as base year, is 137.5, showing that there is 
an increase of 37.5% in the prices in 2003 as against 2000. 


КУ Compute the index number for the years 2001, 2002, 2003 and 2004, taking 
2000 as base year, from the following data : 


2. Price index for different years are : 
Year 2000 ` 2001 2002 2003 2004 
Price-Index 100 120 140 170 180 


ОТЫ БЕДЕ Prepare simple aggregative price index number from the following data : 


рег 10 kg 


рег 10 kg 


per 10 kg 
perkg 
регНае 
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Inthis lesson, we will discuss only the unweighted indices: Mathematics for 
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The following are the methods of constructing unweighted index numbers : and Business 


() — Simple Aggregative method 
(i) ^ Simple average of price relative method 


38.7.1 Simple Aggregative Method- 


This isa simple method for constructing index numbers. In this, the total of current year prices 
for various commodities is divided by the corresponding base year price total and multiplying 
the result by 100. 


< Simple Aggregative Price Index py, = 28. х 100 
Ро 


Where Pj, = Current price Index number 
Ep; = the total of. commodity prices in the current year 
Epo = the total of same commodity prices in the base year. 


Letus take an example to illustrate : 
Dene a Construct the price index number for 2003, taking the year 2000 as base year | 


Ргїсе їп {һе уеаг Price in the year 


A 60 80 
B 60 
с 100 
р 160 
Е 150 


Solution : Calculation of simple Aggregative index number for 2003 (against the year 2000) 
Price in 2003 


Price in 2000 


(inRs.) ру 


(in Rs) ро 


MATHEMATICS 


Кошма ho уь- 400, Y. py = 550 


‘Mathematics for 
20ттегсе, Economics 
and Business p Ip x100 = 390 х 100 
ро 400 
ш 25 = 137.5 
2 


i.e. the price index for the year 2003, taking 2000 as base year, is 137.5, showing that there is 
an increase of 37.5% in the prices in 2003 as against 2000. 


БЫҒА Compute the index number for the years 2001, 2002, 2003 and 2004, taking 
2000 as base year, from the following data : 


2004 


2. Price index for different years аге: 


Year 2000 2001 2002 2003 2004 
Price-Index 100 120 140 170 180 


ЖЫДЫ Prepare simple ageregative price index number from the following data : 


ШІП ШЕШІП 
Wheat 100 140 


per 10 kg 
Rice per 10 kg 200 250 
Pulses per 10 kg 
Sugar perkg 


Ol. perlitre 


ШШЕ ——— ———Émbans 


IU 


Index umbers 


Solution : Calculation of. ee idees index number. | ы 4 OPTIONAL - II 
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per 10 kg 


Simple Aggregative index number 


= 310, 100 21341 
604 


Q CHECK YOUR PROGRESS 38.1 


Write the characteristics and uses of index numbers. 
2. Enumerate the problems /aspects in the construction of index numbers. 
3. Find the simple aggregative index number for each of the following : 


(i) For the year 2000 with 1980 as base year 
Price in 1980 Price in 2000 
A 200 250 


(4) For the years 1999, 2000, 2001, 2002, 2003 taking 1998 as base year 


Year 1998 1999 2000 2001 2002 2003 
Price 20 25 28 ом 
(ii) For the years 2001 and 2002 taking 1999 as base year. 
Commodity A B (971743) Е Е 
рїїсеш 1999 10 25 о. 
2001 12 30 0 7:25 701% 
2002 15 30 60 40 30 120 


MATHEMATICS 


АЕ." | 38.7.2 Simple Average of Price Relatives Method 


Commerce, Economics | Tn this method, the price relatives for all commodities is calculated and then their average 
and Business ў 
taken to calculate the index number. 


EPL x 100 
Thus, py, = гон , if A.M. is used as average where Pp, is the price index, N isti 


year (for which index is to be calculated) 


Let us take an example. 


Price (in 1999) 


. | Price (in 2004) 12% 


Price Relatives 


(2x100) 
Po 


133.33 
120.00 
120.00 
150.00 


150.00 


150.00 
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рег 10 kg and Business 


Rice per 10 kg 
Pulses рег 10 kg 


perkg 


per litre 


Simple Aggregative index number 


LBS x100 = 134.1 


"е 
ү CHECK YOUR PROGRESS 38.1 


1. Write the characteristics and uses of index numbers. 
2. Enumerate the problems /aspects in the construction of index numbers. 
3. Find the simple aggregative index number for each of the following : 


() For the year 2000 with 1980 as base year 
Price in 1980 Price in 2000 
200 250 


(й) Бог the years 1999, 2000, 2001, 2002, 2003 taking 1998 as base year 


Year 1998 1999 2000 2001 2002 2003 
Price 20 25 28 30 35 40 
(it!) For the years 2001 and 2002 taking 1999 as base year. 
Commodity A B Ce Е 
Pricein 1999 10 25 40 30 25 100 
2001 12 30 50 30 25 10 
2002 15 30 60 0 30 120 


MATHEMATICS |133 | 
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38.7.2 Simple Average of Price Relatives Method 


In this method, the price relatives for all commodities is calculated and then their average is 
taken to calculate the index number. 


= PL x 100 
Thus, Py, = sm , if A.M. is used as average where Pp, is the price index, N is the 


number of items, ро is the price in the base year and p; of corresponding commodity in present 
year (for which index is to be calculated) 


Let us take an example. 


е Е Construct by simple average of price relative method the price index of 2004, 
taking 1999 as base year from the following data : 


Commodity (А |в |c [p [е ЇЕ | 
ІІ fo [o [oe fs fo 
ШЕТЕН ГЕГЕСЕСЕСЕГЕ 


Solution : 


Commodity | Price (іп 1999) 


Price Relatives 


\ 
БЕ) 
Р, 


Price (їп 2004) 


Г M 
| 

© 
| 

© 


Р| 

x x 100 

р = МЕРАРИ 
01 ERES ЗА 6 


Price index for 2004, taking 1999 for base year = 137.22 


ТТК УИ Using simple average of Price Relative Method find the price index for 2001, 


taking 1996 as base year from the following data : 
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Price (in 1996) per unit 
Price (in 2001) per unit 


Solution : 
Commodity Price (in 1996) Price (in 2001) 


GnRs)[po] (п Ёз.) [рі] 


Wheat х 100 = 133.33 


25 100 = 125.00 
20 


i510 - 133.33 


$0. 100 = 150.00 
40 


96 100 = 120.00 
80 


x PLx100 
p 
Poi ^N 
л юе = 132.33 


Using Simple Average of Relatives Method, find price index for each of the following : 


() ^ For2004, taking 2000 as base year 


[emi в 


Pricein 2000 
Price іп 2004 


@i) ^ For2001, taking 1999 as base year 
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Price (perunit)in 1999 | 10 
Price (per unit)in2001 | 12 


Ж 
A S) 
LET USSUM UP 
° An index number is a statistical measure, designed to measure changes in a variable(s) 
with time/geographical location/other criteria 
° Index Numbers are of three types : (i) Price-Index Numbers 
(ii) Quantity Index Numbers 
(iii) Value-index Numbers 
° Method of construction of Index numbers 


р 
(i) Simple Арртерайуе method Po) = Х FR x 100 


where Po, is the price index 
Po isthe price ofa commodity in base year 


рі isthe price of the commodity in present year 
(ii) Simple Average of Price Relatives Method 


y Pl x 100 


Por = Жо 


Where N is the number of commodities and all others as їп (i) above. 


SUPPORTIVE WEB SITES 
http :// www.wikipedia.org 
http :// mathworld.wolfram.com 


TERMINAL EXERCISE 


h Use Simple Aggregative Method, find the price index for each of the following : 
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Price (in 2001) per unit 16 25 16 60 96 


Price Relatives 


(2 Lr) 
Po 

16 1р 133.33 
12 


Price (in 1996) | Price (12001) 


(їп Ёз.)[ po ] (їп Кз.) [pi ] 


25 (100 = 125.00 
20 


16 


--х100- 133.33 
12 


60 100-1500 
40 


96100 = 120.00 
80 


661.66 


г. Price Index for 2001, taking 1996 as base year, = 132.33 


CHECK YOUR PROGRESS 38.2 


Using Simple Average of Relatives Method, find price index for each ofthe following: 


0) Ғог 2004, 


Price іп 2000 


Price in 2004 


() ^ For2001, taking 1999 as base year 
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Price (perunit) in 2001 
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with time/geographical location/other ic 1 2 
e Index Numbers are of three types : (i) Price-Index Numbers Н 


(iii) Value-index Numbers 


(ii) Quantity Index Numbers ie 
e _ Method of construction of Index numbers | 


Рі | 
(i) Simple Aggregative method Роз = = Po x 100 | 


where Po; isthe price index 
po isthe price of a commodity in base year 


рі isthe price ofthe commodity in present year 


(i) ^ Simple Average of Price Relatives Method 


Pi y 100 


Po 
ase Oe cas 
a N 


Where N is the number of commodities and all others as in (i) above. 


JPPORTIVE WEB SITES 
http :// www.wikipedia.org 
http :// mathworld.wolfram.com is 
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1. Use Simple Aggregative Method, find the price index for each of the following : 
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(сенен fa 


Price (in Rs.) in 1990 
Price (іп Rs.) in 2000 


20213 
Гене А Тв | € [> 


Ргісе іп 1998 | 20 | 28 110 80 
25 | 40 120 


Price in 2004 


2. Using Simple Average of Price Relative Method, find the price index for each of the 
following: 


() For 2000, taking 1998 as base year 


Price (in Rs.) in 1999 
Price (in Rs.) in 2004 


Price (in Rs.) in 1998 


Price (in Rs.) in 2003 
Price (in Rs.) in 2004 
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CHECK YOUR PROGRESS 38.1 

3. (i) 124.78 
(ii) 1999:125; 2000:140; 2001:150; 2002:175; 2003:200 
(iii) 11.74 ; 128.26 


CHECK YOUR PROGRESS 38.2 


(i) 128.33 (ii) 122.67 
TERMINAL EXERCISE 
l. ()11543 (ii) 122.64 
(iii) 1996: 133.33; 1997: 140.00; 1998:1600: 1999:188.88 
2 (0127.67 (ii) 125.56 (iii) 2003:123.75; 2004 :150.625 
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Price (in Rs.) in 1990 


10 20 
Price(inRs.)in2000 | 12 25 


аш 
14 18 


(ii) For the year 2004, taking 1998 as base year 


Готов ГА Тв [| € [> 


Pricein1998 | 20 | 28 110 80 60 
25 | 40 120 100 80 


Price in 2004 


Pricein 


2. Using Simple Average of Price Relative Method, find the price index for each of the 
following: 


(i) — For2000, taking 1998 аз base year 


Price (in Rs.) in 1999 
Price (in Rs.) in 2004 


Price (in Rs.) in 1998 
Price (in Rs.) in 2003 
Price (in Rs.) in 2004 
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CHECK YOUR PROGRESS 38.1 

3. (912478 
Gi) 1999:125: 2000:140; 2001:150; 2002:175; 2003:200 
(111) 11.74 ; 128.26 


CHECK YOUR PROGRESS 38.2 


(i) 128.33 Gi) 122.67 
TERMINAL EXERCISE 
1. 011543 Gi) 122.64 
(iii) 1996: 133.33; 1997: 140.00; 1998:160.0; 1999:188.88 
2 @12767 (ii) 125.56 (iii) 2003:123.75; 2004 :150.625 
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INSURANCE 


Itis a commonly acknowledged phenomenon that there are countless risks in every sphere 
of life. For property, there are fire risks; for shipment of goods, there are perils of sea; for 
human life, there are risks of death or disability; and so on. The chances оҒоссштепсев of the 
events causing losses are quite uncertain because these may or may not take place. In other 
words, our life and property are not safe and there is always a risk of losing it. A simple way to 

cover this risk of loss money-wise is to get life and property insured. In this business, people 

facing common risks come together and make their small contributions to the common fund. 

While it may not be possible to tell in advance, which person will suffer the losses, itis possible 
to work out how many persons on an average out of the group may suffer the losses. 


When risk occurs, the loss is made good out of the common fund. In this way, each and every 
one shares the risk. In fact, insurance companies bear risk in return for a payment of premium, 
which is calculated on the likelihood of loss. In this lesson, you will learn Insurance, its various 
kinds, premium calculation, calculation of paid up/surrender value etc in details. 


EN 


© 21 OBJECTIVES 


After studying this lesson, you will be able to : 


. define insurance and its significance: 

e — define various kinds of insurance-General Insurance, Life Insurance; 
e  explainthe scope “finsurance; 

. define various schemes (Group Insurance scheme, 
of insurances; 

e calculate premiums of various types of insurance, 
* calculate the age of life to be assured; 

calculate actual premium; and 

e | calculate paid up/surrender value keeping policy іліксе. 


Retirement scheme etc.) and policies 
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EXPECTED BACKGROUND KNOWLEDGE 


. Percentage and its application 


Ч 


39.1 УУНАТ IS АМ INSURANCE? 


7 


Insurance isa tool by which fatalities ofa small number are compensated out of funds collected 
from the insured. Insurance companies pay back for financial losses arising out of occurrence: 
of insured events, e.g. in personal accident policy the insured event is death due to accident, in 
fire policy the insured events are fire and other natural calamities. Hence, insurance {за Е. 


safeguard against uncertainties. It provides financial recompense for losses suffered due to 1 
incident of unanticipated events, insured within ће policy of insurance. 3 


Insurance, essentially, is an arrangement where the losses experimented by a few are extended | 
over several who are exposed to similar risks. Insurance is a protection against financial loss 
arising on the happening of an unexpected event. 4 


An individual who wants to cover risk pays a small amount of. money to an organization called | 
on Insurance Company and gets insured. An insurance company insures different people by | 
collecting a small amount of money from each one of them and col lectively this money is enough | 
to compensate or cover the loss that some members may suffer. xt 


The fixed amount of money paid by the insured to the insurance company regularly i 
called premium. Insurance company collects premium to provide security for th 
purpose. P. 
Insurance is an agreement or a contract between the insured and the Insurance | 


Company (Insurer). n Y 


39.2 NATURE ОЕ INSURANCE 


On the basis ofthe definition of insurance discussed above, опе can observe its following | 
characteristics: ^ 


39.2.1 Risk Sharing and Risk Transfer 
Insurance isa mechanism adopted to share the financial losses that mi ight occur to an individual 


or his family on the happening ofa specified event. The event may be death of earning member % 
of the family in the case of life insurance, marine-perils in marine insurance, fire in fire insurance: } 


m 


M 


and other certain events in miscellaneous insurance, e.g., theft in burglary insurance, accidenti | 1 
* Der] ЖАП 

motor insurance, etc. The loss arising from these events are shared by all the insured in the form | 

of premium. Hence, risk is transferred from one individual to a group. К 


39.2.2 Co-operative Device 


Insurance is a cooperative device under which a group of persons who agree to share the | 
financial loss may be brought together voluntarily or through publicity or through solicitations of 
the agents. An insurer would be unable to compensate all the losses from his own capital. | 


So, by insuring a large number of persons, he is able to pay the amount of loss. a | 
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INSURANCE 


Itisa commonly acknowledged phenomenon that there are countless risks in every sphere 


of life. For property, there are fire risks; for shipment of goods, there are perils of sea; for 
human life, there are risks of death or disability; and so on. The chances of occurrences of the 
events causing losses are quite uncertain because these may or may not take place. In other 
words, our life and property are not safe and there is alwaysa risk of losing И. A simple way to 
cover this risk of loss money-wise is to get life and property insured. In this business, people 


While it may not be possible to tell in advance, which person will suffer the losses, itis possible 


facing common risks come together and make their smail contributions to the common fund. | 


to work out how many persons onan average out of the group may suffer the losses. 


When risk occurs, the loss is made good out of the common fund. In this way, each and every 
one shares the risk. In fact, insurance companies bear risk in return for a payment of premium, 
which is calculated on the likelihood of loss. In this lesson, you will learn Insurance, its various 
kinds, premium calculation, calculation of paid up/surrender value etc in details. 


EN 


After studying this lesson, you will be able to : 


° 


define insurance and its significance, 

define various kinds of insurance-General Insurance, Life Insurance; 
explain the scope ^ f insurance; 

define various schemes (Group Insurance schem 
ofinsurances; 

calculate premiums of various types of insurance; 
calculate the age of life to be assured; 

calculate actual premium; and 

calculate paid up/surrender value keeping policy inforce. 


е, Retirement scheme etc.) and policies 
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39.1. WHAT IS AN INSURANCE? 


Insurance is a tool by which fatalities of a small number are compensated out of funds collected 
from the insured. Insurance companies pay back for financial losses arising out of occurrence 
ofinsured events, e.g. in personal accident policy the insured event is death due to accident, in 
fire policy the insured events are fire and other natural calamities. Hence, insurance is a 


safeguard against uncertainties. It provides financial recompense for losses suffered due to 
incident of unanticipated events, insured within the policy of insurance. 


Insurance, essentially, is an arrangement where the losses experimented by a few are extended 
over several who are exposed to similar risks. Insurance is a protection against financial loss 
arising on the happening of an unexpected event. 


An individual who wants to cover risk pays a small amount of money to an organization called 
on Insurance Company and gets insured. An insurance company insures different people by 
collecting a small amount of money from each one of them and collectively this money is enough 
to compensate or cover the loss that some members may suffer. 


The fixed amount of money paid by the insured to the insurance company regularly is 
called premium. Insurance company collects premium to provide security for the 
purpose. 

Insurance is an agreement or a contract between the insured and the Insurance 
Company (Insurer). 


39.2 NATURE OF INSURANCE 


On the basis ofthe definition of insurance discussed above, one can observe its following 
characteristics: 


39.2.1 Risk Sharing and Risk Transfer 

Insurance is a mechanism adopted to share the financial losses that might occur to an individual 
or his family on the happening ofa specified event. The event may be death of earning member 
of the family in the case of life insurance, marine-perils in marine insurance, fire in fire insurance 
and other certain events in miscellaneous insurance, e.g., theft in burglary insurance, accident in 
motor insurance, etc. The loss arising from these events are shared by all the insured in the form 
of premium. Hence, risk is transferred from one individual to a group. 


39.2.2 Co-operative Device 

Insurance is a cooperative device under which a group of persons who agree to share the 
financial loss may be brought together voluntarily or through publicity or through solicitations of 
the agents. An insurer would be unable to compensate all the losses from his own capital. 


So, by insuring а large number of persons, he is able to pay the amount of loss. 


| 
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Insurance 22 а M 
ПН БУЙ Ina village, there аге 1000 houses. Each house is valued at Rs.30,000 on an 
average. If 10 houses get burnt every year, calculate the total loss per year. Calculate how 
much money each house owner should contribute per year to compensate total loss caused by 
fire. 
Solution : Total loss per year = Rs.30000 x 10 = Rs.300000 
300000 

1000 
-All the 1000 house owners should agree to contribute a sum of Rs. 300 each at the beginning 
of the year and create a fund. This will be enough to pay a compensation of Rs. 30,000 to each 


of the 10 house owners whose house are burnt by fire. This way the risk of loss of 10 house 
owners is spread over a group of 1000 house owners. 


= Rs. 300 


Required contribution from each house owner= A5. 


199171) 255274 In a town, there are 10,000 persons who are all aged 50 years and are}. 


enjoying normal health. It is expected that 20 persons may die during the year. Ifthe economic 
value of the loss suffered by the family of each dying person were taken to be Rs. 50,000, 
calculate the total loss. How much money each person should contribute to compensate the 
total loss? 

Solution: Total loss workout to be = Rs, 50000 х 20 = Rs. 1000000 


| 1000000 
Required contribution from each person/year would Бе = Rs. 710000” E 


This amount is enough to pay Rs. 50,000 to the family of each of the 20 dying persons. 
Thus, the risk of 20 persons are shared by 10,000 persons. 


Rs. 100 


39.3 BRIEF HISTORY OF INSURANCE 


Marine insurance is the oldest form of insurance followed by life insurance and fire insurance. 
The history of insurance can be traced back to the early civilization. As civilization progressed, 
the incidence of losses started increasing giving rise to the concept of loss sharing. The Aryans 
through their village co-operatives practiced loss of profit insurance. The code of Manu indicates 
that there was a practice of marine insurance carried out by the traders in India with those of Sri 
Lanka, Egypt and Greece. 

The earliest transaction of insurance as practiced today can be traced back to the 14^ century 
A.D. in Italy when ship were only being covered. This practice of Marine Insurance, gradually 
Spread to London during 16" century. The history of Marine Insurance is closely linked with the 
origin and rise ofthe Lloyd's shipowners. Marine traders, who used to gather at Lloyd's coffee 
house in London, agree to share losses to goods during transportation by ship. 

Marine related losses included: 

* Loss of ship by sinking due to bad weather 

Goods in transit by ship robbed by sea pirates 

* 1035 or damage to the goods in transit by ship due to bad weather in high sea. 

The Lloyd's Act was framed to set up the Lloyd’s by whom they were empowered to transact 
other classes of Insurance. Today, Lloyd’s is regarded as the largest insurance underwriter in 
the world. The first insurance policy was issued in England in 1583. 
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and Business f Insurance occupies an important place in the modern world because the risk, which can be 


insured, have increased in number and extent owing to the growing complexity of the present 
day economic system. It playsa vital role in the life of every citizen and has developed on an 
enormous scale leading to the evolution of many different types of insurance. In fact, now a day 
almost any risk can be made the subject matter of contract of insurance. The different types of 
Notes | insurance have come about by practice within insurance companies, and by the influence of 
legislation controlling the transacting ofinsurance business. Broadly, insurance may be 
classified into the following categories: 


(1) Classification on the basis of nature of insurance 
(a) Life Insurance 
(b) Fire Insurance 
(c) Marine Insurance 
(d) Social Insurance 
(e) Miscellaneous Insurance 
(2) Classification from business point of view: 
(a) Life Insurance 
(b) General Insurance 
(3) Classification from risk point of view: 
(a) Personal Insurance 
(b) Property Insurance 
(c) Liability Insurance 
(d) Fidelity! Guarantee Insurance 


However, in the present lesson we will discuss insurance in business point of view, personnel 
insurance and property insurance. 
i 


39.5 LIFE INSURANCE IN ТУРА 


In India, insurance started with life insurance. It was in the early 19" century when the Britishers 
on their postings in India felt the need of life insurance cover. 

It started with English Companies like. “The European and the Albert’. The first Indian insurance 
company was the Bombay Mutual Insurance Society Ltd., formed in 1870. 


In the wake of the Swadeshi Movement in India in the early 1900s; quite a good number of 
Indian companies were formed in various parts of the country to transact insurance business. 
To name a few: ‘Hindustan Co-operative’ and ‘National Insurance’ in Kolkata; ‘United India’ 
in Chennai; ‘Bombay Life’, ‘New India’ and ‘Jupiter’ in Mumbai and ‘Lakshmi Insurance’ in 
New Delhi. 


396 WHY LIFE INSURANCE? 
It Covers the Risk of Death 
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Ina village, there are 1000 houses. Each house is valued at Rs.30,000 оп ап OPTIONAL - 1 


average. If 10 houses get burnt every year, calculate the total loss per year. Calculate how Pisoni ее 
much money each house owner should contribute per year to compensate total loss caused by and Б: | 


fire. 

Solution : Total loss per year = Rs,30000x 10 = Rs.300000 
300000 
1000 
-All the 1000 house owners should agree to contribute а sum of Rs. 300 eachat the beginning 
ofthe year and create a fund. This will be enough to pay acompensation of Rs. 30,000 to each 
ofthe 10 house owners whose house are burat by fire. This way the risk of loss of 10 house 
owners is spread over a group of 1000 house owners. 


= Rs. 300 


Required contribution from each house owner = Rs. 


Example 392 In a town, there are 10,000 persons who аге all aged 50 years and are 


enjoying normal health. It is expected that 20 persons may die during the year. Ifthe economic 
value of the loss suffered by the family of each dying person were taken to be Rs. 50,000, 
calculate the total loss. How much money each person should contribute to compensate the 
total loss? 

Solution: Total loss workout to be = Rs, 50000 20 = Rs. 1000000 


1000000 


Required contribution from each person/year would be= Rs: “1000077 Rs. 100 


This amount is enough to pay Rs. 50,000 to the family of each of the 20 dying persons. 
Thus, the risk of 20 persons are shared by 10,000 persons. 


39.3 BRIEF HISTORY OF INSURANCE 


Marine insurance is the oldest form of insurane AES ser "m 
The history of insurance can be traced back to the early civilization. As civilization progressed, 


the incidence of losses started increasing giving rise eA 
through their village co-operatives Me loss of profit insurance. The code of Manu indicates 
thatthere was a practice of marine insurance carried out by the 
Lanka, Egypt and Greece. А 
The earliest transaction of insurance as practiced today can be traced back to the 14" century 
A.D. in Italy when ship were only being covered. This practice of Marine Insurance, grad ally 
spread to London during 16" century. The history of Marine Insuran 
origin and rise of the Lloyd's shipowners. Marine traders, who used : 
house in London, agree to share losses to goods during transportation by ship. 
Marine related losses included: 

Loss of ship by sinking due to bad weather 
Goods in transit by ship robbed by sea pirates co 
Loss or damage to the goods in transit by ship due to bad weather in high sea. 
The Lloyd’s Act was framed to set up the Lloyd's by whom they were gees TE 
Other classes of Insurance. To »day, Lloyd’s is ded as the largest insurance un erwriter in 
the world. The first insurance policy was issued in England in 1583. 
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Insurance occupies an important place in the modern world because the risk, which can be 
insured, have increased in number and extent owing to the growing complexity of the present 
day economic system. It plays а vital role in the life of every citizen and has developed on an 
enormous scale leading to the evolution of many different types of insurance. In fact, now a day 
3 almost any risk can be made the subject matter of contract of insurance. The different tynes of 

Notes | insurance have come about by practice within insurance companies, and by the influence of 
legislation controlling the transacting of insurance business. Broadly, insurance may be 
classified into the following categories: 


(1) Classification on the basis of nature of insurance 
(a) Life Insurance 
(b) Fire Insurance 
(c) Marine Insurance 
(d) Social Insurance 
(e) Miscellaneous Insurance 
(2) Classification from business point of view: 
(a) Life Insurance 
(b) General Insurance 
(3) Classification from risk point of view: 
(a) Personal Insurance 
(b) Property Insurance 
(с) Liability Insurance 
(d) Fidelity Guarantee Insurance 


However, in the present lesson we will discuss insurance in business point of view, personnel 
insurance and property insurance. 
+ 


39.5 LIFE INSURANCE IN INDIA 


In India, insurance started with life insurance. It was in the early 19" century when the Britishers 
on their postings in India felt the need of life insurance cover. 

It started with English Companies like. “Тһе European and the Albert’. The first Indian insurance 
company was the Bombay Mutual Insurance Society Ltd., formed in 1870. 

In the wake of the Swadeshi Movement in India in the early 19005; quite a good number of 
Indian companies were formed in various parts of the country to transact insurance business. 
To name a few: ‘Hindustan Co-operative’ and ‘National Insurance’ in Kolkata; ‘United India’ 
in Chennai; ‘Bombay Life’, ‘New India’ and ‘Jupiter’ in Mumbai and ‘Lakshmi Insurance’ in 
New Delhi. 


39.6-WHY .LIFE INSURANCE? 
It Covers the Risk of Death 
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The risk of death is covered under insurance scheme but not under ordinary savings plans. In 
case of death, insurance pays full sum assured, which would be several times larger than the 
total of the premiums paid. Under ordinary savings plans, only accumulated amount is 


payable. 


It Encourages Compulsory Saving Notes 


After.taking insurance, if the premium is not paid, the policy lapses. Therefore, the insured is 
forced to go on paying premium. In other words it is compulsory. A savings deposit can be 
withdrawn very easily. 


Easy Settlement and Protection against Creditors 
Once nomination or assignment is made, a claim under life insurance can be settled in a simple | 
way. Under M. Л.Р. Act, the policy moneys become a kind of trust, which cannot be taken 
away, even by the creditors. 


It helps to Achieve the Purpose of the Life Assured 

Ifa lump sum amount is received in the hands of anybody, it is quite likely that the amount might 
be spent unwisely or in a speculative way. 

To overcome this risk, the life assured can provide that the claim amount be givenin 


instalments. 


Peace of Mind 
The knowledge that insurance exists to meet the financial consequences of certain risks 


provides a form of peace ofmind. This is important for private individuals when they insure their 
car, house, possessions and so on, but it is also vital importance in industry and commerce. 


| Loss Control 


Insurance is primarily concerned with the financial consequences of losses, but it would be fair 
to say that insurers have more than a passing interest in loss control. It could be argued that 
insurers have no real interest in the complete control of loss, because this would inevitably lead 


toan end to their business. 


Social Benefits 
The fact that the owner ofa business has the funds available to receiver from а loss provides the 
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stimulus to business activity we noted earlier. It also means that jobs may not be lost and goods 
or services can still be sold. The social benefit of this is that people keep their jobs, their 
sources of income are maintained and they can continue to contribute to the national economy, 
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Investment of Funds 

Insurance companies have at their disposal large amounts of money. This arises from the fact 

that there is a gap between the receipt ofa premium and the payment ofa claim. А premium: 

could be paid in January and a claim may not occur until December, ifit occurs at all. The 

insurer has this money and can invest it. 

invisible Earnings. 

We have already said that insurance allows people and organizations to spread risk among 

them. In the same way, we can also say that countries spread risk. A great deal of insurance 

is transacted in the UK in respect of property and liabilities incurred overseas. London is still 

very much the centre of world insurance and large volumes of premium flow into London every 

year; these are described as invisible earnings. 

Insurance Facilitates Liquidity 

Ifapolicyholder is not in a position to pay the premium, he can surrender the policy for a cash 

sum. 

Loan Facility and Tax Relief 

The person can also take a loan for a temporary period to tide over the difficulty. Sometimes, 

alife insurance policy is acceptable as security for acommercial loan. By paying the insurance 

premium, the insured obtains significant reliefs in Income Tax and Wealth Tax. 


392 NATIONALIZATION OF LIFE INSURANCE IN INDIA 


In 1956, life insurance business was nationalized and LIC of India came into being on 


01-09-1956. The government took over the business of 245 companies (including 75 provident 
fund societies) who were transacting life insurance business at that time. Thereafter, LIC got 
the exclusive privilege to transact life insurance business in India. 

Relevant laws were amended in 1999 and LIC's monopoly right to transact life insurance 
business in India came to an end. At the close of financial year ending 31-03-2004, twelve 
new companies were registered with the Insurance Regulatory and Development Authority 
(IRDA) to transact life insurance business in India. 


39.8:LIFE INSURANCE CORPORATION (LIC) 


As the name suggests, Life Insurance is an insurance of the life of an individual. Thus, life 
insurance is a contract between the insured and the insurer i.e., the Life Insurance Corporation 
(LIC). The written record of this contract is called an Insurance policy. 


The person who is specified by the insured to receive the insurance policy in case 
premature death is called a Nominee. 


Let us study some types of insurance policies: 
1. Whole Life Policy 


In some policies, premium is to be paid throughout the life-time ofthe insured. The payment of 
premium stops on the death of the insured and the money i.e., amount ofthe policy is paid to 
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The risk of death is covered under insurance scheme but not under ordinary savings plans. In 
case of death, insurance pays full sum assured, which would be several times larger than the 
total of the premiums paid. Under ordinary savings plans, only accumulated amount is 


payable. 


It Encourages Compulsory Saving Nofes 


After.taking insurance, if the premium is not paid, the policy lapses. Therefore, the insured is 
forced to go on paying premium. In other words it is compulsory. A savings deposit can be 
withdrawn very easily. ; 


Easy Settlement and Protection against Creditors 


Once nomination or assignment is made, a claim under life insurance can be settled in a simple 
way. Under M.W.P. Act, the policy moneys become a kind of trust, which cannot be taken 
away, even by the creditors. 


It helps to Achieve the Purpose of the Life Assured 


Ifa lump sum amount is received in the hands of anybody, it is quite likely that the amount might 
be spent unwisely or in a speculative way. 


To overcome this risk, the life assured can provide that the claim amount be given in 


instalments. 


Peace of Mind 

The knowledge that insurance exists to meet the financial consequences of certain risks 
provides a form of peace of mind. This is important for private individuals when they insure their 
саг, house. possessions and so on, but it is also vital importance in industry and commerce. 


Loss Control 


Insurance is primarily concerned with the financial consequences of losses, but it would be fair 
to say that insurers have more than a passing interest in loss control. It could be argued that 
insurers have no real interest in the complete control of loss, because this would inevitably lead 


to an end to their business. 


Social Benefits 
The fact that the owner ofa business has the funds available to receiver from a loss provides the 
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stimulus to business activity we noted earlier. Italso means that jobs may not be lost and goods 


_ Mathematics іог | or services can still be sold. The social benefit of this is that people keep their jobs, their 
eS у sources of income are maintained and they can continue to contribute to the national economy, 


Investment of Funds 

Insurance companies have at their disposal large amounts of money. This arises from the fact 
that there is a gap between the receipt of a premium and the payment ofa claim. A premium, 
could be paid in January and a claim may not occur until December, if it occurs at all. The 
insurer has this money and can invest it. 

invisible Earnings. 

We have already said that insurance allows people and organizations to spread risk among 
them. In the same way, we can also say that countries spread risk. A great deal of insurance 
is transacted in the UK in respect of property and liabilities incurred overseas. London is still 
very much the centre of world insurance and large volumes of premium flow into London every 
year; these are described as invisible earnings. 

Insurance Facilitates Liquidity 


Ifa policyholder is not in a position to pay the premium, he can surrender the policy for a cash 
sum. 


Loan Facility and Tax Relief 
The person can also take a loan for a temporary period to tide over the difficulty. Sometimes, 


alife insurance policy is acceptable as security for a commercial loan. By paying the insurance 
premium, the insured obtains significant reliefs in Income Tax and Wealth Tax. 


39.7.NATIONALIZATION OF LIFE INSURANCE IN INDIA 


Іп 1956, life insurance business was nationalized and LIC of India came into being on 


01-09-1956. The government took over the business of 245 companies (including 75 provident 
fund societies) who were transacting life insurance business at that time. Thereafter, LIC got 
the exclusive privilege to transact life insurance business in India. 


Relevant laws were amended in 1999 and LIC’s monopoly right to transact life insurance 
business in India came to an end. At the close of financial year ending 31-03-2004, twelve 
new companies were registered with the Insurance Regulatory and Development Authority 
(IRDA) to transact life insurance business in India. 


39.8 LIFE INSURANCE CORPORATION (LIC) 


As the name suggests, Life Insurance is an insurance of the life ofan individual. Thus, life 
insurance is а contract between the insured and the insurer i.e., the Life Insurance Corporation 
(LIC). The written record of this contract is called an Insurance policy. 


The person who is specified by the insured to receive the insurance policy in case 
premature death is called a Nominee. 


Let us study some types of insurance policies: 
1. Whole Life Policy 


In some policies, premium is to be paid throughout the life-time ofthe insured. The payment of 
premium stops on the death of the insured and the money i.e., amount of the policy is paid to 
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In some policies premium is paid fora fixed time period and the amount of the policy is paid and Business 
to the insured after this time period. 


The date on which the amount ofa policy becomes due is called the date of maturity and the 
time period for which the insurance is taken is called Endowment Term. 


2. Endowment Policy 


In case, the insured dies before the date of maturity, the payment of premium is stopped 
immediately and the nominee gets the amount ofthe policy. 


Such a policy is called the Endowment Insurance Policy. 


There are many policies under both these categories. Some ofthe most popular ones are 
Jeevan Dhara, Jeevan Mitra, Jeevan Sarita, Money Back Policy, Jeevan Kishore etc. 


Some of the policies are said to be ‘with profits’ and some ‘without profits’. 

The policy-holders (i.e. insured) who һауе а policy ‘with profits’ share the profits of the LIC. 
The LIC pays a part of its profits called bonus (as a percentage of the amount of the policy) to 
such policy ~ holders. 

The policy holders who have policies without profits are not paid this bonus. The premium in 
case of policies with profits, is generally higher than the premium of policies ‘without profits’. 
3. Group Savings — Linked Insurance Scheme (GIS) 

This insurance scneme is offered to a group of salaried employees of State/Central 
Government Undertakings. The scheme is also available to reputed limited companies subject | 
to certain conditions being satisfied, 

Rate of premium is much lower in group insurance as compared to LIC. ! 
The employees are grouped into categories based on their designations. Maximum risk cover 


available under the scheme is given in the follow: 

A Rs. 80,000 
оке 
е к М 
г k CI 
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Group Size 


100 and above 


Rs. 90,000 ; 

Rs. 60,000 
ШЫН ДЕ ЕЯ 

The monthly premium paid towards GIS is Ёз. 10 for an insurance cover gi Rink 0000 

Where in Rs. 10 covers insurance premium and savings both. The savings is 65% and insurance 

Premium is 35% of the amount paid towards the GIS i.e. out of Rs. 10, Rs. 6.50 is the savings 

and Rs. 3.50 is the insurance premium of the individual. Compound interest at а fixed rate of 

8% is paid on the savings in GIS. л 

In case of death of the individual during service, the nominee gets both the full Insurance 

Money and the savings with interest. 
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Inthis lesson: wewill now kam how to calculate the premium using the Tables (See Annexure-A) 
in the life insurance policies. The tables give the premium for an insurance of Rs. 1000 ata 
particular age. 


39.9 CAECULATION OF AGE OF THE LIFE TO BE ASSURED 


Risk of death is closely related to the age of the life to be assured. Hence, the age at entry into 
the contract of insurance becomes the most significant factor to determine premium. Months 
and days over the completed years of age are not taken as such, but the age to be taken is 
rounded off to the years in integer may be defined as : 


(1) | Age nearer to the birthday 
(2) _ Ageonnext birthday 
(3) _ Ageonlast birthday 

Ifa person was born 22 years 8 months earlier. Then 
(1) Agenearer to the birthday is 23 
(2) Age on next birthday is 23 
(3) Age as on last birthday is 22 


Ifa person is 22 years 5 months 29 days then the age nearer birthday will be 22 years andif 
the age is 22 years 5 months 30 days the age nearer birthday will be 23 years. 


We will explain this with the help ofthe following examples: 
(1) Ifapersonis born on 1/1/1980, then on 1/8/2000 he is 20 years 7 months and 1 day old 


therefore: 
(a) his age nearer to his birthday 21 years. 
(b) his age as per last birthday 20 years. 
(c) his age as per next birthday 21 years. 
(2) Ifapersonis born on 1/1/1980, then on 11/4/2000 he is 20 years 3 months and 11 days 

old therefore: 
(a) his age nearer to his birthday 20 years. 
(b) his age as per last birthday 20 years. 

(c) his age as per next birthday 21 years. 


39.10 CALCULATION OF ACTUAL PREMIUM 


The “Tables of Premiums” (See Annexure-'A' ) prescribed by various life insurance 


companies in India, show their premium amount per thousand per year. However, some 0001" 


panies have adopted half yearly, quarterly mode of payment as the basis, while others hav? 
adopted ‘yearly’ mode as the basis. 
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-the nominee. This type of policy is called the whole life policy. 
2. Endowment Policy 


Insome policies premium is paid fora fixed time period and the amount of the policy is paid 
to the insured after this time period. 


The date on which the amount ofa policy becomes due is called the date of maturity and the 
time period for which the insurance is taken is called Endowment Term. 


In case, the insured dies before the date of maturity, the payment of premium is stopped 
immediately and the nominee gets the amount of the policy. 


Such a policy is called the Endowment Insurance Policy. 


There are many policies under both these categories. Some of the most popular ones are 
Jeevan Dhara, Jeevan Mitra, Jeevan Sarita, Money Back Policy, Jeevan Kishore etc. 


Some of the policies are said to be “with profits’ and some ‘without profits’. 

The policy-holders (i.e. insured) who have a policy ‘with profits’ share the profits of the LIC. 
The LIC pays a part of its profits called bonus (as a percentage of the amount of the policy) to 
Such policy — holders. 

The policy holders who have policies without profits are not paid this bonus. The premium in 
case of policies with profits, is generally higher than the premium of policies ‘without profits’. 
3. Group Savings — Linked Insurance Scheme (GIS) 

This insurance scneme is offered to a group of salaried employees of State/Central 
Government Undertakings. The scheme is also available to reputed limited companies subject 
to certain conditions being satisfied. 

Rate of premium is much lower in group insurance as compared to LIC. 

The employees are grouped into categories based on their designations. Maximum risk cover 
available under the scheme is given in the follow: . 


Rs. 80,000 


[ ня 
to 


Group Size 


Rs. 90, 000 
Rs. 60,000 
Rs. 30,000 


89618 paid on the savings in GIS. ‹ 
Incase of death of the individual during service, the nominee gets both the full Insurance 
Money and the savings with interest. 
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Inthis lest Seul now leam howto calculatethe premium using the Tables (See Annexure-A) 
in the life insurance policies. The tables give the premium for an insurance of Rs. 1000 ata 


particular age. 


39.9 CALCULATION OF AGE OF THE LIFE TO BE ASSURED 


Risk of death is closely related to the age of the life to be assured. Hence, the age at entry into 
the contract of insurance becomes the most significant factor to determine premium. Months 
and days over the completed years of age are not taken as such, but the age to be takenis 
rounded off to the years in integer may be defined as : 


(1) ^ Agenearer to the birthday 
(2) Age onnext birthday 
(3) Age on last birthday 
Ifa person was born 22 years 8 months earlier. Then 
(1) | Age nearer to the birthday is 23 
(2) Age on next birthday is 23 
(3) Age as on last birthday is 22 


Ifa person is 22 years 5 months 29 days then the age nearer birthday will be 22 years and if 
the age is 22 years 5 months 30 days the age nearer birthday will be 23 years. 


We will explain this with the help of the following examples: 
(1) Ifa personis born on 1/1/1980, then on 1/8/2000 he is 20 years 7 months and 1 day old 


therefore: 
(a) his age nearer to his birthday 21 years. 
(b) his age as per last birthday 20 years. 
(c) his age as per next birthday 21 years. 
(2) Ifapersonis born on 1/1/1980, then on 11/4/2000 he is 20 years 3 months and 11 days 

old therefore: 
(a) his age nearer to his birthday 20 years. 
(b) his age as per last birthday 20 years. 

(c) his age as per next birthday 21 years. 


39.10 CALCULATION OF ACTUAL PREMIUM 


The “Tables of Premiums” (See Annexure-'A' ) prescribed by various life insurance 


companies in India, show their premium amount per thousand per year. However, some oom 
panies have adopted half yearly, quarterly mode of payment as the basis, while others hav” 
adopted ‘yearly’ mode as the basis. 
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case of monthly payment of premium. 
After calculating the age, the premium will be calculated as follows: 
(1) Tabular premium for the age concerned 


(2) Loading proposal for reason of health and/or physical impairments. Extras on adverse 
health features or adverse Medical report e.g. Blood pressure, sugar, diabetic, smokers, 
etc. 


(3) Extra for occupation : There are extra premium on hazardous or extra-hazardous 
occupations e.g. Aviation and defence, mining and other occupational risks. 


(4) Extra for accident benefits (if asked and ifallowed): To get additional benefit on account 
of accidental death, the extra premium is to be paid for Double Accident 


Benefit (DAB) and Extended Permanent Disability Benefit (EPDB). 


(5) Extra for premium waiver benefit: Ifa person becomes disabled then he will not be 
able to pay the premium because he may not be able to earn because of his disability. 
Therefore, the company waives off the premium on payment of additional premium. | 


(6) Mode of Payment: Adjustment are made for different mode of payment as per details 


given below: 
=ош о ae 
vey | Tarrio (| 
2 murvady 228 азотга (| 


3. For Quarterly mode and Monthly 
mode under Salary Saving Scheme (SSS) 
4. For Ordinary Monthly mode except Salary Loading of 596 on Tabular Premium 
Saving Scheme for monthly payment 


| (7) Rebate for large sum assured : Adjustments are also made for higher sum assured. 


| For every new policy there are certain: 

23 “fixed costs’ which are uniform for all policies irrespective of sum assured, for example, 
| cost of policy preparation or postal expenses for mailing the policy document. 
| О ‘variable costs’ depending on the sum assured; for example stamp duty on the policy 
| document or medical examiner’s fee. MU 
| When the sum assured is large, fixed costs get reduced per thousand sum assured resulting into 
Savings to the insurer. Insurer shares these savings with the policy holders by offering rebate in 
tabular premium for large sum assured. | 
The reduction in premium for large sum assured ranges from Rs. 110 Rs. 8 per thousand varying 
from company to company and the type of product. 


LIC also offers policies with accident benefits. In such policies, if the insured gets a permanent 


disability due to accident or dies in an accident, the LIC pays double the sum assured. In such 


MATHEMATICS 


OPTIONAL - II 

Mathematics for 

Commerce, Economics 
and Business 


27 


Insurance 


apolicy, while calculating the premium, an extra amount of Re | per 
thousand per annum is added to the tabular premium. 

Rounding off 

If the paise portion of the premium is 0.50 or less, it is rounded off to the lower rupee and ifit 
is more than 0.50, it is rounded off to the next higher rupee. 

The different insurers follow different rates but the oldest Insurance Company in India, i.e. LIC 
follows the following discounts structure: 


Rebates assumed for large Sum Assured: 
Sum Assured Rebates 

1. Upto Rs. 24,999 No Rebate 

2. From Rs. 25,000 to Rs. 49,999 @ Re 1 per thousand sum assured 
3. From Rs. 50,000 and above 


Extra Premium to be charged for grant of 
Double Accident Benefit (DAB) and 
Extended Permanent Disability Benefit (EPDB) 


@Rs. 2 per thousand sum assured 
@Rs. 1 per thousand of sum assured 


Where the premiums are payable on half yearly basis, there is saving in administrative expenses 
compared to quarterly mode. In half yearly or yearly mode the insurer issues less number of 
notices and fewer collection receipts and consequential accounting entries would also be less. 
This would result in saving in administrative cost. Moreover the insurer can earn more interest. 
While for monthly payment the extra premium is to be charged to cover up additional 
administrative expenses. 


In short we can say: 
Lesser number of installment of premium : Higher amount but more discount 
More number of installment of premium : Lower Amount but less discount 


Premium Amount=Sum Assured x Premium Rate /1000 


Let us now take some examples on calculation of premium, using the tables, and the rates of 
rebate etc. given above. 


Example 39.3 


(0) A person atthe age of 25 years takes a insurance policy of sum assured Rs. 50,000 for 30 
years term. Calculate premium for yearly payment assuming the following details: 
Tabular Premium/1000 Rs. 40 
Rebate for large Sum assured Rs. 2 per 1000 
Rebate for yearly payment 3% 
Solution : 
Premium Calculation Rs. | 
Tabular Premium/1000 40.00 | 
Less Rebate for large Sum Assured —2.00 
Less Rebate for yearly payment (3% of Rs. 40) -120 
Total = 36.80 


ЕТІН MATHEMATICS 


Insurance | | 


Yearly Premium = Rs. 36.80 x 50000/1000=Rs. 1840 OPTIONAL - 1 


(i) A person at the age of 25 years takes a insurance policy of sum assured Rs. 50,000 for 30 оон bs 
years term. Calculate premium for half-yearly payment assuming the following details: and Business 
Tabular Premium/1000 Rs.40 
Rebate for large Sum assured Квө.2 per 1000 2 2 
Rebate for half-yearly payment 1.5% 

Solution : Notes 

Premium Calculation Rs. 

Tabular Premium/1000 40.00 

Less Rebate for large Sum Assured -2.00 

Less Rebate for half-yearly payment (1.5% of Rs: 40) -0.60 

Total = 37.40 


Premium = Rs. 37.40 x 50000/1000 — Rs. 1870 
Half-yearly Installment Rs. 1870/2 =Rs. 935 


(ii) A person at the age of 25 years takes a insurance policy of sum assured Rs. 50,000 for 30 
years term. Calculate premium for quarterly payment assuming the following details: 


Tabular Premium/1000 Rs. 40 
Rebate for large Sum assured Rs. 2 per 1000 
Rebate for quarterly payment NIL 


Solution: 
Premium Calculation ) n. 
Tabular Premium /1000 40.09 
Less Rebate for large Sum Assured 7200 

* Total д = 38.00 


Premium = Rs. 38.00 50000/1000 = Rs. 1900 
Quarterly Installment Rs. 1900/4 = Rs. 475 


(9) A person at the age of 25 years takes a insurance policy of sum assured Rs. 50,000 for 30 


years term. Calculate premium for monthly payment assuming the following details: 
Tabular Premium/1000 Rs. 40 
Rebate for large Sum assured Rs. 2 per 1000 
Extra premium for monthly payment 5%oftabular premium 
Solution: 
Premium Calculation Rs. 
Less Rebate for large Sum Assured -2.00 
Add for Monthly Mode 5% оп Ёз. 40 +2.00 
Total = 40.00 
Premium = Rs 40.00 x 50000/1000 = Rs. 2000 
MATHEMATICS 
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Monthly premium = Rs. 2000/12=Rs. 167 (rounded off) 
From the above examples you must have observed that ifthe number of installments are more 
then the yearly premium will be more and if the number of installments are less then the yearly 


premium will be less. oe 
No. of Installments Each Installment Yearly Premium 
(Rs) ` ^ (Rs.) 
Yearly 1 1840 1840 
Half Yearly -2 935 1870 
Quarterly 4 475 1900 
Monthly 12 167 2000 


Note : The rebates and loading are always calculated on the basic tabular premium. 


|Ехатр 39.4 ES manat the age of 24 years takes a whole life policy (without profits) for 


Rs.14000. He gets a rebate of 3% if he pays the premium annually. Find the amount of 
premium he has to pay if he chooses to pay the premium annually. 


Solution : The tabular rate of premium = Rs.12.60 

(See table lof Annexure- A, in the row of 24 years) 

Rebate for mode of payment = 3% of Rs. 12.60 
= Rs. 0.38 

2. Premium to be paid/1000 = Rs. (12.60 0.38) 
= Rs. 12.22 


This is because there is no other adjustment or rebate. 
2. Rs. 12.22 is to be paid for a policy of Rs. 1000 


12.22 
.. Premium for a policy of Rs. 14000 Rs. | 


1000 
Rs. 171.08 
Rs. 171 (after rounding off) 
ЖЫШ ЫЕ Sohan takes a whole life policy (without profits) at the age of 28 years for 


x 14000] 


И 


annual Premium payable 


Rs. 40000. Ifthe tabular premium for half yearly premium is Rs. 20.30 „find the amount for 
half yearly premium which Sohan has to pay. 


Solution : Tabular premium = Rs. 20.30 
Mode of payment = Half yearly 
2. Rebate for mode of payment = 1.5% of Rs. 20.30 
= Rs. 0.30 
г. Balance = Rs. (20.30 – 0.30) 
= Rs. 20 
Rebate for large sum assured = Rs. 1.00 
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>. Annual Premium to be paid - Rs. (20 — 1) = Rs. 19 per thousand Mathematics for 
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19 and Business 
. i i = Rs. 40000 
E Annual premium to be paid ок х | 
= Ез. 760 
760 Notes ^ 
~. Semi annual payment = Rs. (=) = Rs. 380 шан 


Thus, Sohan has to рау Rs. 380 every half-yearly towards his premium. 
ety КУД Calculate the annual premium for a whole life policy (with profits) for Rs. 


85,000 taken at the age of 40 years, assuming that the mode of payment is half yearly, and the 
policy covers the risk of accident. 


Solution : 
Tabular Annual premium(See table -2) = Rs. 37.00 
Rebate for mode of payment 0119 1.5% of Rs 37 
= Rs 0.55 
2. Balance is Rs. (37 — 0.55) = Rs. 36.45 
Adjustment for sum assured = Rs. 2.00 
г. Annual premium per Rs. 1000 = Rs. (36.45 — 2.00) 
= Rs. 34.45 
Money to be paid towards accident benefit per Rs. 1000 = Rel 
2. Annual premium per Rs. 1000 = Rs. 35.45 


M 


3545 

: х 22) 
ЭР | 1000 
шал» Ry’ 3018.05 


Rs. (2552) = Rs. 1506.62 


2. Annual premium to be paid 


2. Half-yearly premium to be paid = 
= Rs. 1507 (after rounded off) 
Thus, premium to be paid half yearly is Rs. 1507 И 
Calculate the premium for an Endowment Insurance Policy (with profits) for 


Rs 50,000 taken at the age of 30 years for a term of 35 years. Assume that the mode of 
Payment is monthly under the salary saving scheme (SSS) and the policy also covers the risk of 
accident, 


Solution: You have to see table 4 of Annexure-A to find the annual tabular premium. 


Annual tabular premium per thousand = Rs. 30.40 
Rebate for sum assured " Rs.2 
Rebate for month! y payment - Nil 
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2. Annual premium per thousand 
Payment for accident benefit 


2. Total annual premium 


-. Monthly premium 


Solution : Tabular Premium 
Rebate for mode of payment 
-. Balance 
Rebate for sum assured 
-. Annual premium per thousand 


«`. Total premium to be paid 


Solution : Tabular annual premium 
Rebate for the mode of payment 


г. Balance 
Rebate for sum assured 
г, Balance to be paid per thousand 
Amounts towards accident benefit 


г. Annual premium to be paid per thousand 


Annual premium to be paid by Jitender 


Half-yearly premium 


2. Annual premium payable per thousand 


Thus, the monthly premium payable is Rs. 122. 
ЛАУА Calculate the annual premium for an Endowment insurance policy (with 


profits) of Rs. 40000 taken at the age of 25 years for a term of 20 years, premium paid annually 
and the policy is without accident benefits. 


Thus, the annual premium payable is Rs. 1931. 


Ш 


Rs 28.40 
Re 1 per thousand 
Rs. (28.40 + 1) 
Rs. 29.40 


Rs. ( 29.40 


Rs. ( 48.28 


Rs. Ёс 


Insurance 


x 50000 = Rs. 1470 


as, (420). Rs. 122.5 
12 


Rs. 122 (rounded off) 


Rs. 50.80 

3% of Rs. 50.80 
Rs, 1.52 

Rs. 49.28 

Re. 1 

Rs. 48.28 


4 = Ёз. 1931.20 
1000 х 0000) 5. 


ЦУСТ АУБ Jitender is 30 years old and wants to purchase an Endowment insurance 


policy (with profits) for Rs. 90000 for a term of 25 years. Find the premium he has to pay ifhe 
pays premium half yearly and the policy is with accident benefits. 


Rs. 41.05 

1.596 of Rs. 41.05 
Rs. 0.62 

Rs. 40.43 

Rs. 2 per thousand 
Rs. 38.43 

Re 1 per thousand 
Rs. 39.43 


1000 
PN | 3548.70 
2 


x 90000) = Rs. 3548.70 


)- Rs. 1774.35 
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A man at the age of 30 years takes a whole life Policy (without profits) for Rs. 24,000. 
The rates of annual tabular premium being Rs. 14.95 per thousand. The corporation 
allows a rebate of 3% of the tabular premium if the premium is paid annually. Find the 
premium if it is paid annually. Notes 
2. Madhuatthe age of 35 years takes a whole life policy (without profits) for Rs. 48,000 
Find the amount of premium Madhu has to pay, if she chooses to pay premium half yearly. 
3. Amanat the age of 26 years purchases a whole life policy (with profits) for Rs.95,000. 
Calculate premium, assuming that the policy covers the risk of accident and is paid half 
yearly. 
4. Calculate premium fora policy of Rs. 1,00,000 endowment insurance (with profits), if a 
man aged 29 years wants it for a term of 25 years. Assume that the man pays through 
salary saving scheme and the policy also covers the risk of accident. 
| 5. Renuka takes an Endowment policy (with profits) for Rs. 2,00,000 for 25 years at the age 
policy Я : 
0835 years. Calculate the premium she has to pay annually if she wants to cover the risk 
of accident also. 


39.12 PAYMENT OF.BONUS 


Financial soundness ofa company is determined by comparing all assets with all liabilities. In a 
valuation ofa life Insurance Company, the liabilities pertaining to life Insurance policies are 
Worked out. Other liabilities, like outstanding capital etc. are already determined clearly and 
don't have to be estimated or assessed every time. The policies liabilities as determined by the 
valuation have to be compared with all the assets less what is earmarked for other liabilities, 
which are known. The net figure of assets is equal to what appears as “Fife fund” on the liabilities 
Side and is the fund set aside for meeting the claim of policyholders. There is surplus if the actual 
life fund exceeds the liabilities shown by the valuation, which means that the fund set aside for 
policyholders is more than the need. Ifthe fund is less there is deficit. 
Ifa surplus is shown ina valuation, it has to be distributed amongst the policyholder. Any bonus 
distribution system should be equitable to existing and new policyholders, simple to operate, 
easy to understand and flexible. Following are the main systems of distribution of bonus: 
1. Reversionary Bonus ( | 
Under this system, bonus is given as uniform percentage additions to the basic sum assured and 
is payable with the sum assured. It is called Simple Reversionary Bonus. If the bonus is 
calculated asa percentage of the basic sum assured plus any existing bonus previously declared 
Itis known as Compound Reversionary Bonus. 
2. Interim Bonus 

_ Generally the bonus vests on policies that are in force 
Into claims by death or maturity subsequent to the ро 
Will nothave any bonus that year. ee 
Therefore, interim bonus may be declared to be paid along in such claims. Thisis witha view to 
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facilitate settlement of claims that may arise before the next valuation is completed and avoid 
reopening of all these cases at a later date. 


3.Terminal Bonus : 


This benefit is payable on policies which are in force for the full sum assured for a minimum 
period of 15 years before resulting into claim by death or maturity. This bonus is in addition to 
the reversionary or interim bonus, if any. Terminal Вопиѕіѕ not payable for paid up policies, 
surrendered, or discounted policies. The bonus is always paid on Sum Assured. 


39.13 PAID-UP VALUE AND SURRENDER VALUE 


Under Section 113 of Insurance Act, 1938, the policy of life Insurance under which the whole 
of benefit becomes payable on a contingency, which is bound to happen, shall if all premiums 
have been paid for at least 3 consecutive years, acquire a guaranteed surrender value to which 
shall be added the surrender value of any subsisting bonus already attached to the policy. 


Further Section 113 (2) provides that a policy which has acquired surrender value shall not 
lapse by reason of non-payment of further premiums but shall be kept alive to the extent of 
paid-up sum assured and such paid-up sum shall include in full all subsisting reversionary bonuses 
that have already attached to the policy. Such amount shall not be (Excluding attached bonuses) 
less than the amount bearing to the total period for which premiums have already been paid 
bears to the maximum period for which premiums were originally payable. 


The paid up value is calculated as under: 


Number of Instalments Paid x Sum Assured 


*B if ап 
Total No. of Instalments Payable E 


Paid Up Value(PV) = 


Surrender Value (SV) = Paid-up ValuexSurrender Value Factor /100 


The Surrender Value factor depends upon the following : 

e  Rateofinterest earned by the Insurer. 

е The payment made in advance for number of years. 

The table showing the Surrender Value Factor is given in Annexure-'B'. 
To illustrate the paid up and surrender value the examples are given below: 


Ier СКЕ ОДА person at the age of 35 years takes an insurance policy for a term of 20 
years on 01-04-1990 for Rs. 1,00,000. The last premium paid is on 01-04-2001 Calculate 
the paid-up value and surrender value given that the Surrender Value Factor is 60% and mode 
of paymentis (a) yearly (b) half yearly (c) quarterly (d) monthly. 
Solution: 

(a)  Ifmodeofpaymentis yearly: 

Numberofinstalmentspaid = (1/4/2001 — 1/4/90) + 1 =12 
(Because the instalment on 1/4/90 is also paid) 

Total instalments payable =20 


` 12 
Paid up value : = Rs. —x1,00,000 = Rs. 60,000 
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Surrender value = Rs. 60,000 x 60% = Rs. 36,000 
()  Ifmode ofpayment is half-yearly: | 

Number of instalments paid = (1/4/2001—1/4/90) x 2 +1 =23 

(Multiplied by 2 because of half-yearly mode and added 1 because the instalment on 


1/4/90 is also paid) 
Total instalments payable = 20x2=40 v 
Notes 
23 
Paid up value = Rs. ОТАРЫ = Ёз. 57,500 
Surrender value = Rs. 57,500 x 60% = Rs. 34,500 


(с) Ifmode of payment is quarterly: 
Number of instalments paid = (1/4/2001 -1/4/90)х4 +1 745 


(Multiplied by 4 because of quarterly mode and added 1 because the instalment on 
1/4/90 is also paid) 


Total instalments payable = 20x4=80 
4» 250 
Paid up value = Rs. 20 х1,00,000 = К». 56, 


Surrender value = Rs. 56,250 x 60% = Rs. 33,750 
(d) Ітойе of payment is monthly: 
Number of instalments paid = (1/4/2001— 1/4/90) x12 +1 = 133 
(Multiplied by 12 because of monthly mode and added 1 because the instalment on 
1/4/90 isalso paid) 
Total instalments payable = 20х12=240 


133 ДЕ 
Paid up value = Rs. 540^ 1,00,000 = Rs- 55,416 


Surrender value = Rs. 55,416 х 60% = Rs. 33,250 


39131 Guaranteed Surrender Value 


The mini 25 9% of the total amount of premiums paid excluding 
imum surrender values is equal to 30760 eed T Eo asi valüe of 


first year premi e . d 
Ў premium and additional premiums for a y 
existing bonus will also be allowed subject to surrender value factor. This is known as 


"Guaranteed Surrender Value". As per the provisions of Insurance Act, the surrender value 
formula has to be mentioned in policy documents. 
Minimum (guaranteed) surrender value allowable -3 


(a) excluding the First year Premium (b) all extra Premi 
‘A.B. The Surrender of policy would mean cancell 


N 


0% of the total premiums paid 
ums and (c) additional premiums for 
ation of the contract. 
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ommerce, Economics] for Rs. 25,000 for 25 years term. Calculate the paid-up value if the last premium paid is on 
and Business. 14.06.1997 and the mode of payment is quarterly. 


Solution: Policy in force up to : = 14/06/1997 
Total number of premiums paid = (14/6/1997 — 14/6/89) x 4 + 1 =33 


Total number of premiums payable 
(Term x number of premiums ша year depending on mode) = 25x 4 = | 00 


Paid-up value= Rs. (33x 25000)/100 = Rs. 8250 


СТО КОИ In Example 39.11, what will be the paid-up value if the consolidated 
Reversionary Bonus declared by the insurer from March, 1990 to March, 1996 is Rs. 410 per 
thousand S.A. bonus declared for the year ending March 1997 is @ Rs. 70 per thousand. 


Solution: Paid-up value (as derived from Example39.11)- — Rs.8,250 
Total paid-up value =  PV- Bonuses 
Bonus for valuations 3/1990 to 3/1996 = Rs. (410x25) = Rs. 10250 
(@ Rs. 410 per thousand sum assured) 
Bonus for valuation of 3/1997 @RSs. 70 per thousand = Rs. (70x25) = Rs. 1750 
Total PV (including bonus) = Rs. ( 8250 + 10250 + 1750 ) 
т Rs. 20250 


Mediclaim Insurance is meant to cover the medical expanses incurred by the insured during the 
period of insurance under the policy. 


1. Salient Features of the Policy 


(a) The Policy covers reimbursement of Hospitalization and/or Domiciliary Hospitalization 
expenses only for illness/disease contracted or injury sustained by the Insured Person. 

(b) Inthe event ofany claim becoming admissible under this scheme, the Company will pay 
to the Insured Person the amount of such expenses as would fall under different heads 
mentioned below as are reasonably and necessarily incurred in respect thereof anywhere 
in India by or on behalf of such Insured Person, but not exceeding Sum Insured for that 
person as stated in the Schedule in any one period of Insurance. 


(i) Room, Boarding Expenses as provided by the Hospital/Nursin g Home. 

(ii) Nursing Expenses 

(iii) Surgeon, Anesthetist, Medical Practitioner, Consultants, Specialist fees. 

(iv) Anesthesia, Blood, Oxygen, Operation Theater Charges, Surgical Appliances, 


Medicines & Drugs, Diagnostic Materials and X-Ray, Dialysis, Chemotherapy; 
Radiotherapy, Cost of Pacemaker, Artificial Limbs and Cost of. Organs and similar expenses. 
Note : Company’s Liability in respect of all claims admitted during the period of insurance 
shall not exceed the Sum Insured per person mentioned in the Schedule. 
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(c) “Surgical Operation” means manual and/or operative procedures for correction of 
deformities and defects, repair of injuries, diagnosis and cure of diseases, relief of suffering 
and prolongation of life. 

(d) Expenses on Hospitalization for minimum period of 24 hours are admissible. However, 
this time limit is not applied to specific treatment i.e. Dialysis, Chemotherapy, Radiotherapy, 
Eye-Surgery, Lithotripsy (Kidney stone removal), Tonsillectomy, Dog bite, D&C taken 
in the Hospital/Nursing Home and the insured is discharged on the same day, the treatment 
will be considered to be taken under Hospitalization Benefit. 


39.14.1 Pre-Hospitalization 


Relevant medical expenses incurred during period upto 30 days prior to hospitalization on 
disease/injury sustained will be considered as part of claim. 


39.14.2 Post-Hospitalization 


Relevant medical expenses incurred during period upto 60 days after hospitalization on disease/ 
illness/injury sustained will be considered as part of claim. 


39.15 AGE LIMIT 


This insurance is available to persons between the age of 5 years and 75 years. For fresh 

proposals above 60, acceptance subject to satisfactory medical examination at proposer’s 

cost, Children between the age of 3 months and 5 years of age can be covered provided one 
or both parents are covered concurrently. Where the Insured Person is over 75 years of age as 
on Renewal date, Renewal of Mediclaim Policy should be subject to the following: 

(a) There should not be any break in renewal. 

(b) Premium chargeable upto 80 years should be the same as that applicable for the age 
group 71 to 75 years. For persons over 80 years ofage, following loading should be 
carried out: 

() Upto 85 years :15% 
(ii) Over 85 years : 25% 

(c) Renewal of Policies over 75 years should always be on expiring Sum Insured Basis. 


(d) While intention should be to allow continuation of such policies subject to“No Break” all 
renewal cases of over 80 years should be approved at the Manager's level in the Regional 
Office once in two years but well before the Renewal date by judiciously reviewing the 
claims experience under the Policy vis-à-vis other relevant factors. 

1 У 7 


n would apply only in case о! polic 


For detail mediclaim schedule, 


Rs.15,000 (Minimum) and Rs. 5 lakhs (Maximum) for one year. 
you may refer to Annexure -'C'. 


A discount of 10% in the total premium will be allowed 
More of the following: 


comprising the insured and any one or 


eee. сс ee 
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à Spouse 
(i) Dependent Children (i.e. legitimate or legally adopted children) 
(ii) ^ Dependent parents 


39.18 NOTICE OF CLAIM 


Preliminary notice of claim with particulars relating to policy numbers, Name of the Insured 
Person in respect of whom claim is made. Nature of illness/injury and Name and Address of 
the attending Medical Practitioner/Hospital/Nursing Home should be given by the Insured Person 
to the Company within seven days from the date of Hospitalization/Domiciliary Hospitalization. 
Final Claim along with receipted Bills/Cash Memos, Claim Form and list of documents as listed 
inthe claim form etc. should be submitted to the Company within 30 days of discharge from the 
Hospital. 


39.19 COST OF HEALTH CHECK-UP 


The Insured shall be entitled for reimbursement of cost of medical checkup once at the end of 
every four underwriting years provided there are no claims reported during the block. The cost 
so reimbursement shall not exceed the amount equal to 1% of the average Sum Insured during 
the block of four claims free underwriting years. 


39.20 PERIOD OF INSURANCE 


Policy is issued for one year. No Short Period Policy. 


Note: When an individual having Mediclaim Policy and traveling abroad with OMP the’ 
Mediclaim Policy shall stand suspended for the period the insured is covered under OMP. 
Therefore, the Mediclaim Policy shall stand extended for the same period beyond the expiry 
date, thus no adjustment/refund of premium would be involved. : 


СОШ К Ram Avtar takes a Mediclaim Insurance Policy for himself for Rs. 2 lakhs. 


His age is 61 years. Consultthe table given below and find out the annual premium he has to 


pay. If 12% is the service charge on the premium, calculate the total amount he has to pay for 
this Insurance.(See Annexure -'C") 


Sum Insured Amount of liability Upto35 36-45 46-55 56-65 66-70 71-75 76-80 
(Overall Liabilities for Domiciliary years years years years years years | years 
in Rs.) Hospitalization 


195000 34250 2414 2624 3811 4354 4892 5340 6918 
200000 35000 2469 2683 3900 4458 5010 5471 7097 
205000 35500 2518 2736 3982 4555 5120 5595 7269 


Solution : From the given table, the annual premium=Rs. 4458 


12 
Service charge = Rs.[4458 x 109! = Rs.534.96 = Rs.535 
Total amount to be paid = Rs.(4458 + 535) = Rs. 4993 


[oT ЖЕЙ ЕИ John wants to take a Mediclaim Insurance Policy for self, his wife and daughter" 
for Rs.2 lakhs for self, 2.05 lakhs for his wife and 1.95 lakhs for his daughter. Their ages are 63 


2 
ШЕН MATHEMATICS á 


Jnsi Sa ee eke es ENT MER АШАЙ 
years, 55 years and 25 years respectively. 10% discount on the premium is allowed for family | | OPTIONAL - II 
insurance. If 10% service charge is levied on the net premium, calculate the total amount to paid Mathematics for 


for the Mediclaim Insurance of the family consulting the following Commerce, Economics 
premium table: and Business 
Sum Insured Amount of liability Upto35 36-45 46-55 56-65 66-70. 71-75 76-80 
(Overall Liabilities for Domiciliary years years years. years years years years 
in Rs.) Hospitalization 
195000 34250 2414 2624 3811 4354 4892 5340 6918 
200000 35000 2469 2683 3900 4458 5010 5471 17097 
205000 35500 2518 2736 3982 4555 5120 5595 7269 
Solution : Premium for self =Rs.4458 
Premium for wife =Rs, 3982 
Premium for daughter =Rs.2414 
Total Premium =Rs.10854 
Discount (10%) = Rs.1085.40 4 Rs. 1085 
“Net Premium m= Rs.(10854 — 1085) = Rs. 9769 
Service Charge = Rs. 976.9 & Rs. 977 


<. Total Amount to be paid - Rs. [9769 + 977] = Rs. 10746. 


3921 GENERAL INSURANCE 


The Insurance of goods, property, vehicles etc. is called General Insurance. The General Insurance 
Company (GIC) was formed in 1973. There are four companies under GIC. 


They are: 

(I)... National Insurance Company Limited 
(2) New India Insurance Company Limited 
(3) Oriental Insurance Company Limited 


(4) ^ United Insurance Company Limited 
All these companies have the same rate of premium (but the names ofthe schemes may be 
different). 


The various schemes ofthe GIC cover 

(1) Movable and Immovable Property Insurance 
(2) Vehicle Insurance 

(3)  Goodsin Transit Insurance 

Let us study something about each one of them. 

1. Movable and Immovable Property Insurance 


Movable and Immovable Property belonging to an indivi 


dual or an organization can be insured 
against fire, theft, natural calamities, riots etc. 5 


2. Vehicle Insurance 


There are two types of insurance for vehicle. 


MATHEMATICS 
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The rates of annual premium at present are: 
(а) Rs. 160 for cars;(b) Rs. 40 for two-wheeler Scooters; (c) Rs. 30 for Mopeds 


(ii) Comprehensive Insurance : Under this scheme, the person whose vehicle is assured also 
gets compensation, in addition to the money paid to the third party. 


Thus, the insured also gets a cover for the damage or loss suffered by him (or her) or his/her 
vehicle. 


No Claim Bonus: Ifno claim is made during the year of comprehensive insurance, the company 
allows a rebate to the insured (i.e. owner of the vehicle) in the premium to be paid inthe 
successive year, The rate of rebate continues to increase year after year if no claim is made on 
the policy. This is called *No Claim Bonus". 


Note: ‘No Claim Bonus’ is not given on ‘Act Insurance’. 
The present rates of ‘No Claim Bonus’ are as under" 


Scooter 


First Year 
Second Year 


Third Year 
Fourth Year 
Fifth Year and after 


Thus, the maximum ‘No Claim Bonus’ for cars is 60% after 4 consecutive years of not claim- 
ing the policy and for two wheelers it is 60% after 5 consecutive years of not claiming the policy. 
‘No Claim Bonus’ isa sort of reward for not claiming any damages by the insured and not for 
the vehicle. Thus, an insured who manages his (or her) car without any claim for 5 years, pay 
only 40% of the basic premium. й 

(3) Goods in transit insurance : When goods are sent from one place to another, there is 
possibility of loss/damage occurring in transit due to accident, strike, riots etc. The mode of 
transit could be road, rail, sea or air. To cover such tisk, there are many policies with different 
rates of premium. Ч 


Difference between Life Insurance апа General Insurance 
Life Insurance 
1.Amount assured becomes payable on Actual financial loss suffered 


death or maturity. becomes payable subject to the limit 
of sum assured. 


2.It is for whole life or fora specified period 


Usually for a period of one year 
3.It promotes savings alongwith financial protection. 


It provides financial protection only. 
We will now take some examples, 
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ТИ Жо ӨЗ А man insured his house for Rs. 4,20,000 against fire and other calamities at] ^ OPTIONAL - II 
Mathematics for 


the rate of 1% premium. What annual premium he has to pay? Commerce, Economics 


Solution : Value of the house = Rs. 420000 and Business 
Rate of premium = Rs. 10 per thousand 
| ? :5 ; | 420000 x 10 
-. Annual premium F , 1000 2 
Notes 
: - Rs. 4200 
Thus, the annual premium to be paid is = Rs. 4200 


[DeL TU RLM Cy If a car costs Rs. 2,20,000, then what will be the comprehensive insurance of 


‘the car if the tabular premium charged is Rs. 4113 for Rs. 1,30,000 and 2.95% of the excess 


amount and the act insurance is Rs. 160. 
Solution : Tabular premium т Rs. 4113 


Excess amount = Rs. (2, 20,000 —1,30,000) = Rs. 90,000 


2.95 2 
<. The premium on excess amount E Rs. | 100 Y 90000 | = Rs. 2655 
-Premium = Rs. (4113 +2655) = Rs. 6768 
Act Insurance = Rs. 160 
^. Premium to be paid = Rs. (6768 + 160) 
= Rs. 6928 


Thus, premium to be paid =Rs. 6928 
Note : Ifthe owner of the caris allowed No Claim Bonus, it will be calculated on Rs. 6768 and 
then Act insurance will be added. 


he comprehensive insurance charges for a two-wheeler scooter costing 


Rs. 42000 are Ёз. 432. Ifano claim bonus @ 30% is allowed and the ‘Act Insurance’ is Rs.. 
40, find the premium to be paid for the renewal of the policy next year. 
Solution : Tabular Premium = Rs. 432 

No Claim Bonus = 30% of Rs. 432 


Br e 432)= № 129.6 
100 


Premium = Rs. (432 — 129.6) 
= Rs.302.40 
Act Insurance = Rs. 40 
*: Premium to be paid = Rs. (302.40 + 40) 


= Rs. 342.40 = Rs. 342 


Thus, the premium to be paid is Rs. 342. 
MATHEMATICS 


Er] 
OPTIONAL “ІІ етт ЖОЙЫЛА man is transferred from Delhi to Mumbai and һе wants to insure his house 
Mathematics for 


Commerce, Economics} hold goods against accident, riots and other perils. The present rate of insurance is 95 paise 
and Business per hundred rupees. Ifhe insures his household goods for Rs. 90,000 what premium the man 


[x will pay for his transit insurance? 
Ы 


Solution : Present rate 95 paise per hundred i.e. Rs. 9.5 per thousand 


Total Premium for transit = Rs. 90x 9.5 = Rs. 855 


Ж ен ЖЕЙБИ The owner of the car is entitled for no claim bonus of 60% after 4 years. If 


the owner purchases a new car after 4 years for Rs. 2,25,000 what premium the owner will 
pay for his comprehensive insurance? The tabular value for Rs. 1,30,000 is Rs. 4113 + 2.95% 
of the excess amount if amount (cost) is more than Rs. 130000. 


Solution : Tabular premium for Rs. 1,30,000 =Rs.4113 
For extra 95,000 premium = 2.95% of 95,000 = Rs. 2802.5 = Rs. 2802 
Premium for Rs. 2,25,000 = Rs.( 4113 + 2802) = Rs. 6915 


60 
No claim bonus = 60% of Rs. 6915 = as 9. x 6915] = Rs. 4149 


Balance= Rs. (6915 - 4149) =Rs. 2766 
Adding Act Insurance (Third party) = Rs. 160 

Total annual premium = Rs. (2766 + 160 )=Rs. 2926 
Thus, premium to be paid is Rs. 2926. 


% 
е. CHECK YOUR PROGRESS 39.2 


1.  Amaninsuredhis house and belongings against fire and other natural calamities for Rs. 
1,60,000 at the rate of Re. 1 per thousand. What is the annual premiumhehas — 19 
pay? 


2. Ms. Mehta was transferred from Mumbai to Chennai. She insured her belongings for 
Rs. 4,00,000 at the rate of 1% premium. What is the amount of premium? 


3. A comprehensive insurance of a car was taken by Robert. If the cost of his car is 
Rs. 130000 and the tabular value of the premium is Rs. 411 3, what is the annual premium 
ifhe has had 7 years of accident free driving? 


Assume act insurance = Rs. 160 (maximum no claim bonus allowed = 60%) 


4.  Whatis the annual premium for a comprehensive policy if the Act Insurance is RS.! 60; 
cost of the car is Rs. 2,05,000 and ‘No Claim Bonus’ not admissible on his insurance: 
Assume that the rate of premium is Rs. 4113 for Rs. 130000 and 2.95% for the ext 
amount. 


5. Arun wants to renew the ‘comprehensive insurance’ of his car costing Rs. 2,95,000 | 
after having аб year period of accident free driving. How much more amount would pe 


à MATHEMATICS | 


рау їп getting the insurance renewed over getting a OPTIONAL - II 
(Tabular value of premium = Rs. 4113 for Rs. 130000 and excess @ 2.95%, Mathematics for 
Maximum ‘No Claim Bonus’ = 60% of the premium and Act Insurances is Rs. 160). pet" 
AO 
24 
UE 
БФ! LET US SUM UP / 


e Insurance is an agreement or a contract between the insured and the Insurance Company | Notes 
(Insurer). 
e Вурауіпо the insurance premium,the insured obtains significant relief in income tax and 
wealth tax. 
e — Adjustments are made for different mode of payments as per details given below: 
. Yearly 3% of Tabular premium 
. Half-Yearly 1.5% of Tabular premium ( 
. Forquarterly mode and monthly mode No Rebate : No loading 
under Salary Saving Scheme (SSS) 
. For ordinary monthly mode except Salary | Loading of 5% on Tabular Premium 
Saving Scheme for monthly payment 
e Rebates assumed for large sum assured are as follows: 


1. Upto Rs. 24,999 No Rebate 
2. From Rs. 25,000 to Rs. 49,999 @ Re 1 per thousand sum assured 
3. From Rs. 50,000 and above @ Rs. 2 per thousand sum assured 


Extra Premium to be charged for @ Re. 1 per thousand sum assured 


grant of Double Accident Benefit (DAB) and 
Extended Permanent Disability Benefit (EPDB) 


Ч Number of Instalments Paid x Sum Assured + Bonus (if an 
* Paid Up Value(PV) = Total No. of Instalments Payable nr 


\ 


* Surrender Value (SV) =Paid-up ValuexSurrender Value Factor /100 


* . Theratesof"Noclaim Bonus" are given below: 


Scoote 


First Year 
Second Year 


Third Year 
Fourth Year 
Fifth Year and after 
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TERMINAL EXERCISE 


1. Reena takes a whole life policy (without profits) at the age of 30 years for Rs. 50,000, If 
a rebate of 3% is allowed for mode of payment and Rs. 2 per thousand for the s 
assured, find the annual premium she has to pay. 1 

2. Rashmi takes a whole life policy with risk coverage at the age of 35 years for Rs. 2,00,000. 
Find the annual premium that she has to pay if a rebate of 3% of tabular premium forthe 
mode of payment and Rs. 2 per thousand for the sum assured are allowed. E 

3. Ram Prasad takes an Endowment policy (without profits) for Rs. 4,00,000 at the age of. 
40 years for 10 years, which covers accident risk also. Find the premium he has to pay 
annually if 3% rebate is given for annual payment of premium. | 

4. Мг. Mohan Kumar insured his house for Rs. 2,80,000 against fire and other risks. Ifthe” 
rate of premium is 2%, per annum find the annual premium. ie 

5. Nillu renewed her ‘Comprehensive Insurance’ for her саг costing Rs. 2,50,000 after have © 
ing 2 years of accident free driving. Ifthe rate of premium is Rs. 4773 for Rs. 1 50000and | 
2.95% for the excess amount, find the premium she has to pay. Me 

6. Sheetal takes a whole life policy (with profits) at the age of 40 for Rs. 2,00,000 and pays” 


p 


the premium annually. Ifa rebate of 3% is allowed for this mode of. payment and Rs.2 Е. 
CM Ч 


thousand for the sum assured, find the annual premium she has to pay. 

7. Rooma takes a whole life policy (without profits) at the age of 50 years for Rs. 3,00,000. 
Find the annual premium she has to pay if 3% rebate is allowed for this mode of paymi 
and rebate @ Rs 2 per thousand is allowed for the sum assured, and the policy covers 
risk of accident also (Re ! per Rs 1000 to be paid towards premium for this benefit). 

8. Garima takes an Endowment insurance policy (without profits) of Rs. 1,00,000 at the 
0f22 years for a term of 25 years. Find the annual premium that she has to pay if the po 
is with accident benefits. : 

9. Dr. Sauray wants to take a Mediclaim Insurance Policy for self, his wife and daughter 10 
Rs.2.7 lakhs for self, 3.5 lakhs for his wife and 3 lakhs for his daughter. Their ages ares 0 
years, 38 years and 6 years respectively. 10% discount on the premium is allowed for family 
insurance. If 10% service charge is levied on the net premium, calculate the total amountto 


be paid for the Mediclaim Insurance of the family consulting the following premium table: 
Sum Insured Amount of liability Upto35 36-45 46-55 56-65 66-70 71-75 76-80” 


(Overall Liabilities (ог Domiciliary years years years years years years 
in Rs.) Hospitalization 

270000 42000 3151 3425 5057 5809 6553 7207 9508 
300000 45000 3444 3743 5553 6388 7214 7951 10542 
350000 50000 3870 4207 6311 7283 8248 9122 12195 


Insurance 


OPTIONAL - Il 
Zw Mathematics for 
F93 | ANSWERS Commerce, Economics 
and Business 
CHECK YOUR PROGRESS 39.1 


1. Rs. 348 2. Rs. 400 3. Rs. 1054 
4. Rs. 332 5: Rs. 8094 


CHECK YOUR PROGRESS 39.2 


1. Ез. 160 2: Rs. 4000 3; Rs. 1085 
4. Rs. 6485 : S: Rs.3752 ^ 


TERMINAL EXERCISE 


Ik Rs. 625 2. Rs. 5634 3: Rs. 32,736 
4, Rs. 5600 5. Rs. 4248 6. Rs. 6778 
7. Rs. 10.350 8. Rs. 2200 5? Rs. 10,965 
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OPTIONAL - II ‘Annex 
Mathematics for | THE WHOLE LIFE POLICY 


С Annual Premiums payable untill death for the Insurance of Rs. 1000 to be paid at death only, 


Table-1 
(Without Profits) 

Age nearer Annual Premiums Age nearer Annual Premiums 
Birthday Birthday 

Years Rs. P. Years Rs.P. 
15 10.75 39 2125 
16 10.90 40 22.25 
7 11.05 41 23.30 
18 11.20 42 24.45 
19 11.40 з 25.65 
20 11,60 44 26.95 
21 11.80 45 28.35 
2 12.05 % 29.80 
23 12.35 47 31.35 
24 12.60 48 33.00 
25 12.95 49 34.75 
26 13.30 50 36.60 
27 13.65 51 38.60 
28 52 40.75 
29 5з 43.05 
30 54 45.45 
3 15.50 55 48.05 
2 16.00 56 50.80 
эз 16.60 57 5375 
м 1735 58 5650 
35 17.95 EI 60.25 
36 18.65 60 63.80 
37 1945 

38 20.30 

Table -2 
(With Profits) 

Age nearer Annual Premiums Age nearer Annual Premiums 
Birthday Birthday 

Years Rs. P. Years Rs.P. 
is 1755 » 35.70 
6 18.35 40 37.00 
17 1830 а 3835 
18 19.20 42 39.80 
19 19.65 43 41.30 
20 20.15 “4 i 42.90 
21 20.65 45 44.60 
2 21.15 46 46.30 
23 21.75 47 48.05 
он 2130 48 49.90 
25 22.90 49 51.85 
28 23.55 5 53.95 
ЁС 2425 si 5615 
28 24.95 52 58.50 
29 25.70 5з 6095 
30 26,50 54 63.60 
31 2735 55 6635 
32 28.20 56 6930 
33 29.10 я 7240 
3 30.05 58 75,70 
35 31.10 E 7915 
36 32.15 “ 8235 
37 33.25 
38 34.45 


The Endowment Insurance Policy (Without Profits) 
Annual Premiums for the Insurance of Rs. 1000 to be paid at the end of specified term of 


years or at death, if it should occur sooner 


Age nearer 5 
Birthday years 
Years Rs. P. 
15 188.90 
16 188.90 
17 188.90 
18 188.90 
19 188.90 
20 188.90 
21 188.90 
22 188.90 
23 188.90 
24 188.90 
25 188.90 
26 188.90 
27 188.90 
28 188.90 
29 188.95 
30 189.00 
31 189.05 
32 189.10 
33 189.20 
34 189.25 
35 189.35 
36 189.45 
37 189.55 
38 189.70 
39 189.85 
40 190.05 
jd 190.30 
Ж 190.55 
i 190.85 
di 191.15 
191.50 
15 191,90 
И 192.30 
n 192.75 
% 193.30 
193.85 
n 194.45 
43 195.15 
Ч 195.85 
55 196.70 
197.55 
B 198.55 
58 199.60 
59 200.75 
60 202.00 
203.35 


6 


years ` 


Rs. P. 
152.00 


152.00 
152.00 
152.00 
152.00 
152.00 


152.00 
152.00 
152.00 
152.00 
152.00 


152.00 
152.00 
152.00 
152.05 
152.10 


152.15 
152.25 
152.30 


1152.40 


152.50 


152.60 
152.70 
152.85 
153.05 
153.30 


153.55 
153.80 
154.15 
154,45 
154.85 


155.25 
155.75 
156.25 
156,80 
157.40 


158.10 
158.80 
159.60 
160.50 
161.45 


162.50 
163.65 
164.90 
166.25 
167.75 


Endownment Term 


7 
years 
Rs. P. 


126.00 


126.00 
126.00 
126.00 
126.00 
126.00 


126.00 
126.00 
126.00 
126.00 
126.00 


126.00 
126.00 
126.05 
126.10 
126.15 


126.20 
126.30 
126.40 
126.45 
126.55 


126.70 
126.80 
127.00 
127.20 
127.45 


127.70 
128.00 
128.35 
128.75 
129.15 


129.60 
130.10 
130.65 
131.25 
131.90 


132.60 
133.40 
134.30 
135.20 
136.25 


137.40 
138.65 
139.95 
141.45 
143.05 


8 
years 
Rs. P. 


106.80 


106.80 
106.80 
106.80 
106.80 
106.80 


106.80 
106.80 
106.80 
106.80 
106.80 


106.80 
106.80 
106.85 
106.90 
106.95 


107.05 
107.10 
107.20 
107.30 
107.40 


107.55 
107.70 
107.90 
108.10 
108.35 


108.65 
109.00 
109.35 
109.75 
110.20 


110.65 
111.20 
111.80 
112.45 
113,15 


113.90 
114.75 
115.70 
116.70 
117.80 


119.00 
120.35 
121.75 
123.35 
125.05 


9 
years 
Rs. Р. 


92.00 


92.00 
92.00 
92.00 
92.00 
92.00 


92.00 
92.00 
92.00 
92.00 
92.00 


92.00 
92.05 
92.10 
92.15 
92.25 


92.30 
92.40 
92.50 
92.60 
92.70 


92.85 
93.05 
93.25 
93.50 
93.75 


94.05 
94.40 
94.80 
95.25 
95.70 


96.20 
96.80 
97.40 
98.10 
98.85 


99.65 

100.55 
101.55 
102.65 
103.80 


105.10 
106.50 
108.05 
109.70 
111.55 


10 
years 
Rs. Р. 


83.40 


83.40 
83.40 
83.40 
83.40 
83.40 


83.40 
83.40 
83.40 
83.40 
83.40 


83.40 
83.45 
83.50 
83.60 
83.65 


83.75 
83.85 
83.95 
84.05 
84.20 


84.40 
84.60 
84.80 
85.10 
85.40 


85.75 
86.15 
86.60 
87.05 
87.60 


88.15 
88.80 
89.50 
90.30 
91.15 


92.05 
93.05 
94.20 
95.40 
96.70 


98.20 
99.75 
101.50 
103.35 
105.45 


п 
years 
Rs. P. 


73.45 


73.45 
73.45 
73.45 
73.45 
73.45 


73.45 
73.45 
73.45 
73.45 
73.45 


73.50 
73.55 
73.60 
73.65 
73.75 


73.85 
73.95 
74.05 
74.20 
74.35 


74.55 
74.75 
75.00 
75.30 
75.65 


76.00 
76.40 
76.90 
77.40 
77.95 


78.55 
79:20 
79.95 
80.80 
81.65 


82.65 
83.70 
84.90 
86.15 
87.55 


89.10 
90.75 
92.55 
94.55 
95.05 


Table -3 


Age nearer 
Birthday 
Years 
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OPTIONAL -II | The Endowment Insurance Policy (without profits) Table-3 contd.. 


ЫМ ета Annual Premiums for the Insurance of Ёз. 1000 to be paid at the end of specified term 
Commerce, Economics 


Ч Bos eec of years or at death, if it should occur sooner ue 
ане КР я Аде ENDOWMENT TERM 17 48 nearer 
nearer | 12 13 14 ee Years. Years. Birthday 
fwihday Years Years Years Years ROB Re Rs P. Yrs. 
Yrs. Р.Р. Не. 85. Р. RHs&P.. As.P. 5 
37 65 ль 
15 65°30 5850 5260 48 85 44 55 40 85 38 
48 85 4455 40 65 37 65 
19 8830 8850 5280 4888 44 55 3388 53.55: 38 
55 
65 30 58 50 52 80. 48 B5 44 as 18 
SEE Ge BE НЕ Be ek Pe В 
gn саас 85 37 85 21 
n ns ЕБ БЕЛЕ ШЕ пи шу ш 
: 44.60 40 95 
23 065 30 58 50 52 80 48 85 о ARAS, 23 
25 85:38 5555 5252 48 59 2292 4108 37 86 26 
23 720 26 
виз ни нә RE диии н 
27 - 44.90. 412 
5 76 53 10 49 1$ nam: 20 
58 аа 80122260 588 3 
зо 38 50 зэ 
32 9545 55592 8360 15 88 4838 2155 as Jo 32 
3 Ё 
33 Ss 88345 6385 sooo 4559 42 00 38 34. 33 
38 88 38 59 85 83 БЭ 50 20 05 42.45 39 35 36 
5 36 
вивне ug ел іи 22 ви з 
4 
552252555 5455 а 
49 8788 €! 19 8888 8185 4) 48 30 41 30 
1:85 41 
588 "HS MB US ие ии де g 
s 806 4 
эз OO 6245 57 00 5345 49°45 4 
25 70 10 63 68 sass 6498 8048 4928 43.88 1% 
2 1 5 45 50 ав 
48: 70 75 64 ЗО 58 BS '55 55 бі 65 сав 2 26 Х 
2229 BB BREE 8 580 55 а 
i 61 ББ 58 30 64 55 5135 48 65 
So 34 00 6798 6200 8838 Se 70 55 Be Po "d 
5% 75 05 68 85 63 70 66 56 95 в 
HRS RR HS SR RE NB" HN 
54. 
75 7270 6776 6500 6 - 
86 20 20 74 25 68 40 66 76 = 55 
81 80 75 95 71 15 - 9 
57 se 77 75 88 
май cadi: (Сота) 
Аде ENDOWMENT TERM Age 
nearer 19 20 21 22 23 24 25 nearer 
Binhday Years Years Years Years Years Years Years Birthday 
Үз. RLP. RSP Аз. P. As P. Rs.P.  Hs.P.  Hs.P. Vrs. 
WE 54-85%. 942945 30715 08:26 12848 ax 58 oy зо 18 
10: 34 96. Э2Э8 3018 28:20 заа 4 so 16 
17 85 3235 Зо 16 28 20 в 28 32 89 33 БО 3? 
s Z8 HB SE BR RB иш иш ы 
90,24 85 5286 30 20 28 24 94750 22185 (2 83 20 
22 2285 22 49 3020 2825 2858 28 оо 23 66 21 
22 Зө 32 40 3026 28 30 69 28 05 23 70 22 
24 3820 3252 3838 2838 2688 28 98 23 88 2% 
8 
Яв (38-08 032 eO. 3045 2880 28:58 3629 2338 26 
28. 35 15 “32 70 зо в 26 
22 3815 3218 зо по 3880 38 oe 2292 3295 2% 
S ES БЕ ЕЗ BE HR 8055 8 
5 85 
ЗО зе 80 ‘Эз 20 3)05 29 20 27388 25 95 24 98 39 
31 38 75 3335 31 26 2840 22 21 
as 35 95 3355 346 2860 2728 2820 25 88 32 
HS He PR BR RR Bos по ш 
35 36 70 35 3226 6 4855 229 25 2 38 
36 3700 3465 32 so 2 as 
32 3235 3505 зз оо 3126 28 28 38:38 29 15 зе 
38 3625 3292 3338 3118 3348 1888 2722 35 
О 
зо 38 7 36 45 За Бо 32 31 зо 38 oe 28 50 59 
41 39 39 3706 25 15. 3348 з. x 1 а 
42 39 37 70 35 80 34 15 32 59 33 29 3040 42 
22 3133 3833 3258 3583 3248 32 99 3 28 323 
2 20 
45 42 20 40 30 Б. 3&70- 38 зә. 3% ЗӨ! 2229 24 
43 10 2105 3925 37 75-38 4o 45 — 46 
2 488 455 33 35 зв 85 37 вв m 47 
48 45 20 43 20 4150 40208 = зе 
43 46 40 4445 4288 - 43 
50 47 70 45 BO - 
51 49 10 - 51 


(сома) 
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The Endowment Insurance Policy (without profits) 


of years or at death, if it should occur sooner 


Age i 

nearer 26) 27 

Bithday Years Years 
Yrs. As: Р. ВР 
15 21 25 21 15 
18 2225 21 15 
17 22 25 21 15 
18 22 30 21 15 
19 22 30 2120 
20 22 35 21 25 
21 22 40 21 30 
22 22 45 21 35 
23 2258 21 45 
24 22 65 23 55 
25 22 75 21 65 
28 22 B5 21 80 
27 23 00 21 95 
28 23 20 22 10 
29 23 35 22 30 
30. 23 60 22 55 
3% 23 85 22 80 
32. 24 10 23 Ю 
33 24 40 23 40: 
34 24 75 23 BO 
35 25 15 24 20 
38 25 80 24 65 
37 26 05 26 15 
32. 26 60 25 70 
39 27 25 26 35 
40 27 90 27 05 
41 28 65 27 80 
42 29 45 28 65 
43 30 35 29 55 
44 3130 = 
Age 

neare за 35 

Birthday, Years Years 
Yrs. As. Р. Rs. Р. 
15 15 75 15 26 
18 15 75 15 25 
17 15 BO 15 30 
18 15 65 35 35 
i9 16 90 15 40 
20 16 ОО 15 БО 
21 7зв 10 15 60 
22 16 20 15 70 
тз зе 35 85 
24 16 45 15 OO 
25 16 65 16 16 
25 19 59 16 80- 
28 17 ЗО 16 86 
29 37 ББ № 15 
ЗО 17 вэ 17 45 
32 је бо 18 20 
эз зэ оо 18 65 
Эз 15 бо 19 15 
ав 20 06 39 BS 
36 20 55 - 


ENDOWMENT TERM 
28 29 30 31 
Years Years Years Years 
Н.Р. Rs.P. As.P. А.Р 


ENDOWMENT TERM 
зт 38 - 


9 
Years Years Years Years 


Rs P. Hs PS As. P. Ra- P: 
эз 95 13 60 


-34 756 34 35 
зз 85 
зо. 
14 ве 14 45 1405 13 70 
Ве HE из р 
18 85 1$ 865 14 30 1490 
З “эв за зо 14 20 
18 38 M оо 14 58 2% 25 
16 40 1595 14 90 14 68 
16 75 16 40 35 10 14 80 
oo so 15 30 18 os 
38 Zo ҘЕ 88 15 БЫ 18 20 
ig 55 51 48-38 JE 38 
17 78 18 во 19 50 ?9 n 
в 
эу 45 зе 90 16 65 
12 85 12 во 17 35 
18 5s 18 O5 - 
в во 521554 


32 
Years 
Rs, Р. 


9 осы 


аз 


Table-3 contd.. 
Annual Premiums for the Insurance of Rs. 1000 to be paid at the end of specified term 


33 
Years 
As. P 


16 30 


at 


Years Birthday 


Rs. P. 


Age 
nearer 
Birthday 
Yrs 


^ge 
nearer 


Yrs. 
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Mathematics for 
zommerce, Economics 

and Business 


of years or at death, if it should occur sconer 


The Endowment Insurance Policy (without profits) 
Annual Premiums for the Insurance of Rs. 1000 to be paid at the end of specified term 


Insurance 


Table-3 contd.. 


48 - 49 


Years Years Years 


Endowment Term 
42 43 44 45 46. а? 
Years Years Years Years Years 
As.P. As.P. Rs Р. As. Р. Rs Р. Rs. Р. 
15 12 75 12 55 12 30 12 15 1195 1180 11 
18 12 BO 12 60 1240 12 20 1205 190 11 
17 32 80 12 65 1245 12 30 12 10 12 00 11 
18 12 95 12 75 12 65 12 40 12 20 12 30 11 
19 13 05 12 B5 12 65 12 БО 12 35 12 20 12 
20 13 20 13 00 12 85 12 65 12 50 12 35 12 
21 13 35 33 15 12 95 12 80 12 65 12 50 12 
555508 BB КЕКЕ 
24 13 $6 13 70 13 55 13 13 25 0 
25 14 10 13 95 13 80 13 65 - 
26 14 35 14 20 14 ОБ - 
22 14 65 14 50 - 
28 14 95 — 
Age . . ENDOWMENT TERM 
nearer 50 51 52 5а 54 
Birthday Years Years Years Years Years 
Yrs. Ве. Р. Rs. Р. Rs. Р. Rs. Р. Rs. Р, 
15 1145 1135 1125 1120 1110 
16 11 55 +1 45 1135 1130 11 20 
17 11 65 1155 1145 1140 - 
18 1175 1165 1160- 48 
19 11 90 11 80 - 
29 12 05 - 


Rs. Р.. Rs. Р. 


во 22 
= 23 
24 
26 
26 
27 
28 
age 
55 пгагег 
Years Birthday 
Rs. e. Yrs. 
1105 15 
- 16 
17 
ле 
19 
20 
Concluded 


ШЕ MATHEMATICS | 
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2 2 2 
1 OPTIONAL - 1! 
The Endowment Insurance Policy (with profits) Table-4 Mathematics for 
Annual Premiums for the Insurance of Rs. 1000 to be paid at the end of specified term Commerce, Economics 
of years or at death, if it should occur sooner and Business 
Age ENDOWMENT TERM Age 2 
nearet 5 6 7 в s 10 11 nearer < 
Birthday Years Years Years Years Years Years Years Binhday 
Yrs. As P Rs P Rs. Р. Rs. P. Rs. P. Rs. P. Яз. P. Yrs us ——— 
otes 


15 217 15 179 40 162 65 132 70 117 25 107 10 96 65 15 


48 217 15 179 40 152 65 132 70 117 25 497 10 88 65 18 
5 55 19 


49 217 18 179 40 152 85 132 70 117 25 107 10 Э 

20 217 18 179 40 152 65 132 70 117 25 107 10 86 65 20 
21 217 15 179 40 152 65 132 20 117725 107 15 86 65 2% 
22 217 18 179 40 162 66 132 70 117 25 107 15 96 70 22 
2з 212 18 175 40 152 65 132 70 117 25 107 15 9870 23 
24 217 16 175 40 152 65 132 75 117 25 10715 96 70 2% 
25 212 20 179 40 152 70 132 75 117 ЗО 107 20 96 75 25 
26 217 20 179 46 162 70 132 80 117 35 107 26 эв во 29 
27 317 20 178 45 152 75 132 80 117 35 107 86 27 
28 217 25 178 50 152 BO 132 B5 17 45 107 35 88 28 
29 217 30 179 55 152 85 132 85 117 БО 107 40 27 ОО = 


38 217 90 180 25 153 BO 133 75 118 35 108 40 BA о5 36 
37 218 05 189 40 153 76 133 90 118 55 108 во BB 26 a 
38 218 25 160 55 153 95 134 15 16 108 85 98 56 сең 
зв 215 25-180 JB ipa 3B. 1340257 1905 ЗӨВ Ш 58 зе 
40 218 60 181 OO 154 40 134 60 119 30 109 45 99 15 
4i 218 B5 181 54 65 134 90 119 60 109 75 99 50 41 
42 219 10 181 25 184 88 135 20 118 95 МО 15 42 
43 219 35 18) BO 155 20 135 55 120 110 55 100 30 as 
44 219 88 182 ЧЕ 155 65 125 95 120 70 111 90 100 80 за 
45 230 00 182 50 168 05 138 38 121 15 158 101 30 
48 220 40 182 90 156 45 136 BO (21 65 112 оо 301 85 46 
47 220 BO 183 35 156 95 137 SO 122 15 112 ю2 50 57 
48 221 50 183 BO 157 45 137 85 122 75 113 25 Юз 20 25 
49 221 70 184 35 158 ОО 138 45 123 40 из 85 139 25 
БО 222 25 184 95 158 65 139 10 124 10 114 75 104 5 
А 
rad ‚ ENDOWMENT TERM Age 
үе = AR 6 T 8 9 10 it nearer 


poy Years Years Years Yeats Years Years Years Birthday 
rs. R&P Нәр. Rs,P. RsP As.P. Rs.P. Rs Р, Yrs: 


81 222 88 185 88 159 30 139 85 124 90 МБ 00 10865 51 
52 223 45 186 25 160 05 140 85 126 25 116 50 106 68 8% 
83 224 15 187 00 180 85 14150 120 65 117 85 107 70 83 
84 224 95 187 85 16175 142 45 127 65 18 65 109 80. 5% 

225 80 188 75 162 75 143 50 128 75 119 90 1020 55 


M 226 70 189 75 163 80 144 65 130 00 12120 11) 60 58 
62 227 70 190 80 164 95 145 90 131 30 122 65 113 10 67 
88 228 BO 192 00 186 25 147 25 132 75 124 2b 114 B0 56 
69 22995 193 30 167 60 148 70 134 30 126 00 115 60 58 

231 25 194 70 169 10 150 30 136 00 127 90 - 60 


MEE ee ae 


HEMATICS 


OPTIONAL - 11 
Mathematics for 
Commerce, Economics 
and Business 
Age 
nearer 12 13 
Birthday Years Years 
Yrs. RSP. Ғәр 
15 87 85 80 60 
45 8795 ва во 
т 8795 8080 
за 8795 во 80. 
19 8785 BO GO 
20 827295 60 бо 
21 87 BO 65 
22 8800 8065 
23 8800 380 95 
24 8805 8070 
25 8805 BO 75 
26 88 ва 
27 зв BO ВБ . 
28 88.25 ВО 95 
29 88 81 05 
30 88 45 81 16 
31 
ран ons 
+++ 
35 89 25 8200 
36 вә 45 282 25 
37 89 70 82 50 
38 8000 82 80 
39 90 30 83 10 
40 9060 83 45 
41 8100 вз 85 
91 40 84 
9: 95 34 75 
44 9235 85 30 
46 9290 85 86 
46 9350 86 56 
47 94 87 20 
48 94 90 8795 
49 9570 8880 
БО 55 ВӘ 70 
Age Қ 
Nearer 12 13 
Birthday Years Years 
Yrs. Нәр Rs. P, 
51 97 $0 9070 
52 858 55 91 80 
52 99 65 9300 
54 100 90 9430 
55 102 25 95 75 
56 103 75 97 30 
$7 105 35 9800 
$8 107 15 - 


The Endowment Insurance Policy (with profits) 


ENDOWMENT TERM 


14 15 16 
Years Years Years 
Rs. P. As. P As. P. 
74 30 7000 85 10 
74 зо то оа 85 10 
74 30 7000 65 10 
43 189 85 10 
74 35 70 00 85 
74 35 7000 65 15 
74 35 70 O5 65 15 
74 40 70 10 85 20 
74 45 70 10 65 25 
74 50 70 15 65 30 
74 55 7025 65 40 
24 60 7030 65 45 
74 70 7040 66 60 
74 BO 7055 65 70 
74 90 70 85 65 85 
75 05 70 80 68 00 
75 22 7100 бе 20 
75 40 7120 66 40 
75 60 7140 68 
75 BO 7185 68 90 
76 O5 71 90 87 15 
76 35 7220 867 50 
786 65 72 55 67 B5 
77 ОО 72 90 68 25 
77 36 73 35 68 65 
27 80 73 80 69 15 
78 25 7420 69 65 
78 75 7485 70 25 
79 30 75 45 70 85 
78 80 7610 71 55 
30 60 7480 72 35 
8130 77 80 73 15 
82 10 78 bO 74 05 
83 00 7945 75 05 
83 95 8045 76 15 
ENDOWMENT TERM 
14 15 16 
Years Years Years 
RSP. As. P. “Вер 
85 00 8160 77 35 
86 15 82 85 7865 
87 40 8420 80 16 
88 BO 8570 8165 

‘30 87 35 4. 
91 95 & 


Insurance 


Table-4 contd.. 


Annual Premiums for the Insurance of Rs. 1000 to be paid at the end of specified term 
of years or at death, if it should occur sooner 


Age 
18 nearer 
Years Birthday 
As. Р. Yrs. 
58 55 15 
56 95 16 
56 95 12 
58 95 18 
57 ОО 19 
57 DO 20 
57 ОБ 21 
57 05 22 
57 10 23 
57 16 24 
57 26 25 
5725 26 
57 45 27 
52 65 28 . 
57 70 29 
$7 85 30 
58 05 31 
58 25 32 
58 45 33 
58 75 34 
59 00 35 
58 35 36 
59 70 a7 
89 ss 38 
61 40 
81 55 41 
62 10 42 
62 28 33 
63 25 Ж 
65 О5 46 
85 95 47 | 
2255 43 | 
69 30 50 
Age 
18 nearer 
Years Birthday 
Rs. P. Yrs 
70 60 E. | 
72 | 
=. 83 | 
54 
55 | 
96 
67 
58 
{Сота} 
1 
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The Endowment Insurance Policy (with profits) 


Annual Premiums for the Insurance of Rs. 1000 to be paid at the end of specified term 
of years or at death, if it should occur sooner 


Age ENDOWMENT TERM Age 
néerer 19 20 23 22 23 24 25 nearer 
Birthday Years Years Years Yoars Years Years Years Birthday 

Yrs. Rs. Р. Rs. P. As. P. Р. Rs. Р. Rs. Р. Аз. Р. Yrs 

45 вз БО бо ав 4785 45 45 4330 41 30° 39 45 16 

зе 53 во БО 46 47 85 45 50 4330 4130 3 1s 

13 6355 5045 47 эв 45 50 43 35 4135 38 Бо . 

22 Єз 88 Бо a6 47 90 46 50 4335 41 40 39 55 18 

19 53 55 50 47 90 45 55 43 40 41 40 39 60 19 

63 $9 БО 4336 45 60 4345 445 3965 20 

22 53 50 55 48 OO 45 85 4350 4150 39 29 21 

21 ЕЗ 68 бово 4805 4570 4355 4160 38 22 

22 53.65 EO 66 48 10 45 75 43 90 41685 33 80 23 

22 $3 20 50 7B 4B 15. 45 85 43 70 4125 42 08 25 

24 $3 B6 8080 4825 45 95 4580 41 90 АО 10 25 

28 53 ЭБ БО 35 ав O5 4395 4200 40 25 26 

27 54 06 5105 48 26 25 44 10 42 15 4040 27 

28 54 51 20 50 48 38 4425 42 35 4060 28 

29 ё4 38 Bi SB 48 во ме ББ 4345 42 ББ 22 во 29 

38 5420 6150 4900 46 75 4465 42 80 41 05 зо 

зз Бала Bi 76 48 25 46 95 44 90 43 ОБ 41 35 21 

32 64 51 48.28 2220 4520. 43 30 4196, ЗЕ 

33 ве 15 5225 зә 22 5258 2220 43 $9 2133 3 

зБ 55 75 52 85 БО 48 20 46 20 $28 122575 зэ 

за 56 10 53 20 5075 48 60 48 60: 44 во аз 20 .38 

37 58 45 53 8525 49 00 4706 45 ЗО 43 79 37 

58:45 54 056 65:86 49 5O 47 55 48 85 44 25 за 

38 ро 3B Ба Бо 52015 5965 4B 29 46 40 44 B5 аэ 

33 4185 ББ ов 52 70 5060 48 75 47 O5 45 55 40 

41 40 5 eo бз зо 5125 4840 42 25 46 25 21 

А: БӘ ОО 86 28 $9 8185 5015 48 50 47 08 42 

аз Ба 70 58 95 98 s2 70 6095 4935 47 80 43 

44 ES 95 55 po 5355 5190 50 28 вв аж 

45 6120 ба 60 $8 83 45 5275 61 25 4550 ав 

4a вз о вә во 57 95 55 45 83:20 52 зо - ав 

47 63 O5 5а 6840 5655 54 95 - 22 

45 54 ло 6160 бә 55 67 75 - 45 

49 вв 25 62 80 80 9O = ав 

во 66 БО 10 - 

51 

LH 67 90 m 52 
Age ENDOWMENT TERM Age 

nearer 26 27 28 29 зо 32 33 nearer 
Birthday Years Years Years Уеэгз Years Years Years Yoars Birthday 
Yrs. As.P. А.Р. АР. Rs P. As Р. Яз: P. Hs.P. ns. P. Yrs. 

16 ау во. 36.20 34 78 39 40 ЗЕ 15 зу 10 30 ©. 29 15 15 
4 аз-аз 32 20 31 15 90 18 29 20 16 
19 33 88 38 28 34 80 33 во 32 25 3120 30 29 29 25 12 
ео Быш вн ан в 
% 36 89 36 38 35100 за 70 32 45:31 40 So 45 29 55 20 
z 4o 33.80 32 55 31 50 30 55 29.65 21 
22 38 45 35 89 38 20 33 90 32 85 31 68 зо 20 29 Bo 22 
23 35 15 38 20 12 20 32 99 2252 3:48 3183 3818 38 
za 38 38 36 83 38 25 34 30 зэ 10 32 10 55-20 Зо 356 26 

эз зо 32 a5 3140 3958 25 

25 38 88 32 15 3B ge 34 98 зз 55 32 56 31 88. зо во 22 
28 39 00 37 55 35 за 95 ЗЭ BO 32 55 31 95° 31 29 36 
23 зэ 26 37 75 $8 38 36 20 34 05 33 10 32 25 3148 22 
зо зә 36 05 36 то 35 50 34 зо 33 46 32 

в вв за 75 зз во 32 95 32 зз 

33 29 10 88 85 32 95 $6 20 35 15 34 20 33 49 32 66, 32 
2s 33S 35  езе:ішеслій 
34 49 98 зэ 35 38 36 37 55 36 55 35 79 ЗТ 55 34 25 35 

10 27 30 ae зо 35 55 34 80 39 

32 2228 30 $2 33 55 38 Jo 37 75 36 85 36 26 35 50 37 
за 42 B5 4) 55 99 35 3e 38 45 37 65 36 95 - 38 
зэ 43 28 42 20 41 10 40 Ig зе 38 39 45 - ээ 
33 42 15 42 95 ат ВЭ 40 B5 зо Кеч 

2 41 

41 44 75 42 85 41 70 = 
a2 38 28 42 55 43 55 = 22 
38 48 08 45 56. - 45 
A эд = as 


Table-4 contd.. 


(Conid.) 
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MATHEMATICS 


| Insurance 


OPTIONAL - Ii 


Mathematics for The Endowment Insurance Policy (with profits) Table-4 contd.. 
Commerce, Economics | Annual Premiums for the Insurance of Rs. 1000 to be paid at the end of specified term 
and Business of years or at death, if it should occur sooner 


Age ENDOWMENT TERM 
néarec 34 35 36 з? 38 ss 40 41 nearer 
Birthday Years Years Years Years Years Years Years Years Birthday 
Yrs. Rs.P. Rs.P. Rs. P. As. P. Rs.P, Rs. P. As. Hs Р. Yrs. 


15 28 25 27 45 25 65 25 ЭО 25 25 24 60 24 00 23 40° 16 


18 28 30 27 50 26 75 26 25 30 24 70 24 10 23 55 18 
17 28 40 27 65 26 80 28 10 25 40 24 80 24 26 23 65 17 
18 2B 45 27 65 28 90 28 20 25 55 24 90 24 35 23 ва за 
19 28 55 27 75 27 OO 26 30 25 55 25 05 24 45 23 95 19 
20 2570 27 80 27 15 26 45 25 25 20 24 85 24 10 20 
2% 28 80 28 OO 27 30 26 50 25 95 25 35 24 BO 24 ЗО 21 
22 28 95 28 20 27 45 26 BO 26 15 25 БФ 25 O5 24 55 22 
23 28 10 28 35 27 65 27 ОО 26 35 25 80 25 25 24 BO 23 
24 29 30 28 55 27 85 27 20 26 26 O5 25 65 25 05 24 
25 29 55 28 BO 28 10 27 45 26 85 26 30 25 80 25 35 25 
26 29 75 29 O5 28 35 27 75 27 15 26 65 28 15 26 70 26 
27 ЗО O5 29 35 28 85 28 O5 27 27 OO 28 26 10 27 
28 30 35 29 65 29 00 28 40 27 85 27 35 26 90 26 50 28 
29 зо 70 ЗО ОО 29 40 28 BO 28 25 27 80 27 35 26 95 .28 
30 9105 30 40 29 BO 28 25 28 70 28 25 27 85 - 30 
31 31 60 30 85 30 25 29 70 28 20 28 75 = 21 
32 335 95 3130 30 75 30 20 75 т 32 
33 32 45. 3185 3130 3080 = 33 
34 33 00 32 40 31 - 34 
36 33 60 33 05 - 35 
36 3430 ~ зв 
Ч 42 43 44 45 46 47 48 ‘49 


Years Years Years Years Years Years Years Years 
Аз.Р. Hs.P. As.P. Вз. Р. Rs.P. Re. Р. fs. Р. Rs. P. 
2 


40 2190 21502110 20 70 2035 20 оо 15 


22 80 22 35 2195 21 22 25 20 30 во 18 
23 22 55 22 15 21 80 21 46 21 15 20 ВБ 19 
23 15 22 75 22 3522 00 21 20 2140 21 10 20 
23 40 23 22 8022 25 2195 2165 2140 21 
23 66 23 25 22 90 22 B5 22 25 22 00 -- 
23 23 65 23 20 22 85 22 60 = 23 
24 20 23 85 23 20 - 
24 55 24 20 23 - 28 
24 95 24 60 - 28 
25 35 - 27 
45 28 
ЕМООУ/МЕМТ ТЕВМ в 
51 52 53 54 56 nearer 


Years Years Years Years Years Birthday 
Rs. Р, Rs. Р, Rs. P. Ris. P. Ris. Р. Yrs. 


1945 1920 1895 1875 18 55 15 


1885 1940 1915 1895 - 18 
1985 1960 1840 = 17 
2010 1985 - 18 
2035 - 19 

- 20 
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тә == со со -10 0 Со 


иас ээ 


. , ЗЕНОН 
RBBSRISSSELELSLSLS 


SRNHRSSSSRSSLECSSB! 
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95 
,14 
12 
,77 
35 
09 
96 
22 
14 


Sp), 
co un. 
ko 
> 


OE 
Qoo oos 


RSSSRRSVSe 
ое 


RRASBLSSRRaSVRSRE 
SBHSENS 


EIE 


aggssitg 
арвакавшвшвщишэзе=в 


таша 
шы 


am 
Ba 
BSRERSeeSEsaseesy 


ешірт 
Әзер 
ES 


еш 
8 


«о = 
PENITLALTSEABRE 


gms 


uos _—..4= 8 
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REVISED MEDICLAIM PREMIUM SCHEDULE (with 67e loading) 


1075 | 1151 Tins 


ue AMOUNT 5 
Ке. | OF LIABILITY 

S тоа" 36-45 | 46-55 | 56-65 | 66-70 | 71-78 | 76-80 
Um poeni | ans | vas ҮН | YRS 
тэс HOSPITALI- 

қ SATION | 
20000 a tc E sel 730 
Бэ эе Ги a eal 
md D wm m à 


| 589] 848 
аа аа E [os i] [ | a [в 
80000 | 676 | 736 | 1058 | “1108 | лада | заа | 1778 
px шг = 
о в в а а [ев [и 
sen шев [ырш ТЕТ 
сЕ ЕКПЕ ПГ 
90000 aah 18401: 2088 | 2336 | 2508 | ott 
ЕСЕ зөөн эн 
xo] a] жє| 8 ни кє жо oes [ne 
geil ars | | ЗЕЕ 
I ee 
ИЕ ЕЕЕ 
акыны a a 
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REVISED MEDICLAIM PREMIUM SCHEDULE (with696 loading) 


Eo. 

rl loon aar larvas | VS. | vns | с; 
ЦАЙ | HOSPITALI- | 
(Re) | SATION | 

е эле [тив аа asm ume sers юв 
130000 1822| 2618) _ 2984 ESE 4561 
135000 1888 ens] 3094| 3466] 3748 | 4748 
М0) 26000 | 1798 | 1955 ЕД ДЕЛ 3886 | 4933 
145000 26750 1859.| 2020] 2908] 3315 8714 | 4024) 5120 
150000| 27500 2087 | 3004 | 3425| 3838| 4162| 5305 
155001 28250 2147 EHE d d 5484 
160000| 29000 [ 2030 | 2208] 9188] 388 4078 | 4423| 5664 
165000 29750 2085 | 2266| 3278 | эт ШО БЕЗ 5843 
170000] 30500 | 2139 Г 2226] 3382 | 3898] 4307| 4685 | 6022 
175000| з1250 | 2194 EZEJEU E bod e 
180000| 32000 2249 | 2444 [эг юв п] un RE 
ЕС БЕСТІ) ЕЕ тав |. 465% 5078 | 6559 
ЕСТІ 33500 БЕДЕСЕЛЕДЕШЕД рз 
неко saso | важ ава | aapa] вэ sdo ES 
- 800000 85000 ЕЕЕ "IE 5471 | 7097 
205000 [э | 28 | 5120 5895 7269 
210000 эю» | же] ЕШ 5719| 7441 
25%) зеш | 288 | ЕЕ дэв 
220000 37000 2664 ЕЕ ү 
289) 37500 | 2713 А E б m 
230000. 4 ЕСЕ is Тем 
ЕЕ [of ol 88 se sl ST 


OPTIONAu td. 


Mathematics for 
Commerce, Economics 
and Business 


ncm 


Commerce, Economics 


Contd... 


REVISED MEDICLAIM PREMIUM SCHEDULE (with 6% loading) 


AMOUNT te 
Мо | OF LIABILITY 
" FOR 46-55 | 56-65 | 66-70 |71-75 |76-80 
{overall | SoMICILIARY © YRS amd yrs | YRS | YRS | YRS | YRS: 
Liability} HOSPITALI- 
(Hs) | SATION е 


ЕЕЕ 
EE ЕС 
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INDIRECT TAXES 


Government has to perform many functions in the discharge of its duties like infrastructure 
development, health, education, defence ofthe country, removal of poverty, maintenance of law 
and order, etc. To meet these requirements huge amount of capital is required. The question 
arises, from where does government get money for fulfilling all these activities and for the 
development of the nation? The government collects money from public through a wide variety 
of sources i.e. fees, fines, surcharges and taxes which are defined later in this lesson. The most 

important of these is taxation. In this lesson we will discuss various types of indirect taxes in ( 
details. 


су 


After studying this lesson, you will be able to: 

, acquaint yourself with the sources of revenues of the government; 
° define direct taxes and indirect taxes; 

e distinguish between direct taxes and indirect taxes; 

° state merits and demerits of direct taxes and indirect taxes; 


9 enumerate sources of direct taxes and indirect taxes; 
• define various types of indirect taxes like, excise duty, customs duty(import and 
export),production linked tax, and Value Added Tax (VAT); and 


, distinguish between sales tax and value added tax. 


EXPECTED BACKGROUND KNOWLEDGE 


e — Concept of percentage and its applications 


40.1 SOURCES OF REVENUE 
As we know that government has to perform its various functions for the welfare of the society, 
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So it requires revenue. The income of government from all sources is called public incomeor 
public revenue. Public revenue includes income from taxes, income from goods and services 
supplied by public enterprises, revenue from the administrative activities, such as fees, fines, 
etc., gifts and grants, while public receipts include all the income of the government which itmay 
have during a given period of time i.e. public receipts = public revenue + income from ай other 
sources, such as, a public borrowing from individuals and banks and income from public 
enterprises. Local bodies like Municipal Corporation, Municipal Committees, Town Panchayat, | 
Cantonment Board, etc сап also Ievy certain taxes like property tax, professional tax, octroi, 
education cess, etc. 

Thus, taxes are contributions made by the citizens ofthe country towards its development and 
expenditure, which the government has to incur in its social and economic activities. Taxes are 
paid by the individuals, corporate houses of trade and industry etc. There are different types of 
taxes like income tax, wealth tax, gift tax, property tax, sales tax, excise and custom duty etc. 


40.1.1 Tax 


A tax is legally compulsory payment levied by the government on the persons or companies to. 
meet the expenditure incurred on conferring common benefits upon the people ofa country. In 
other words a tax can also be describe as a compulsory levy where those who are taxed have 
{орау ће sums irrespective of: any corresponding return of services or goods by the government, 


40.1.2 Fee ` 


Fee is also compulsory payment made by a person who receives in return a particular benefit or 
services from the government. 


40.1.3 Fines 


These are compulsory payments without any quid pro que but are different from taxes because 
fines are imposed to curb certain offences and discipline people and not to get revenue for the 
State. In this sense, fines are not taxes, 


40.1.4 Surcharges 


Itis an additional charge or an extra fee for a Special service. It is also called tax on tax e.g.a 
10% surcharge is applicable on income tax for incomes above Rs. 10 lakh. In other words. 
surcharges are often a charge in addition to a charge, or a tax added to the original tax. 

Two aspects oftax follow from the definition: 

1. A tax isa compulsory payment and no one can refuse to pay it. 


2. Proceeds from taxes are used for common benefits or general purposes ofthe state. It | 
means there is no direct quid pro que involvement in the payment of a tax. 


Taxes are mainly classified into direct and indirect taxes: 


[402 DIRECT TAXES | i 


Those taxes whose burden cannot be shifted to others and the person who pays these to the 
government has to bear it are called direct taxes. In other words direct tax is imposed оп ап | 
individual ora group of individuals, which affects them directly i.e, which they have to pay to the 3 
government directly. The direct tax can be of different types: 


ШЕ — — — — — — — — 
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The tax imposed on an individual ora group of individuals on their annual incomes is known as | Commerce, Economic 


income tax. Every individual whose annual income exceeds a certain specified limit is required, 
under the Income Tax Act, to pay a part of his income in the form of income tax. Its rates are 
announced in the beginning of each financial year by the central government. 


Financial Year: The period from Ist April to 31st march is taken as a financial year i.e. every 
financial year begins on 1st April and ends оп 31st march ofthe consecutive year. 


Assessment Year: The year next to a particular financial year is called the assessment year for 
that financial year, e.g. for financial year 2005-06, the assessment year is 2006-07. 


Permanent Account Number: An individual is given a permanent account number (PAN) by 
the income tax department. He or she is obliged to file an income tax return ofthe financial year 
by a specified date of the subsequent financial year. 


40.2.2 Wealth Tax 


The tax imposed on the wealth (property as well as money) ofan individual iscalled wealth tax. 
The exemption limit for wealth tax is Rs 5, 00,000. In addition one residential house or a part 


thereof is exempted from the wealth tax. 


40.2.3 Gift Tax 


Ifan individual transfers any of his movable or immovable property voluntarily to any other 
individual itis called a gift. Ifthe value ofa gift exceeds a specified limit then the person giving the 
gift has to pay gift tax to the government where as the person receiving the gift need not pay any 
lax. 


A controversial issue in public finance is concerned with whether in the tax structure ofan 
economy, direct or indirect tax should be preferred. Indeed both direct taxes and indirect taxes 
have their merits and demerits and therefore a good tax system should contain a proper mix of 
these two types of taxes. 

Direct taxes, it may be recalled are those which are levied directly on the individuals and firms 
and their burden is borne by those on whom these are levied. 


40.2.4 Merits of Direct Taxes 1 

1. The larger burden of the direct taxes falls on the rich people who have capacity to bear 
these and the poor people with less ability to pay have to bear ү, лш 

2. Direct taxes are important instrument ОЁ reducing inequalities groma wealth. 

3. Unlike indirect taxes, direct taxes do not cause distortion in the allocation of resources. 


indirect taxes. 
Asa result these leave the consumers better off as compared to in 


4, veris СТАН - cially if they are of progressive type is quite high. 
Revenue elasticity of direct taxes, especially GE ages also педа great deal 


As the national income increases, the revenue оп 


40.2.5 Demerits of Direct Taxes 
ware of their tax liability and therefore they would try to 


im ire i : 5 
Бий direc aahon practice and possibility of tax evasion and avoidance 


avoid or even evade the taxes. The 
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is more in direct taxes than in case of indirect taxes. 

2. Direct taxes are generally payable in lump sum or even in advance and become quite 
inconvenient. 

3. Another demerit of direct taxes is ей supposed effect on the will to work and save. It is 
assessed that work (given Income) and leisure are two alternatives before any taxpayer. 
If therefore, a tax is imposed say on income, the taxpayer will find that the return from 
work has decreased as compared with return from leisure. He therefore tries to substitute 

leisure for work. 


40.3 INDIRECT TAXES 


Indirect taxes are those whose burden can be shifted to others so that those who pay these 
taxes to the government do not bear the whole burden but pass it on wholly or partly to others. 
Indirect taxes are levied on production and sale of commodities and services and small ога 
large part of the burden of indirect taxes are passed on to the consumers. Excise duties on the 
product of commodities, sales tax, service tax, customs duty, tax on rail or bus fare are some 
examples of indirect taxes. 


40.3.1 Excise Duty 


The tax imposed by the government on the manufacturer or producer on the production of 
some items is called excise duty. The liability to pay excise duty is always on the manufacturer or 
producer of goods. The duty being a duty on manufacture of goods, it is normally added to the 
cost of goods, and is collected by the manufacturer from the buyer of goods. Therefore it is 
called an indirect tax. This duty is now termed as "Cenvat". There are three types of parties who 
can be considered as manufacturers- 


° Those who personally manufacture the goods in question 

° Those who get the goods manufactured by employing hired labour 

° Those who get the goods manufactured by other parties 

For example, excise duty on the production of sugar is an indirect tax because the manufacturers 
of sugar include the excise duty in the price and pass it on to buyers. Ultimately it is the consumers 


on whom the incidence of excise duty on sugar falls, as they will pay higher price for sugar than 
before the imposition of the tax. 


In order to attract Excise duty liability, following four conditions must be fulfilled: 
The duty is on "goods". 

The goods must be "excisable" | 
The goods must be "manufactured" or produced. 

Such manufacture or production must be "in India". 


40.3.2 Additional Information on Excise Duty 


Goods : These are the entities, which can be weighted, measured and marketed. e.g. steel, 
cloth, computer software, gas, etc. Those commodities having very short life are not goods, 
not marketable in that short period, even if there is a specific entry in the tariff. 


Excise duty can only be levied on those items, which are manufactured in India but excluding 
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goods produced or manufactured in Special Economic Zones (SEZ). Thus, excise levy cannot | 


be imposed on imported goods. 


Payment of excise duty : In case of Non-SSI (Small Scale Industries) i.e., normal assesses 
the excise duty is payable monthly, and for SSI (ayailing exemption based on turnover) it is 
payable quarterly. The duty on the goods removed from the factory or the warehouse during the 
month shall be paid by the Sth of the following month in case of Non-SSI and by 15th for SSI. 
In case of delayed payment, interest should also be deposited at the rate of 13% p.m or Rs 
1,000 per day for the period of delay after Sth or 15th whichever is applicable, whichever is 
higher, along with the duty. 

Payment by debit in Cenvat credit account: Under the Cenvat credit scheme, the assessee 
is allowed credit of duty paid on inputs or capital goods, which are used in or in relation to 
manufacture of the final products, and the credit can be utilized towards payment of duty on the 
final products. Credit is allowed on inputs and capital goods except LDO (light diesel oil), HSD 
(high speed diesel) and motor spirit. Also, instant credit is allowed immediately on the inputs 
being received into the factory. However credit is not allowed if final products are exempted 
from duty. 


Following example will illustrate the credit method of Cenvat. 


Let the price of the commodity be Rs 100, When the transaction takes place without cenvat, B 
purchases from A at Rs 110,(10% as excise duty). After addition a value of Rs 40, the subtotal 
is Rs 150.He pays 10% tax on it (i.e Rs15) then total is 165. As against this, in the second case, 
when transaction takes place with Cenvat, B purchases from A at Rs 100 because he got credit 
on that amount. After adding the same value of Rs 40, the sub total is Rs 140, He has to pay 
10% of excise on Rs 140,i.e Rs 14, then total becomes Rs. 154. Here you сап observe easily 
that transaction with Cenvat is clearly beneficial. The details are exhibited in the following tabular 


form: 
Transaction without Cenvat | Transaction with Cenvat 


ЕЕ on Aaa cw | 
100 40 100 40 
pue Сы 


Exemption from Payment of Excise Duty: Central excise rules grant exemption from duty if 
50045 are exported under bond, except exports to Nepal and Bhutan. Similarly, goods 
manufactured in Special Economic Zones (SEZ) are not excisable and hence no excise duty can 
be levied on goods manufactured in SEZ. Certain other items, which are exempted for excise 
duty, are enlisted in Annexure-'A', given at the end of this lesson. 

Generally 16% excise duty and 2% cess on it are imposed on most goods, but government can 
fix different tariff values ёс different classes of goods or goods manufactured by different classes 
9r sold to different classes of buyers. Few exceptions like the following are there in case of 
Textile sector. 
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OPTIONAL - II Type of Goods Excise | Cess 
Mathematics for Duty 
Commerce, Economics i ; 
and Business Unprocessed fabrics of cotton, man-made (synthetic) and woolen 10% |2% 
other than (2) given below. 


Unprocessed knitted or crocheted fabric ofcotton not containing 8% |2% 
any other textile materials. 


Ifreadymade garments are made up of 100% cotton fabrics апа also | 8% |2% 
knitted or crocheted 


10% |2% 
8% |2% 


40.3.3 Valuation for Excise Duty 


Specific duty: It is the duty payable on the basis of certain unit e.g. duty on cigarettes is on 
length basis, sugar per quintal basis, matches per 100 boxes, marble slabs and tiles per square 
meter basis and colour TV by screen size in cm, if MRP is not written on the carton. 

Tariff Value: Government from time to time fixes tariff value. Government can fix different tariff 
values for different classes of goods manufactured by different classes or sold to different classes 
of buyers. 


MRP based valuation : The provisions are as follows: 


i The goods should be covered under provisions of Standards of Weights and Measures 
Act. A 


ii) Central Government can permit reasonable abatement (deductions) from the retail sale 
price. 
ii) ^ Central Government has to issue a notification in Official gazette specifying the commodities 
for which the provision is applicable and the abatement permissible. 
For example, governmenthad issued a notification to reduce the excise duty on cosmetics and 
toilet preparations on MRP basis printed on the carton after allowing abatement of 50%. In 
such cases, if MRP printed on carton is Rs 50 and ifthe duty on cosmetics & toilet preparations 
is 20%, the duty @ 20% will be payable on Rs 25 (i.e after allowing 50% abatement of MRP 
of Rs 50). Thus duty payable per pack will be Rs. 5.00. 
Assessable Value: The basic provision of assessable value, when excise duty is chargeable on 
excisable goods with reference to value will be transaction value on each removal of goods: 
Transaction value is defined as the price actually paid or payable for the goods, when sold and 
includes in addition to the amount charged as price, any amount that the buyer is liable to pay 
including any amount charged for advertising or publicity, marketing and selling organization 
expenses, storage, outward handling, servicing, warranty, commission or any other matter, ш. 
does not include the amount of excise duty, sales tax and other taxes. 
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40.3.4 Export benefits under Central Excise OPTIONAL - II 
Inputs free of duty: Exporting units need raw materials without payment of customs/excise шер, 


duty, to enable them to compete for exporting.Exports free of duty on finished product: exports and Business 
ofalmost all excisable goods except hides, skins and leather and salt and exports to all countries Ж 


except to Nepal and Bhutan are exempted from central excise duties. 


Жети ЯШ Shivam Enterprises, manufactures 60 units of steam irons per day, and its input ШЕ ыы 


costis Rs.200 per unit. The company adds a value of Кө. 100 and then sells it after paying 10% | Notes i 
excise duty. Calculate the final price ofeach steam iron, and how much total duty has been paid 


“atthe end of the month when the transaction is without Cenvat. 


Solution : Input Cost =Rs. 200 per unit 
Value added =Rs.100 
` Total = Rs. 300 


for 60 units per day ina month — 60 x 30 = 1800 units 
Duty paid = й5300х1800х = Rs. 54,000 ( 


19211112: VE Ganesh and Sons, produce 100 kgs chocolate biscuits per day at the cost of 


Rs. 50 per kg. If the excise duty is 5%, then how much duty has to be paid at the end of the 
month, if Rs. 20 per kg is added to the cost. 


Solution: Input Cost perkg. =Rs. 50 


Value added =Rs. 20 
Total =Rs. 70 
5 
Duty for one month = Rs[70x100x30x 1001 = Rs. 10500 


Denver ПЕ] Sharma and Company manufactures 5 quilts a day and uses cotton fiber 


(Rs.100 per kg) and cotton cloth (Rs.50 per meter) as input. In making one quilt 2 kgs of cotton 
fibre and 5 meters of cloth are used. If excise duty on cotton fiber is 8% and on cloth itis 10% 
while on quilt it is 12%, calculate the total duty paid to the government in one month when the 


Value added by the Company is Rs.109 per quilt, if the transaction is (i) without Cenvat (ii) 


with Cenvat. 


Solution ‘Input cost of | quilt = Rs. (2х100+5х50) 
= Rs. 200 on cotton fiber + Rs. 250 on cloth. 


2. (i) Without Cenvat (for one quilt) 


Cotton Fibre = Rs. 200 Cloth = Rs. 250 
Rs. 16. + Кө. 25. 
Rs. 216 Rs. 275 
Total for 1 quilt = Rs. (216 +275) = В. 491 
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Valueadded =Rs.109 


Total - Rs. 600 
Duty12% | -Rs.72 
Total =Rs. 672 


and excise duty paid for 1 month @ 5 quilts per day 
= 5х30х[16+25+72] = Вз.16950 
(ii) With Cenvat (for one quilt) 


Input cost = Rs. (200 + 250) =Rs. 450 

Value added =Rs. 109 

Total =Rs. 559 

Duty (12%) = 67.08 

Total ` = 626.08 

Total duty paid for one month = 5х67.08х30 = Rs. 10,062 


|Ехатріс40.4 Ahuja's unit stiches 20 ladies suits out of which 50% she exported to 
America and the rest 50% are sold in the domestic market. In preparing one suit,5 meters cl 
is required which is purchased at Rs.120 per meter and she adds value of Rs.100 per suit 
excise duty on cloth is 5% then calculate how much excise duty she has to pay to the gove 
at the end of the month using Cenvat transaction method. 


Solution : Input cost for one suit = Rs. 5х120 = ks. 600 


Value added =Rs.100 
Total =Rs. 700 
Duty (5%) ВЭЭ 
Total: ZRS 
Duty paid for 1 month =Rs. 10x30x35 = Rs.10500 


[:: 50% are exported on which, no duty is 


[Example 40.5 М sugar mill produces 10,000 kgs of sugar per дау at an input cost of Rs. 20 
per kg and adds a value of Rs.10 per kg. The excise duty is 5% which is to be paid on 5th 
the following month. If delayed a penalty of 13% per month or Rs.1000 per day, whichevel 
higheris to be paid. The Company paid the duty on 20th day of the following month. Hi 
much duty has to be paid with Cenvat. 


Solution: Input cost per kg =Rs. 20 


Value added =Rs.10 

Total =Rs. 30 

Duty (5%) = Rs: 1.50 

Total = Rs. 31.50 

Toial Duty for 1 roni = 10,000 1.50 x30 = Ез. 4,50,000 
ЖЕЕ = Rs. [450,000x 29-х xi - Rs. 29250 


MATHE 
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Total paid = Rs. [45000029250] = Rs. 479250 OPTIONAL - II 
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rate of Rs. 18000 per ton, excise duty is 16% with 2% education cess. The Company exported and Business 
half of the production to Uganda. The Company could not pay the duty on time, how much duty 
will have to be paid at the end of 20 days after the due date. 


Solution : Quantity produced per month = 2000 tons 


Indirect Taxes 


Quantity eligible for duty — 1000 tons Notes 
Cost = Rs.1000 x18000 = Rs. 18,00,0000 
Юшу (16%) = Rs. 2880000 
Education cess (296) = Rs.57600 
Total = Rs. 2937600 
^45 532320 
Penalty = Rs.2937600x 106 х 20 = Ёз. 254592 
Total to be paid = Rs. [2937600 + 254592] 
=Rs. 3192192 
ТТІ А Singh and Company produces steel utensils at the rate of 200 kgs per day after ( 


using inputs of Rs.10,000. The excise duty is 16% with 2% education cess. Ifthe duty is paid 
10 days after the due date, calculate the amount of penalty to be paid. 


Solution : Inputs =Rs.10000 
Duty (16%) =К5.1600 
Education cess =Rs. 32 


Total =Rs.1632 
13 10 
2 RESIS ABs ap) 
Penalty Rs. 16325100 30 
Which is less than Rs. 10 x1000 = Rs.10000 (@Rs.1000 per day) 


Penalty to be paid is Rs.10,000 


ТТТ ГІ Singla Enterprises produces 10 kgs. of wafers per day by using inputs of 


Rs.150. The company added a value of Rs.10 per kg. The excise duty is 16%. Calculate the 
total excise duty paid after a month through (i) with Cenvat (ii) without Cenvat. 


Solution: (i) With Cenvat 


Input Cost =Rs.150 
Value added = 10х10 =Rs.100 
Total =Rs.250 
Duty (16%) =Rs. 40 
Total =Rs.290 
2. Total duty paid per month = Rs. 40x30 
=Rs.1200 
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(ii) Without Cenvat 
Input Cost =Rs.150 
Duty (16%) = Кз. 24 
Total =Rs. 174 
Value added =Rs.100 
Total =Rs. 274 


Duty (16%) = Rs. 43.84 
Total = Rs. 317.84 
Total duty paid = Rs. (43.84 + 24.00) x30 
=Rs. 2035.20 
г. With Cenvat is beneficial to the customer. 


CHECK YOUR PROGRESS 40.1 


A cotton mill, manufactures 100 kgs of cotton and 118 kgs of nylon per day. The сс 
production of cotton and nylon is Rs.18.50 per kg, and Rs. 23.69 per kg respecti’ 
the excise duty on cotton is 8% and on nylon is 1096, how much excise duty, the 

to pay at the end of each month? 


Kohli Garments, manufactures readymade garments. It utilizes 50 meters of cloth 
day which is Rs. 60 per meter. From 50 meters of cloth, it produces 30 frocks whi 
sold after adding a value of Rs.50 for each frock. Ifthe excise duty on frocks is 
calculate the total excise duty, the company has to pay to the government per mo! 
the transaction is with Cenvat. 


Mrs. Mehta in her factory manufactures biscuits at the rate of 1000 kgs. per day: ® 
fixes Rs.80 per kg. as MRP and gets abatement of 50% on biscuits. How much 
has to pay at the end of the month ifexcise duty on biscuits is 16%. 


A company manufactures 10 refrigerators per day at the rate of Rs. 21500. D 
paid is 10% with abatement of 20%. How much duty the company has to pay at thi 
ofthe month? , 


40.3.5 Customs Duty 


Custom duty is a form of indirect tax. Standard English dictionary defines the term " 
duties imposed on imported or less commonly exported goods. This term is usually 
those taxes which are payable upon goods or merchandise imported or exported. 1 
defined as tax imposed by the government on the import of items (goods). The Cus 


ы. 
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was formulated in 1962 to prevent illegal imports and exports of. goods. Besides, allimportsare| ^ OPTIONAL - II 


sought to be subject to a duty with a view to affording protection to indigenous industries. Mathematics for 
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40.3.6 Additional Information on Customs Duty ш 


Education cess (02% : With effect from 10.09.2004 an education cess has been levied оп 
items imported into India. It is leviable @2% on the aggregate of customs duties leviable on such 
goods. 


No duty on pilfered goods: If any imported goods are pilfered after the unloading thereof and 
before the proper officer has made on order for clearance for home consumption or deposit ina 
watehouse, the importer shall not be liable to pay the duty leviable on such good. The term 
"pilfer" means to steal especially in small quantities. 


Abatement of duty on damaged goods: The term 'damage' denotes physical damage to the 
goods, This implies that the goods are not fit to be used for the purpose for which they are 
meant. The damaged goods get some % of abatement of damage in the customs duty. 


Exemption: Article 265 of the Indian Constitution provides that 'no tax shall be levied or collected 
except by authority of law. The power of the central government to alter the duty rate structure 
isknown as delegated legislation and this power is always subject to superintendence and check 
by parliament. If the central government is satisfied that it is necessary in the public interest so to 
do, then whole or part of customs duty can be exempted from the customs duty. 


Additional duty of Customs: Apart from the customs duty levied as a percentage of the value 
of goods, the following example illustrates the method of computing the additional duty of customs. 


Assessable value : Rs 1,000 
Rate of basic customs duty :25% 
Rate of additional customs duty :16% 
Basic customs duty @25% of Rs1000 : Rs 250 
Total value for computing additional customs duty : Rs 1250 
Additional customs duty (16% on Rs1250) : Rs 200 
Total duty payable 250+200 : Rs 450 


Chaddha & Chaddha group of companies imports steel worth Rs 10 crores 
and customs duty levied on steel is 10%. Calculate the total amount of custom duty they have to 
Pay on this transaction, if2% education cess is to be charged on customs duty. 


Solution : Total cost of imported steel is Rs 10 crore i.e. 100000000 
Custom dutyimposed @ 10% 


10 
- 0х-- 
100000000 х 100 


- 10000000 


2 
Education cess = 10000000: 0, = Rs. 200,000 


Total duty paid by the company is Rs. 102,00,000. 


MATHEMATICS 
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OPTIONAL - | [БШП Ram Kumar imports 25 quintals of fiber from England at the rate of £500 per 
Mathematics for 


the government as customs duty, if2% education cess is to be charged on customs duty, (Take 
£1=Rs. 80) 
Solution: Total cost offiber = Rs. 25x500x80 


=Rs. 10,00,000 
40 
customs duty = Rs.10,00,000x 1m 
= Rs. 400,000 
Education cess (2%) = Rs. 8000 
Total amount to be paid - Rs. 408000 


| Example 40.11 М@ Prasad imports 700 kgs of sugar per day @ Rs 20 per kg, Customs 


duty on sugar is 20%. How much customs duty he has to pay ina month, if 2% education cess 
is to be charged on customs duty. 


Solution: Total cost perday = Rs.[700 x 20] =Rs.14000. 


20 
Customs duty 14000 м Rs. 2800 


Customs duty forthe month ‘= Rs. 2800 x 30 


=Rs. 84000 
Education cess (2%) =Rs.1680 
Total =Rs. 85680 


Mr. Kumar imports 50 kgs of chocolate @ Rs 250 per kg, 80 kgs of 
biscuits @ Rs 400 per kg and 1 quintal of wafers @Rs 200 per Кр. 25% of chocolate, 10% of 
biscuits and 15% of wafers were damaged in the transport. Customs duty on all these items Ё 
25% but on damaged goods it is 5%. Calculate the total amount of duty he has to pay for this 
transaction, if2% education cess is to be charged on customs duty. 


Solution: 
Damaged Items Undamaged Items 


25 
Chocolates =50х um 12.5kg Chocolates — 37.5 kg 


г 10 
Biscuits= 80x 100^ 8kg Biscuits = 72kg 
15 
Wafers = 100x 100^ 15kg Wafers = 85kg 


Cost= Rs. (12.5х250+8х400+15х200) = Rs.9325 (damaged items) 
Cost= Rs. (37.5x250+72x400+85x200)= Rs.55175 (undamaged items) 
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5 
» Duty = Rs[9325x—+55175x 2 = Rs:14726.25 Mathematics for 
100 100 Commerce, Economics 
Education cess =295 and Business 
Total =15021.25 5 


ЮО ВЕЙ Мг. Mohta imports 5 T.V. sets@ $240 per set, 10 dish washers @ $400 


per unit and 25 computers @$500 per unit from Japan. Customs duty on TV is 25%, on dish Ni oo 
washer 30% and computer is exempted from customs duty. Calculate the total amount of customs 
duty (in rupees) he has to pay, if2% education cess is to be charged on customs duty. 


(Take $1=Rs 45). 
Solution: Customs Duty on 5 TV sets 


эй. [5x240x45x 224 = Rs. 13500 
100 
customs duty on 10 dish washer 
= Rs. [10x 400 45x =a = Rs. 54000 


Customs duty оп computers = NIL 


Total duty paid =Rs. 67500 
Education cess (2%) =Rs. 1350 
Total =Rs. 68850 


15211112 USE м. Gupta imports 20 Quintals of packed food @Rs. 20 рег kg. Customs 


duty imposed on it is 25% and 16% of additional duty. Calculate the total amount Mr Gupta has 
to pay to the government, if 10% of the goods were pilfered. Assume that 2% education cess is 
charged on customs duty. 


Solution: Quantity pilfered  =2quintals 


Balance = 18 quintals 

Cost = Rs. [18x 2000] = Rs. 36000 

Customs duty (25%) =Rs. 9000 

Total = Rs. 45000 

ae 1б = Rs. 7200 

dditional duty (16% ) Б (50005 100 A 

Total duty paid = Rs. (9000 + 7200) 
=Rs.16200 

Education cess (2%) `= Rs. 324 

Total =Rs.16524 


Mr. Khurana imports 200 kgs of cashew nuts in which 50% are shelled and 
50% are inshelled and 100 kgs of almonds out of which 50% are shelled and 50% are inshelled. 


MATHEMATICS 


Indirect Tax 


Customs duty on shelled nuts is 70% and 60% in case of inshelled nuts. Inshelled cashew пай” 


OPTIONAL - Il 


Mathematics for — | Rs 200 per kg and shelled is Rs 250 perkg and inshelled almond is Rs 300 per kg and shelled 
ear is Rs 350 per kg. 125% cess is levied as additional duty on shelled nuts, calculate how much 
ап! 


Mr Khurana has to рау as customs duty, if 10% of the goods were pilfered. Assume that 2% 
education cess is charged on customs duty. 
Solution: Cost of shelled cashew nuts = Rs. (100 x 250) m Rs. 25000 


Duty ERST 25000x = Rs.17500 

Total = Кз, 42500 
Additional duty (25%) = Rs.[42500x E = Rs.10625 
Total duty paid in this case = Rs. 28125 2-4) 
Duty on inshelled cashew nuts = Rs. 100x200 77. = Rs. 12000 (di). 


І 


Rs. 350 х 50 =Rs.17500 


Ёз.17500х-/9- = Rs. 12250 | 
100 


Price of shelled almonds 


Duty (70%) 
Total = Rs. 29750 


Additional duty (25%) 
Total duty on shelled Almonds =Rs.19687.50 ... (iii) 


25 
Rs. (29750x 22.) = Rs. 7437.50 
(29750х оо) 


Duty on inshelled almonds = Rs. [300x 50х = Rs.9000 Е. 


Adding (i), (8), (iii) and (iv) we һауе 
Amount = Rs.68812.50 
Education Cess = Rs. 1376.25 


Total = Rs. 70188.75 = Rs. 70189 


CHECK YOUR PROGRESS 40.2 


1. Kishori Lal & Sons, imports 100 quintals of wheat @ Rs 1000 per Quintal and Customs 
duty levied on wheat is 35%. If 5% of the import items are pilfered then how much duty 
they have to pay, if2% education cess is to be charged on customs duty. 

(Note: No customs duty is paid on the pilfered goods). 

2. Мг. Gulati imports 90 kgs of wheat @ Rs 10 per kg and 120 kgs of rice @ Rs 20 pet 

kg.The customs duty on import of wheat is 35 % as against 20% for rice. Find the total 

duty paid, if2% education cess is to be charged on customs duty. E 


Moti Lal & Company imports capital equipments worth Rs 10,000 crores. He supP 


customs duty he has to рау in total, if2% education cess is to be charged on customs OPTIONAL - ll 
duty. Mathematics for 

4. Mz Mittal imported 2500 quintals of wheat @ Rs. 12 per kg, 20% of customs duty and | Commeres, Economics 
2% educational cess is levied on it. If2% ofthe wheat was pilfered and 5% are damaged 
on which 5% duty is levied, calculate the total amount payable to the government? 


40.3.7 Sales Tax 


Tax paid by the consumeron the purchase of some items is called the sales tax. Rates of sales tax 
depend upon the nature of the goods purchased by the consumer. 


40.3.8 Value Added Tax 


Under the Indian constitution, the States have the exclusive powers to levy tax on the sales of 
goods. The tax on the inter-state trade is levied by central government, and is called Central 
Sales Tax (CST). It is proposed to abolish CST in phased manner. Due to various defects in the 
Sales Tax System, the Govt, has introduced a new system called Value Added Tax (VAT) in 
place of State Sales Tax. 


VAT is a multi-point tax levied and collected on the value added to goods at different stages of 
sale. It is a method of taxing by stages. The method consists of levying a tax on the value added 
to a product at each stage of production or distribution. It is another form of sales tax where tax 
is collected in stages rather than collection ofthe tax at the first or last point. VAT, in simple 
terms, isa multi-point levy on each of the entities in the supply chain with the facility of set-off of 
input tax i.e. that is, the tax paid atthe stage of purchase of goods by a trader and on. purchase 
ofraw materials by a manufacturer. Only the value addition in the hands of each ofthe entities is 
Subject to tax. For instance, ifa dealer purchases goods for Rs 100 from another dealer and a 
tax of Rs 10 has been charged in the bill, and he sells the goods for Rs 120 on which the dealer 
will charge a tax of Rs 12 at 10 per cent, the tax payable by the dealer will be only Rs2, being 
the difference between Rs. 12 the tax collected and Rs. 10 tax already paid on purchases. Thus, 
the dealer has paid tax at 10 per cent on Rs 20 being the value addition of goods in his hands. 


Most State governments have implemented VAT w.e.f. 1.4.2005. Haryana was the first state to 
implement VAT w.e.f. 1.4.2004 in the first year itself, Growth in tax revenue has been reported 
by the States as compared to the tax collection during the same period in previous year. Іп case 
ofthe loss to the State on switching overto VAT, the Central Government will compensate the 


loss to the State. 


40.4 CHARACTERISTICS OF VAT 


Itissimple, modern and transparent tax system. 

Itisamultipoint tax with credit for the tax paid at preceding stage. 

Small traders (whose turnover is up to Rs10 lakhs) are outside VAT. 

VAT replaces a number of taxes like turnover tax, luxury tax, surcharge etc. 

VAT being efficient is considered to be better than sales tax. 

VAT has four rates instead of the large number of rates under sales tax. 

Composition scheme for small dealer having turnover above taxable quantum of Rs 10 
lakhs but below 50 lakhs. à 
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8. VAT eliminates cascading by providing credit of taxes paid on inputs and only taxing 
Mathematics for value addition. 
Commerce, Economics ; 
and Business 


40. 4. 1 Calculation of Tax Liability under Vil 


will pay to the government only Rs. 40.00 the tax payable is tax rate multiplied by valuati 
addition. In this case it would be 0.04 x (20000 — 19000) = 40. 


VAT liability for any tax period, is calculated by decreasing total input tax from total output ых 
The output tax is calculated by multiplying the turn over (Sales) by applicable VAT rates, | || 


Net tax = output tax — input tax 


Notes 


If difference is (+) pay this amount to government. 


If difference is (—) apply excess credit against your VAT liability and claim refund for any re 
balance OR the excess credit can be carried forward to the next period. 


40.4.2 Advantages of VAT 

Self-assessment by dealers. 

Higher revenue growth from states. 

Set off for input tax paid on previous purchases. 

Other taxes to be eliminated. 

Faimess in the taxation system. Visits to tax department will reduce. 
Help to reduce tax evasion and corruption. 

Uniform rates of VAT will boost fair trade. 

VAT does not lead to price rise. 

VAT is easier to enforce. 


40.4.3 Disadvantages of VAT 


1. Record keeping systems and procedure will need (о re-strengthen with Tax Authorities 1 
order to claim input tax credit. иг 


2. VAT may lead to tax evasion if false input credits are submitted by dealers. 


40.4.4 Additional Information on VAT D 


Turnover: It means the aggregate of the amounts of purchase price paid or payable by 
person in any tax period, including any input tax. ] 


Sale: Any transfer of property in goods by one person to another for cash or for any defe т d 
payment. | 
Rates of Tax: The rates of VAT payable on the taxable turnover of a dealer shall be : 
i) in respect of goods specified in the second schedule, at the rate of 1%. 

i) in respect of goods specified in the third schedule, at the rate of 4%. 

Ш) in respect of goods specified in the fourth schedule, at the rate of 20%. 
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and all the goods other than those in three schedules, at the rate of 12.5%. 


Tax Credit: A dealer who is registered shall be entitled to a tax credit in respect of the turnover 
of purchases occurring during the tax period where the purchase arises in the course of his 
activities as a dealer and the goods are to be used by him direétly or indirectly for the purpose of 
making sale. 1 

No tax credit shall be allowed 

i) inthe case of the purchase of goods from a person who is not a registered dealer. 


ii) forthe purchase of goods which are to be incorporated into the structure of a building 
owned or occupied by the person.. 


iii) when a dealer has purchased goods and the goods are to be used partly for the purpose 
of making the sales, the amount of the tax credit shall be reduced proportionately. 


Net Tax: The net tax payable by a dealer for a tax period shall be determined by the formula: 
Net tax= О-1- С 
where 
O= the amount of tax payable by the person at rates stipulated in respect of the 
taxable turnover arising in the tax period. 
I= the amount of the tax credit arising in the tax period to which the person is 
entitled for adjustment to the tax credit required by this Act. 
C= the amount if any, brought forward from the previous tax period. 
‘Penalty: Ifa person is required to furnish a return, but fails to furnish any return by the due date 
or fails to furnish with a return any other document that is required to be furnished with the return 
then he has to pay penalty of Rs 100. per day from the day on which the requirement arose until 
the failure is rectified and maximum amount of this penalty is Rs. 10,000. 
If'A' purchases goods worth Rs. 20,000 from the manufacturer and adds 
value of Rs. 5,000, calculate the total sale price of the product, if VAT levied @ 12.5%. 
Solution: Cost price = Rs. 20,000 
Value added = Rs. 5000 


125 
1000 


VAT (12.5%) = Rs. 5000x—— = Rs. 625 


Total sale price = Rs. 25625 


Ms. Raghava purchases cotton fiber @ Rs. 50 per kg and 1 kg of fiber 


produces 2 meters of cloth. She again sold this cloth in the market @ Rs. 38.50 per meters, VAT 
levied on the cloth is 8%. Calculate the total VAT collected by the govt. in this whole transaction? 


Solution: Cost of cotton fiber = Rs. 50 


Selling price of cloth=Rs.77 
Difference=Rs.27 


<. 27 = value added + VAT 


OPTIONAL - II 
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Notes 
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27x 
5785 
ог, х=251.е value added = Rs. 25 
VAT=Rs. 2 


Mr. Singh purchases 10 computers @ Rs. 17,500 per computer. On. 


computer he earns Rs. 2000 and pays VAT @ 8%. What will be the total sale price of th 
computers and how much VAT he has to pay? { 


Solution: Cost of one computer =Rs.17500 
Value added (profit) =Rs. 2000 
Total =Rs.19500 
VAT(8%) =Rs.160 
Selling price of one computer = Rs.19660. 
Total selling priceof 10.computers ^ =Ёз.196600 
Total VAT paid =Rs.1600 


КЛИ ШАР A washing machine dealer, purchases 5 washing machines (WM) @R 


22,000 per unit and 2 WM @ 25,000 per unit from the company. After earning profitof! 
6000 on each machine. The dealer sells 5 WM at Rs. 28750 and 2 WM at Rs. 31750. 


Solution: Cost of 5 Washing Machines = Rs.5 x 22000 = Rs.110000 
Profitearned =5 x 6000 = Rs. 30000 
Total =Rs. 140000 


Selling price | = Rs. [5 x 28750] = Rs.143750 
VAT Paid | = Rs. ( 143750 —140000) =Rs. 3750 


3750 

VAT% = 30009 100 = 12.5% 

Cost of 2 Washing Machines 7 Rs. 50000 

Profit added = Rs.12000 

VAT (12.5%) 7 Rs. 1500 

Total selling price = Rs. 63500 

2. Total VAT paid =Rs.(3750 + 1500) 

= Rs. 5250 

ВЕНЕВ Suppose a computer dealer sells computer at Rs. 12,240 and һе pureh 
the same computer at Rs 8000. VAT levied on computers is @ 8% but he g еб 
Calculate how much VAT he has to pay and how much is the total collection of VAT bj 


government. 
Solution: Cost Price = Rs. 8000, Selling Price = Rs.12240 


Indirect Taxes 


~ Profit+VAT = Rs. 4240 О | OPTIONAL - 1i 
VAT(%) = (8—2)% = 6% Mathematics for 
Commerce, Economics 
: ч 6 53х and Business 

A = = x+—x=—— 

2.4240 = profit + 6% of profit= х 100 ^ 50 

ог, =: Оха ар 4000 

53 
2 VAT paid = Rs. (4240 - 4000) = Rs. 240 


ШЕШ ИРА A dealer purchases dish washer (DW) at Rs. 15,000 and further sells it at 


Rs. 20,200. If VAT levied on DW is 4%, calculate profit earned by him and how much VAT he 
has to pay to the govt. Also calculate the total VAT given to the govt. in this whole transaction. 


Solution: Cost Price of Dish washer =Rs.15000 


Selling Price = Rs. 20200 
г, Difference =Rs. 5200 
Let value added =Rs.x 
26x 


5200 = x - 496 of x = —— 
25 


ог, ts 5200x 22 = Rs.5000 
26 


2. Profit earned = Rs. 5000 
VAT paid = Rs. 200 | 


Example 40.22 ТШ purchases 100 Wall Clocks (WC) @ Rs. 70 per unit and he sold all 


these WC to Ramesh at Rs. 9250 where he earns profit of Rs. 2000. After adding value of 
Rs. 30 per unit Ramesh sells these WC in the market. If VAT is same on all these clocks, 
calculate how much VAT Sushil has to pay and at what price Ramesh sells these WC in the 
market. 


Solution: Price paid by Sushil = Rs.(100 x 70) = Rs.7000 


Profit earned = Rs.2000 
Total - Rs.9000 
Selling price (including VAT) = Rs. 9250 
^ VAT = Rs. 250 
^. VAT (96) = Am" 100 212.576 
Price paid by Ramesh - Rs. 9250 
Value added = Rs. 3000 ` 
Total =Rs.12250 
12.5 3000 = Rs. 375 
VAT = Rs. 10 009 : 
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Selling Price = Rs. (12250 + 375) = Rs.12625 


^ 
е  СНЕСКҮОГЕРКОСКЕ55 40.3 


1, A wholesaler bought 2 quintals of rice at Rs. 4,000 per quintal on which he added value 

of Rs. 750 per quintal. If VAT levied is @ 8% then what will be its total sale price? 

A wholesaler purchases wheat @ Rs. 1000 per quintal, and then after converting the 

wheat into flour he sells it to the retailer @ Rs. 15.20 per kg. If he pays VAT (04%, 

calculate the total profit earned by the wholesaler. 

3. Sudhira garment merchant purchases garments worth Rs. 50,000. By adding his profit 
of Rs. 15,000 he sold the whole stuff at Rs. 66,200. Calculate at which rate VAT was 
levied and total collection of VAT by the govt. 

4. А manufacturing unit of AC (Air Conditioner) sold an AC to the dealer at certain rate 
who further sold it to a customer at Rs. 22,800 making a profit of 50%. If VAT is levied 
@4%, calculate the rate at which AC was sold by the manufacturing unit to the dealer. 

5. Gopal Electronics purchases 50 T.V. sets @Rs.10,000 per set and earns Rs. 5,000 on 
each set as a profit. If the company pays Rs. 25000 to the govt. as VAT, calculate at | 
what rate VAT is levied on T.V. set. 

6. “Bob Robert purchases 200 electric steam irons @ Rs. 750 each and he earns Rs. 25 on 

`_ first 50 irons, Rs. 50 on next 50 irons, Rs. 75 on next 50 irons and Rs. 100 on rest 50 
irons, If VAT is levied @ 8%, calculate total VAT paid by Bob Robert to the government. 


N 


40.4.5 Application of Sales Tax 


A manufacturer produces goods worth Rs 100 and on that he has to pay 10% sales tax, which 
is Rs 10, then its total sale price is Rs 110, 


Manufacturer: 100+10=110 
C.P+10%S.T -Т.8.Р (Total Selling Price) ) 


Wholesaler purchases goods from (һе manufacturer at Rs 110 and adds Rs 20 as a profit an 
10% sales tax, so his total sale price is Rs 143, 


Wholesaler: 110420 7130-13 7143 
C.P+ Profit = S.P + 10%of S.P —T.S.P. 


Retailer purchases the same commodity from the wholesaler at Rs 143 and adds Rs 27 488 
profit which comes to Rs 170 + 10% sales tax. Now total sale price comes to be Rs 187. 
Retailer: 143+27=170+17=187 


С.Р + Profit = S.P + 10%o0f S.P -T.S. P. 
In the whole procedure total collection by the government in the form of sales tax is Rs. 40. 
Government's total tax collection =10+13+17= 40. 


40.4.6 Application of value added tax 
Manufacturer= 100+10=110 


C.P+VAT=T.S.P 
MA EMATICS 1 
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Wholesaler: 110+20 = 130, but he has to pay tax on 130 -110 —20 ie. Rs. 2. OPTIONAL - Il 


C.P+ Profit =S.P ; Mathematics for 
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Retailer: 132427 = 159+2.7=161.7 
С.Р+ Profit =S.P+VAT -T.S.P 
Government's total tax collection =10+2+2.7 =14.7 


From the above illustration, it is clear that if sales tax and VAT are imposed on the goods whose 
cost price is same and same rate of taxes are imposed, in case of sales tax, Government collects 
Rs 40 but in the case of VAT the total collection by the Government is only Rs14.70 


40.4.7 Difference between VAT and Sales Tax 


SALES TAX 


1. complex system. 1. simplified tax system. 

2. different slabs of tax 2. only four slabs of tax 

3. collected at one pointi.e. firstorlast. | 3. charged at each stage 

4. no tax levied on value addition on 4. tax oneach value addition { 
subsequent sales 
problems of multiple taxation 5. asetoffis given for previous purchases 


discouragement to disclosure encouragement to disclosure 


40.4.8 Merits of Indirect Taxes 

1. Indirect taxes are usually hidden in the prices of goods and services being transacted and, 
therefore their presence is not felt so much. 

2. Ifthe indirect taxes are properly administered, the chances of tax evasion are less. 

3. Indirect taxes are a powerful tool in moulding the production and investment activities of 
the economy i.e. they can guide the economy in its resource allocation. 


40.4.9 Demerits of Indirect taxes 


l. Itisclai ^v rightly that these taxes negate the principle of ability- to-pay and are 
d jectives is to collect enough revenue, they 


therefore unjust to the poor. Since one of the ob r 
spread over to cover the items, which are purchased generally by the poor. This makes 


them regressive in effect. 
2. Ifindirect taxes are heavily imposed | 
because taxing the luxuries alone will not yield adequate ЛИЕ 
1 d'that е 
3. Direct taxes take away a part of the purchasing power of the taxpayer an 
effect of reducing demand and prices. On the other hand, indirect taxes are «Ері the 
sale prices of the taxed goods without touching the purchasing power in the first place. 
The result is that in their case inflationary forces are fed through higher prices, higher costs 
and wages and again higher prices. 
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A wholesaler purchases 15 meters of cloth from the manufacturer @Rs. 80 


cloth and making a profit of Rs.50 рег meter. Calculate how much total tax was paid to the 
government in the whole transaction, through (i) VAT and (ii) Sales tax method, considering 
that both taxes were levied @8%. ; 4 


Solution :(i) Wholesalers Cost Price =Rs.15 х 80 = Rs.1200 
VAT (8%) =Rs.96 0 

Total ‘=Rs.1296 

Value added =Rs. 15 х 20 =Rs.300 


8 
= Rs. 300х —— = Rs. 24 
VAT 2 *100 


Retailer's cost =Rs.1620 
Value added by retailer : = Rs.15 x 50 = Rs. 750 


й 8 
ҰАТ ; Rs. ie 60 
2. Net selling price 7 Rs. 2430 
Total Tax paid =Rs, ee” Rs.180 
(ii) Wholesaler's Cost Price =Rs.1200 
Sales Tax =Rs. 96 
Total =Rs.1296. 


| | Value added = Вз, 300 


Total = Rs. 1596 


Sales Tax =. Rs. (15-х1596) = Rs.128 


Total Rs.1724 
Value added by retailer =Rs.15 x 50 = Rs.750 
Total = Rs. (1724 + 750) =Rs. 2474 
Sales Tax = 8% of 2474 =Rs. 198 
Net Selling Price = Rs. 2672 
Total Sales Tax paid 7 Rs.[96 + 128 + 198] = Rs. 422 


ЖЫ А manufacturer solda TV set (Rs. 20,000 to the wholesaler. The wholesale 
sells it to a retailer @Rs. 25500 and the retailer finally sells it to the customer @ Rs. 31000. В 
VAT or sales tax whatever is levied is 10% extra at every stage, calculate the total tax collecte 
by the government through (i) VAT and through (1) sales tax. 

Solution: (i) Wholesaler’s cost Price = Rs. 20000 
VAT (10%) = Аз. 2000 
Total = Rs. 22000 


Indirect Taxes ў 5 
Since, he sells at Rs. 25500, value added = Rs. 3500 OPTIONAL - II 
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х, VAT (10%) =Rs. 350 
i Commerce, Economics 
2, Cost of Retailer = Rs. 25850 and Business 
Retailer sells at Rs. 31000. Therefore, Value added = Rs. 5150 : 
=, VAT (10%) =Rs. 515 
Hence, total VAT paid = Rs.[2000 + 350 + 515] 
= Rs. 2865 
(ii)When sales tax is paid { 
Sales Tax by Manufactures =Rs.2000 
Sales Tax by Wholesaler =Rs.25500 x10% = Rs.2550 
Sales Tax by retailer ‚ =Rs.31000 x 10% =Rs.3100 
2. Total Tax = Rs. [2000 + 2550 + 3100] 
=Rs. 7650 


ЩО А firm produces 100 units of an item per day and sells all at the rate of Rs. 20 : 


per unit to the wholesaler. Ifthe Wholesaler added Rs. 500 as his profit and sells to retailer who 
adds Rs.1000 while selling, then calculate the total tax collected by the government, through 
(i) VAT and through (ii) sales tax, if both taxes are levied (01099, 


Solution : (i) Cost of wholesaler = Ёз. 20 x100=Rs.2000 


VAT = К. 200 
Total =Rs.2200 
Value added (by wholesaler) =Вз. 500 
VAT (10%) =Rs. 50 
Total =Rs.2750 
Value added by retailer = Rs.1000 
УАТ(10%) = Вз. 100 
Total = Rs. 3850 

г. Total VAT (Tax) = Rs.[200 + 50+ 100] 
=Rs. 350 

(1) If sales tax is paid 

Cost of Wholesaler =Rs.2000 
Sales Tax =Rs. 200 
Total =Rs.2200 
Value added (by Wholesaler) =Rs. 500 
Total =Rs. 2700 
2.Тах = Rs. 270 
Total = Rs. 2970 
| Valueaddedbyretailer . =Rs.1000 
Total | = Rs. 3970 
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Tax 

Total =Rs. 4367 

Total Tax Paid ` =Rs.[200 + 270 + 397] 
=Rs. 867 


Е 


er 
©. CHECK YOUR PROGRESS 40.4 


A wholesaler purchases 15 chairs from the manufacturer @Rs.100 per chair excluding 
tax and sells them to a retailer after adding value of Rs.50 per chair. Calculate the total 
tax paid to the government in these transactions by (i) sales tax method, and (ii) by VAT 
method, if sales tax or VAT is levied @12.5% at each stage. 

A dealer purchases 30 kgs of wheat @Rs.10 per kg plus VAT and after earning a profit 
of Rs.5 рег kg the dealer sells it to the retailer. The retailer finally sells it to a customer@ | 
Rs.22.55 per kg including VAT. Calculate how much tax is collected by the Government 
through VAT which is 10% at each stage. 


LET US SUM UP 


Government has to perform many functions in the discharge of its duties, to meet these 
requirements they require capital. So, government collects money from the public in the 
form of fees, fines, surcharge and taxes, 

Taxes are the most important sources of revenue. 

The income of government through all sources is called public income or public revenue. 
Different tiers of government levies different taxes like, Central government levies-income 
tax, education cess, wealth tax, central excise and customs duty, central sales tax, etc, 
State government- Sales taxes (Now VAT), state excise duty, entertainment tax, agriculture 
revenue tax etc. Local bodies- property tax, professional tax, octroi, education cess, etc. 
Fines are compulsory payments, which are imposed to curb certain offences, and discipline 
people and fee is also compulsory payment, which are made when a person receives in 
return a particular benefit or services from the government, Whereas tax is legally 
compulsory payment levied by the government on the persons or companies to meet the 
expenditure incurred on conferring common benefits upon the people ofa country. 
Direct taxes are those taxes whose burden cannot be shifted to others and the person 
who pays it to the government has to bear it. Indirect taxes are those whose burden can 
be shifted to others so that those who pay these taxes to the government do not bear the 
whole burden but pass it on wholly or partly to others, 


Excise duty can only be levied on those items which are manufactured in India (excluding 
goods produced or manufactured in special economic zones). 
Generally 16% of excise duty and 2% cess are imposed on most ofthe all goods, xt? 


few exceptions like in textile sector. In certain cases government can fix different 
values for different classes. 4 
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In case of delayed payment, interest should also be deposited at the rate of 13% p.m or 
Rs 1,000 per day for the period of delay after 5th or 15th as the case may be, whichever 
is higher, along with the duty. 

° Exemptions: Central excise rules grant exemption from duty if goods are exported under 
bond, except exports to Nepal and Bhutan. Similarly, goods manufactured in special 
economic zones (SEZ) are not excisable goods and hence no excise duty can be levied on 

goods manufactured. 


° Tax imposed by the government on the import and export of items (goods) is called 
customs duty. 


e. Tax paid by the consumer on the purchase of some items is called sales tax. 

° VAT will replace the present sales tax in India. Under the current single-point system of 
tax levy, the manufacturer or importer of goods into a State is liable to sales tax. There is 
no sales tax on the further distribution channel. VAT, іп simple terms, is a multi-point levy 
on each of the entities in the supply chain with the facility of set-off of input tax i.e. the tax 
paid at the stage of purchase of goods by a trader and on purchase of raw materials by a 
manufacturer. 

° RATES OF VAT: There are four slabs of VAT imposed on the different goods, 
ie. 1%, 4%, 12.5%, and 20%. 

е TAX CREDIT: A dealer who is registered shall be entitled to a tax credit in respect of 
the turnover of purchases occurring during the tax period where the purchase arises in the 
course of his activities as a dealer and the goods are to be used by him directly or indirectly 
for the purpose of making sale. 

ә NET TAX: The net tax payable by a dealer fora tax period shall be determined by the 
formula: 


Net tax= О-1-С where 
O- the amount of tax payable by the person at rates stipulated in respect of the 
taxable turnover arising in the tax period. 
1-  theamountofthe tax credit arising in the tax period to which the person is entitled 
for adjustment to the tax credit required by this Act. 
С= the amount if any brought forward from the previous tax period. 


© — Ifsame rate of sales tax and VAT are imposed on the goods whose cost price is same then 
in case of sales tax, government collects more than in the case of VAT. However the 
coverage from VAT is more because in VAT there is very little chances of tax evasion. 


Cam 
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Indirect Taxes № 


e 
TERMINAL EXERCISE 
Ї: 


A garments Company manufactures 20 quilts per day and uses cotton fiber (Rs. 100 per 
kg) and cotton cloth (Rs.50 per meter) as input. In making one quilt 2 kgs of cotton fibre 
and 5 meters of cloth are used. If excise duty on cotton fiber is 8% and on cloth it is 10% 
while on quilt it is 12%, calculate the total duty paid to the government when the value 
added by the Company is Rs.109 per quilt, if the transaction is (1) without Cenvat 
(ii) with Cenvat. 

Mittal and Company produces steel utensils at the rate of 500 kgs per day after using 
inputs ofRs.25,000. The excise duty is 16% with 2% education cess. If the duty is 
paid 12 days after the due date, calculate the amount of penalty to be paid. 


A computer dealer sells computer at Rs. 15,000 and he purchases the same computer at 
Rs 10,500. VAT levied on computers is @ 8% but he gets rebate @2% .Calculate how 
much VAT he has to pay and how muchis the total collection of VAT by the government. 


A wholesaler purchases 50 meters of cloth from the manufacturer @Rs. 80 per meter 
and sells to the retailer after adding value of Rs. 20 per meter. The retailer sells the cloth | 
and making a profit of Rs. 50 per meter. Calculate how much total tax was paid to the 
government in the whole transaction, through (i) VAT and (ii) Sales tax method, 
considering that both taxes were levied @8%. 
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CHECK YOUR PROGRESS 40.1 


1. Rs. 12,826.26 2. Rs.4500 3. Rs. 30,000 
4. Rs. 1,92,000 5. Rs, 5,16,000 


CHECK YOUR PROGRESS 40.2 
1. Rs. 33,915 2. В$. 913 3. Rs.4590 Crores 4. Rs. 5,76,810 


CHECK YOUR PROGRESS 40.3 
1. Rs. 9,620 2. Rs. 500 3. 8% ; Rs. 1200 
4. Rs. 15,000 5. 10% 6. Rs. 1,000 


CHECK YOUR PROGRESS 40.4 
1. (i)Rs.493 (ii) Rs. 282 2. Rs. 61.50 


TERMINAL EXERCISE 
| (i) Rs. 67,800 (ii) Rs. 40,248 2. Rs. 10,000 
3. Rs. 255 (rounded off) 4. (i)Rs.580 (ii) Rs. 1405 
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List of Exempted Commodities 
* Agricultural implements manually operated or animal driven. 
* Aidsand implements used by handicapped persons. 
* Aquatic feed, poultry feed and cattle feed including grass, hay and straw. 
* Betel leaves 
* Books, Periodicals, Newspapers and Maps 
*  Charakha, Ambar Charakha, handlooms and handloom fabrics and Gandhi Topi. 
* Charcoal 
“ Coarse grains other than paddy, rice and wheat 
* Condoms and Contraceptives 
* Cotton and silk yarn in hank. 
e Curd, Lussi, butter milk and separated milk. 
» Earthen pot 
* Electricity energy 
» Firewood 
* Fishnet and fishnet fabrics 
* Fresh milk and pasteurized milk 
* Fresh plants, saplings and fresh flowers 
* Fresh vegetables and fruits, 
* Garlic and ginger 
* Glass bangles 
* Human blood and blood plasma 
* Indigenous handmade musical instruments 
* KUMKUM, BINDI ALTA AND SINDUR 


* Meat, fish, prawn and other aquatic products when not cured or frozen; eggs and livestock and 1 


animal hair, 
* National Flag. р. 
* Organic manure 4 3 
, xps als нет sold by булийн Treasuries; postal items like envelope, post oard | 
ol rament; ; ( nn 
юэ айл юэ ment; rupee when sold to the Reserve Bank of India and cheques, - 
* Raw wool, 
* Semen including frozen semen. 
* Silk worm laying, cocoon and raw silk, 
* Slate and slate pencils 
a Tender green coconut. 
* Toddy, Neera and Arak. 
* Unbranded bread 
* Unprocessed and unbranded salt. 
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List of Goods Taxed at 1% 
. Bullion 
» Articles of Gold, Silver and Precious Metals including Jewellery made from 
gold, silver and precious metals. 
D Precious Stones and Semi-Precious Stones 


List of Goods Taxed at 4% 
* Agricultural implements not operated manually or not driven by animal 
* All equipments for communications such as, Private Branch Exchange (PBX) and Electronic 
Private Automatic Branch Exchange (EPABX) etc. 
All intangible goods like copyright, patent, rep license, goodwill etc, 
All kinds of bricks including fly ash bricks, refractory bricks and asphaltic roofing, earthen tiles 
All types of yam other than cotton and silk yarn in hank and sewing thread. 
Aluminum utensils and enameled utensils. 
Areca nut powder and betel nut 
Bamboo 
Bearings 
Beedi leaves 
Beltings 
Bicycles, tricycles, cycle rickshaws and parts 
Bitumen 
Bone meal 
Branded bread 
Bulk drugs 
Castings 
Centrifugal, monobloc and submersible pumps and parts thereof 
Coffee beans and seeds, cocoa pod, green tea leaf and chicory 
Chemical fertilizers, pesticides, weedicides and insecticides 
Coir and coir products excluding coir mattresses 
Cotton and cotton waste 
Crucibles 2 
Declared goods as specified іп section 14 of the Central Sales Tax Act-1956 
Edible oils, oil cake and de-oiled cake 
Electrodes 
Exercise book, graph book and laboratory note book 
Ferrous and non-ferrous metals and alloys; non-metals such as aluminum, copper, zinc and 
extrusions of those 
* Fibers of all types and fiber waste 
* Flour, atta, Maida, suji, besan, etc. 
* Fried grams 
* Gur, jaggery, and edible variety of rub gur 
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* Hand pumps and spare parts 
Mathematics for * Herb, bark, dry plant, dry root, commonly known as ізгі booti and dry flower 
Commerce, Economics 5 
and Business * Hose pipes 
* Hosiery goods 
"Husk and bran of cereals 
* Ice 
* Incense sticks commonly known as, agarbatti, dhupkathi or dhupbati 1 
* Industrial cables (High voltage байв, ELPE Cables, jelly filled cabtes, optical fibres): 
e 


IT products including computers, telephone and parts thereof, teleprinter and wireless 
equipment and parts thereof 


* Kerosene oil sold through PDS | 
“ Leaf plates and cups 
* Murmuralu, pelatu, atukulu; puffed rice, muri 
* Newars 
* Napa Slabs (Rough flooring stones) 
* Oresarid minerals : 
* Paddy, rice, wheat and pulses 
* Papet and newsprint 
* Pipes of all varieties including GI pipes, CI pipes, ductile pipes and PVC pipes 
“ Plastic footwear 
* Printed material including diary, calendar etc, 
* Printing ink excludíng toner and cartridges 
* Processed and branded salt 
* Pulp of bamboo; wood and paper 
œ Rall coaches engines and wagons 
* Readymade garments 
* Renewable energy devices and spare parts 
* Safety matches 
* Seeds 
Sewing machines 
Ship and other water vessels 
Silk fabrics 
"Skimmed milk powder 
Solvent oils'other than organic solvent ой 
Spices of all varieties and forms including cumin seed 
` Sports goods excluding apparels and footwear 


e 
. 
° 
Ф 
e 
. 
. 
* Starch 
L] 
LJ 
, 
(1 
*. 
. 
. 


, aniseed, turmeric and dry chillies 


Sugar апа khandsari 4 
Tamatind у “ 
Tractors, threshers, harvesters and attachments and parts thereof L 


Transmission towers 

Umbrella except garden umbrella Ч 
Vanaspati (Hydrogenated vegetable oil) ( ‘ 
Vegetable ой including gingili oil and bran ой | 
Writirig instruments wc E 


Indirect Taxes 


List of Goods Taxed at 20% 
Petroleum Products other than liquid petroleum gas, Compressed Natural Gas and Kerosene 
such as 
V Naphtha 
У Aviation Turbine Fuel; 
м Spirit 
У Gasoline 
У Diesel(High Speed Diesel, Super Light Diesel Oil, Light Diesel Oil) 
Y Furnace Oil 
Y Organic Solvent 
У Coal Tar 
У Wax (except Petroleum wax used for manufacture of candies) 
У Mixture and combination of above products 

o Liquor (Foreign and Indian Made Foreign Liquor). 

* Country Liquor. 

+ Narcotics (Bhaang), 

* Molasses. 

* Rectified Spirit, 
,* Lottery Tickets. 

s Brake Fluid, 

* Food served in Star Hotels 
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APPLICATION OF CALCULUS IN 
COMMERCE AND ECONOMICS 
— SS SSS 


After studying this lesson, you will be able to : 


e define Total Cost, Variable Cost, Average Cost, Marginal Cost, Total Revenue, Marginal 
Revenue and Average Revenue; 


А find marginal cost and average cost when total cost is given; 
• find marginal revenue and average revenue when total revenue is given; 
. find optimum profit and minimum total cost under given conditions; and 


“ find total cost/ total revenue when marginal cost/marginal revenue are given, under given 
conditions. 
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Application of Calculus іп Commerceand Economics 


EXPECTED BACKGROUND KNOWLEDGE 


e Derivative ofa function 
e  Integrationofa function 


41.1 BASIC FUNCTIONS 


Before studying the application of calculus, let us first define some functions which are used in 
business and economics. 


41.1.1 Cost Function 


The total cost C of producing and marketing x units ofa product depends upon the number of 
units (x). So the function relating С and x is called Cost-function and is written as C=C (x), 


The total cost of producing х units of the product consists of two parts 


@ Fixed Cost 

() ^ Variable Costi.e. С (x) =F +V (x) 

Fixed Cost : The fixed cost consists ofall types of costs which do not change with the level of 
production. For example, the rent of the premises, the insurance, taxes, etc. 


Variable Cost : The variable cost is the sum of all costs that are dependent on the level of 
production. For example, the cost of material, labour cost, cost of packaging, etc. 


41.1.2 Demand Function 


An equation that relates price per unit and quantity demanded at that price is called a demand 
function. 
If'p'is the price per unit ofa certain product and x is the number of units demanded, then we 


can write the demand function as x = f (p) 


or р= 8 (x) i.e., price (p) expressed as a function of x. 


11.1.3 Revenue function 


Ех is the number of units of certain product sold at a rate of Rs. р! perunit, then the amount 
derived from the sale of x units ofa product is the total revenue. Thus, if R represents the total 
Теуепше from x units of the product at the rate of Rs. 'p' perunit then 


В= р.х is the total revenue 
Thus, the Revenue function R (x) 7 p.x. =X .p (X) 


41.1.4 Profit Function | ; 
The profit is calculated by subtracting the total cost from the total revenue obtained by selling x 
ШШ of a product. Thus, if P (x) is the profit function, then 


P(x) - (х) - C(x) 


41.1.5 Break-Even Point 1 Y 
Break even point is that value of x (number ofunits ofthe product sold) for which there is no 
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Commerce Есш! оз At Break-Even point P (x )=0 
and Business R(x)—C(x)=0 ie. R( x) = C(x) 
Let us take some examples. 


аи (353 НЭ Рога new product, a manufacturer spends Rs. 1,00,000 on the infrast 


(ii) Revenue function 
(iii) Profit function, and (iv) the break even point. 
Solution : (i) Let x be the number of units produced and sold, 
then cost function C (х) = Fixed cost + Variable Cost 
= 1,00,000 + 150 x 
(ii) Revenue function = p.x 200 x 
(iii) Profit function P(x)= R ( x) - C(x) 
— 200 x — (100,000--150 x) 
= 50 x — 100,000 
(iv) At Break-Even point P (x) — 0 
50 x — 100,000 = 0 


_ 100,000 


= 2000 
50 
Hence x= 2000 is the break even point. 
i.e. When 2000 units of the product are produced and sold, there will be no profit orl os 5. 


ЖЕ A Company produced a product with Rs 18000 as fixed costs. 


The variable cost is estimated to be 30% of the total revenue whenitis sold ata rate of Rs. 2% 
per unit. Find the total revenue, total cost and profit functions. 


Solution : (i) Неге, price per unit (p) = Rs. 20 
Total Revenue R (х) =р. x =20 x where x is the number of units sold. 


(ü)Costfuntion С(х)= 18000. 50 R(x) 


2 30 
= 18000 — x2 
367708 0x 


= 18000 -- 6x 
(1) Profit function „р (x) — R (x) C(x)... 10 15drmiua) х 


{ Кз. 
2941) х-(18000 ES 6x) OPTIONAL - Ii 
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19611111) 223 528 A manufacturing company finds that the daily cost of producing x items ofa 
product is given Бу C( x )—210x 4- 7000 


() ^ Ifeachitemissold for Rs.350, find the minimum number that must be produced and sold 
daily to ensure no loss. 


(i) Ifthe selling price is increased by Rs. 35 per piece, what would be the break even point. 


Solution : 
(i) Here, R (x) = 350х and C(x)—210x 4- 7000 
Р(х) 2350x—210x — 7000 
--140х- 7000 


Forno loss P(x)=0 
E 140х-7000--0 or х=50 


Hence, to ensure no loss, the company must produce and sell at least 50 items daily. 
(1) When selling price is increased by Rs. 35 per unit, 
R(x) = (350 +35)x = 385 х 


Р(х) = 385x—(210x +7000) 
=175 x — 7000 | ( 
At Break even point P(x) =0 
m 175 x — 7000 2 0 
x2 7000 _ 49 
175 


CHECK YOUR PROGRESS 41.1 

l. The fixed cost ofanew product is Rs. 18000 and the variable cost per unit is Rs. 
demand function p(x) = 4000—150x. find the break even values. 

“уд, company spends Rs. 25000 on infrastructure and the variable cost of producing one 
item is Rs. 45. If this item is sold for Rs. 65, find the break-even point. қ 

3. Atelevision manufacturer find that the total cost of producing and selling x television sets 

Each product is sold for Rs. 6000. Determine the 


550. If 


is C(x) = 50x? +3000х + 43750. 
break even points. 

4 А company sells its product at Rs.60 per 
and the variable cost is estimated to be 25 А 
(1) the total revenue function (ii) the total cost function (iii) the breakeven point. 


unit. Fixed cost for the company is Rs.1 8000 
% of total revenue. Determine : 
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A veces making company wants to ERR anew product. It observes that the 
of the new product is Rs. 35000 and the variable cost per unitis Rs. 500. The revenue 


function for the sale of x units is given by В (x) = 5000x —1 00x? . Find: ә 
(i) Profit function (ii) break even values (iii) the values of x that result in a loss. En. | 


41.1.6 Average and Marginal Functions 2 


If two quantities x and y are related as y = f (x), then the average function may be defined 


f ч ) 
as—— and the marginal function is the instantaneous rate of change of y with respect tox.ie. 


тім 


е а а | 
ейде or —(f(x)) 7 
Average Cost : Let C = C(x) be the total cost of producing and selling x units of. a product, 


then the average cost (AC) is defined as AC = 5 
! x 42 


Thus, the average cost represents per unit cost. 
Marginal Cost : Let C = C(x) be the total cost of producing x units of a product, then the 
marginal cost (MC), is defined to be the rale of change of C (x) with respect tox. Thus | 
dC d 
MC = — or — 
x) 3: (С(х)). 
Marginal cost is interpreted as the approximate cost of one additional unit of output. | 
For example, if the cost function is С = 0.2х2 + 5, thenthe marginal costis MC = 0. 4x 
/. The marginal cost when 5 units are produced is 
[МС]; = (0.4) (5) =2 


However, the actual cost of producing опе more unit after 5 units is C(6) — С(5) = Rs. 22 


The cost function ofa firm is given by C = 2х2 +x — 5. 
Find (i) the average cost (ii) the marginal cost, when x=4 
Solution : 


СЄ. 2х2%х-5 
і AG dies Ec 
@ 5 
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At х=4, АС=2(4)+1-2 
=9-125=1% 
4 
(ii) MC = A CR +1 


5. MCat x 24— 4(4)3-1 2164-1 517 


р 1 
RCT 215: Show that he slope of average cost curve is equal to — (MC - AC) forthe 


total cost function С = ax? + bx? +cx +d. 


Solution : Cost function С = ax? + bx? + сх-4 


С а 
Average cost AC === ax’ ++ 
а 2 4 
Marginal cost MC ec (ymo +2bx +c 
d (AC) - 4 PRA EPA 
Slope of AC curve TX en Ж 
=2ах+0--5 


а 
slope of AC curve = РУ 


x x 


d 
= 1 +2bx +42 ыен) 
x 


slope of AC curve 
-l[wc-Ac] 

x 

If the total cost function C of a productis given by 
x 
=2 +7 
С (E 

Prove that he marginal cost falls continuously as the output increases. 

7 ЖАЗУҒА, 247x +7 
Solution: Here c = Ee pd rer x45 


етип 
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2x? +17x +35—x? —7x 


n (х+5ў 


x? +10x +35 


oF (x+5)° 


(х+5)2 +10 


Б ЕТУ; 


10 
Itis clear that when x increases (x+ 5)? increases and so "T decreases and hence MC 


decreases. 


Thus, the marginal cost falls continuously as the output increases. 


41.2 AVERAGE REVENUE AND MARGINAL REVENUE 
We have already learnt that total revenue is the total amount received by selling x items ofthe 
product at a price 'p' per unit. Thus, R=p.x 


Average Revenue : IfR is the revenue obtained by selling x units of the product at a price р! 
perunit, then the term average revenue means the revenue perunit, and is written as AR. 


Hence, average revenue is the same as price per unit. 


Marginal Revenue : The marginal revenue (MR) is defined as the rate of change of total 
revenue with respectto the quantity demanded. 
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selling one additional unit of the product. 


Жени А ДН Тһе total revenue received from the sale of x units ofa product is given by 
R(x) =12x +2x? +6. 


Find (1) the average revenue 
(ii) the marginal revenue 
(iii) marginal revenue at x= 50 
(iv) the actual revenue from selling 51st item 


2x? +6 
Solution : (1) Average revenue АВК = 12x 2x" +6 


2 х 
=12+2х+5 ( 
(ii) Marginal revenue MR= E =12+4x, 
@) [MR |,-50 = 12 + 4(50) = 212 


(iv) The actual revenue received on selling 51st item 
=R (51)—R (50) 


=|12(51)+2(61) +6|-|12(50)+2(50) +6 
=12(51-50)+2[51 50? 


=12+2x101 
-12--202--214 
The demand function ofa product for a manufacturer isp(x)=ax+b 


He knows that he can sell 1250 units when the price is Rs.5 per unit and he can үрийн 
Шаргісе of Rs.4 per unit. Find the total, average and marginal revenue functions. 
price per unit when the marginal revenue is zero. 


Solution :Here, p(x) =axtb 


and when x = 1250, p=Rs5 
x 22 440) 
| 5=1250a+b 

and When x = 1500, p - Rs4 

4=1500a+b -G 
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2873 х 
2. Demand function is expressed ав р(х) =10— 250 


х2 p 
2. Total Revenue Ё-рх-10х-4-- ET 
250 
Аў Ri ту Ж. 
уегаре Revenue р 250 
4 Margi MR =10=2% —19..*.- 
an arginal revenue 250^ 125 
Now, when MR =0 we have 10—7-—0 х= 1250 ай 
1250 
10 -—— = 5 
[и а 


i.e., price per unit is Rs. 5. Р. 
М 


Thus, at a price of Rs 5 per unit the marginal revenue vanishes, 


(a 
[Example 41.9 гс demand function of. amonopolist is given by р = 1500 — 2x — x?. E 


(i) the revenue function, (ii) the marginal revenue function (iii) the MR when x = 20 


Solution : p = 1500 - 2x — x? 
@ ..Revenuefunction р = р. х = 1500х – 2х2 — хз 


(i) ^ Marginal revenue MR =“ (R)=1500— 4x -3x 


Gi) [MR], 2, —1500—80—1200 = 220 


CHECK YOUR PROG 


The total cost C(x) ofa company is given as C(x) = 1000'+ 25x + 2x2 whereX 
output. Determine : | 
(i) the average cost (ii) the marginal cost (iii) the marginal cost 

when 15 units are produced, and (iv) the actual cost of producing 15th unit. 
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кә 


3. The total cost function ofa firm is given as 


C(x) = 0.002x? — 0.04x? + 5x +1500 
where x is the output. Determine : 
0) the average cost (ii) the marginal average cost (MAC) Notes 
(ii) the marginal cost (iv) the rate of change of MC with respect to x 
4. The average cost function (AC) fora product is given by 


5000 
AC = 0.006х2 —0.02х —30-+—— , where x is the output. Find (i) the marginal cost 


function (ii) the marginal cost when 50 units are produced. 


3 : 
5. The total cost function for a company is given by C(x) = ral —7x+ 27 .Find the 


level of output for which MC = АС. 

6. The demand function for a monopolist is given by x 100 — 4p, where x is the number of 
units of product produced and sold and p is the price per unit. 
Find : (i) total revenue function (ii) average revenue function (iii) marginal revenue func- 
tion and (iv) price and quantity at which MR = 0. 

7.  Afirmknowsthat the demand function for one of its products is linear. It also knows that 
itcan sell 1000 units when the price is Rs.4 per unit and it can sell 1500 units when the 


price is Rs.2 per unit. 

Determine: 

(i) the demand function (ii) the total revenue function (iii) the average revenue function (iv) 
the marginal revenue function. 


5 а 
8. The demand function fora product is given by Р = өттегі Show that the marginal теу- 
enue function isa decreasing function. 


Minimization of Average cost or total cost and Maximization of total revenue, the 


total profit. 
We know that if C=C (x) is the total cost function for x units ofa product, then the average cost 


(AC) is given by 
CE) 
A 206 


In Economics and Commerce, it is very important to find 


2230 >. 
average cost is minimum. Using calculus, this can be calculated by solving ao =0 andto 


AC 
the level of output for which the 


42 
get that value of x for which a >0. 


MATHEMATICS ? [2n | 


j — OPTIONAL - 1 
В 2 
The cost function ofa firm is given by C = 2х +3x +4. Mathematics for 


Find (1) The average cost (ii) the marginal cost, (iii) Marginal cost, whenx=5. | Commerce, Economi 
and Business 


;ommerce, Economics 


Ж Application of Calculus in Commerce and Economics 
Similarly, when we are interested to find the level of output for which the total revenue is maximum, 


42 
wesolve-<[R (x)] = 0 and find that value of x for which 21800] <0. 
Similarly we can find the value of x for maximum profit by solving mal (x)] = Oand to find 


42 
that value of x for which e9] «0. 


evn АЙП The manufacturing cost ofan item consists of Rs.6000 as over heads, material 


cost Rs. 5 perunit and labour cost Rs. Ын forx units produced. Find how many units must be 


produced so that the average cost is minimum. 


2 
Solution : Total cost C(x) = 6000- 5х + 27 


6000 х 
еба 
ACT en 
d 6000 1 
АСУ Ng 
Now. ri ) 22 Tto 
d 6000 1 
АС) Ае з = 
=> x? = 3600,00 
> x= 600 
a? 12000 d 
DADA »0atx- 600 


Hence AC is minimum when x = 600 
(Example 41.11 total cost function ofa productis given by 


C(x) = х5 51557 
2 


+15750 x +18000, 


where x is the number of units produced. Determine the number of units that must be produced 
to minimize the total cost. 


2 
Solution : We have, C(x)= x? zm 15750x 4- 18000 


d 
a, 1669] = 3x? – 615x + 15750 


Application of Calculus in Commerce and Economies 


OPTIONAL - | 


© (х)| =0 Mathematics for 

dx Commerce, Economic 
2 and Business 

E: 3х2 — 615х+15750=0 of х —205x+5250=0 

ог, (х-175)(х-30)-0 

This gives x= 175, x=30 


2 
Se (х) = 6x — 615 , whichis positive at х--175 
dx 


‚ So, C(x) is minimum when 175 units are produced. 
15011112) Тре demand function fora manufacturer's productis x = 70—5p , where x 
is the number of units and 'p' is the price per unit. At what value of x will there be maximum 
revenue ? What is the maximum revenue ? 


Solution : Demand function 18 givenas x = 70 —5p 


“ЭЙР 70-х 
This gives, p= 5 


[2 
R(x) =px= 7082 


<{R(x)]=0 Ges 5 
Now, ако) C2«0 | 


2. for maximum revenue, х=35 


2 
2 ps LEIES = Rs. 245 


and Maximum revenue 


[Example 41.13 A company charges Rs.700 for aradio seton an order of 60 or less sets. The 
charge is reduced by Rs.10 per set for each set ordered in excess of 60. Find the largest size 


order company should allow so as to receive amaximum revenue. 


Solution : Let x be the number of sets ordered in excess of 60. 
i.e. number of sets ordered = (60 + x ) 
Price per set = Rs. (700— 10x) 
Total revenue R = (60+ х)(700-10х) 


THEMATICS 


Application of Calculus in Commerce and Economics 


OPTIONAL - |! 
Mathematics for 
ommerce, Economics 
and Business 


ші. (60+ х)(—10)+(700—10х).1 


= —600—10x + 700—10x 


=100—20х 
СОРЖ ЭЭН: 
4х 
2 
= -20<0 


2. For maximum revenue, ће largest size of order 
=(60+5) ѕеіѕ = 65 sets 


ЮРТ ОВЕ The cost function for x units ofa product produced and sold by a company 


is С(х)= 250--0.005х2 and the total revenue is given аз В =4х. Find how many items 
should be ойы to maximize the profit. What is the maximum profit ? 


Solution : С (x)= 250-+0,005x2 and В (x) - 4x 
2. Profit function P(x) - R(x)- C(x) 
= 4x – 250 – 0.005x? 
d 
ax IP (x)] 7 40.010 
4 


х)] = 0 gives 
4-00к-0 or ^ х=-4. 400 
саха 1005 
42|р 
and ALS с 
dx 


2. Formaximum profit, x =400 and 


maximum profit — вз 4( 400) - 250 - 2 х 400 x 400 | 


= Rs.[1600 - 250 — 800] 


= Rs. 550 
|Example 41:15 9 firm has found from past experierice'that its profit in terms of number of 
= x TE is given 2 


Р(х) x төк +2700, 0 € x « 35 


MATHEMATICS 


Application of Calculus in Commerce and Economics de 
i) the value of x that maximizes the profit, and ЗА. OPTIONAL - II 


(i) _ the profit per unit ofthe product, when this maximum level is achieved. Mathematics for 
Commerce, Economics 
b х3 and Business 

Solution : Р(х)=- ES +729х +2700 

dp (х)]|= 2x? +729 

dx 

p(x) = бы дес 00 

dx 

d? 

2] =-2x <0 


г. For maximum profit , x =27 
n х3 
@ Р(х) = —-—-+729к +2700 


2 
2. Profit per unit = las + 729 + Ee ( 
x 


= вь] -22 + 729 + E 
3 27 


= Rs.[-243 + 729 + 100] 
= Вз.[829 — 243 = Ёз. 586] 


CHECK YOUR PROGRESS 41.3 
1. Thecostof manufacturing an item consists of Rs.3000 as over heads, material cost Rs. 8 


2 
per item and the labour cost 2 for x items produced. Find how many items must be 


produced to have the average costas minimum. 
The cost function for a firm is given by 
С-300х-10х2 22 , where х is the output. 
Determine : 
0) the output at which marginal costis minimum, 
(ii) the output at which average cost is minimum, and 
(ii) the output at which average cost is equal to the marginal cost. 


P їс- 0.01х2 + 5x +100 is the cost function бог x items ofa product. At what level of 
Production ,x, is there minimum average cost ? What is this minimum average cost ? 


MATHEMATICS | 225 | 


Application of Calculus in Сошшегсе and Economics 


OPTIONAL - II - Atelevision manufacturer produces x sets per week so that the total cost of production is 
Mathematics for 
Commerce, Economics 
and Business 


given by the relation С(х)- x?-195x? +6600x +15000- Find how many television 
sets must be manufactured per week to minimize the total cost. 


The demand function for a product marketed by a company is p= mI , Wherex is 


the number of units and p is the price per unit. At what value of x will there be maximum 
revenue? What is this maximum revenue ? 

A company charges Rs. 15000 for a refrigerator on orders of 20 or less refrigerators, 
The charge is reduced on every set by Rs.100 per piece for each piece ordered in excess 
of 20. Find the largest size order the company should allow so as to receive a maximum 
revenue. 


A firm has the following demand and the average cost-functions: 
х--480-20р апа AC-IO S 


Determine the profit maximizing output and price of the monopolist. 


2 


X^ +100х 4- 40 |, Where 
100 


A given product can be manufactured at a total cost C=Rs. 


x 1 
х isthe number of units produced. If Р = Rs. [200 = asl is the price at which each unit 


can be sold, then determine x for maximum profit. 


41.3 APPLICATION OF INTEGRATION TO COMMERCE 
AND ECONOMICS 


We know that marginal function is obtained by differentiating the total function. Now, when 
Marginal function is given and initial values are given, then total function can be obtained with the 
help of integration. 


41.3.1 Determination of cost function 
If C denotes the total cost and mc =< is the marginal cost, then we can write 


C=C(x)= Ї MC) dx + k , wherek is the constant of integration, k, being the constant, is 
the fixed cost. 

| Example 41.16 В marginal cost function of manufacturing x units of a product is 
5 + 16x — 3x2, The total cost of producing 5 items is Rs. 500. Find the total cost function. 


Solution :Given, MC =5+16x —3x2 
C(x)= f (5-+16x—3x") dx 


| 226 | MATHEMATICS | 


Application of Calculus in Commerce and 


112233 OPTIONAL - II 
—25x416.5-—3.* 4k ; Mathematics for 
2 3 Commerce, Economic: 
1 and Business 


C(x) =5x+8x? -x° +k 
When x = 5, C(x) = С(5) = Rs. 500 


or, 500--25--200-125--К 
This gives, k = 400 


C(x) =5x+ 8x? – х? +400 


peri) ШЕШ The marginal cost function of producing x units of a product is given by 


MC = ———* Find the total cost function and the average cost function if the fixed cost 
[22 
x^ +2500 
_ 58$. 1000. 
Solution : 22 x +2500 
i 2 
C(x) АЕ 
J Vx? +2500 
Let x? +2500=t? = xdx=tdt 
с(к)= f +k 


When x =0 , C(0) = Rs 1000 
ў. 1000 = 42500 +k =50+k 
о, k=950 


C(x) = ух? +2500 +950 


0 950 
„с- [+2808 950 
x x 


The marginal cost (MC) ofa product is given to bea constant multiple of | 
number of units (x) produced. Find the total cost function, if fixed cost is Rs.5000 and the cost | 
Of producing 50 units is Rs. 5625. 


Solution : Here MC «x ie MC= Кух (ку іѕасо 9 


dc 
I zi = k 
a шх С In 2 


MATHEMATICS 


E —-——— 


OPTIONAL - 11 

Mathematics for 

Commerce, Economics 
and Business 


2 
x 
EU Shee 


since fixed cost = Rs 5000 - х=0 = С-5000 
= К, = 5000 


Now cost of producing 50 units is Rs 5625 


5625 = ky =" 5000 


1 
> 625=1250k, > => 
х? : 
HenceC — t +5000, is the required cost function . 


41.3.2 Determination of Total Revenue Function 
If R(x) denotes the total revenue function and MR is the marginal revenue function, then 


MR = [RC] 


| R(x)= f (MR)dx +k Where kis the constant of integration. 


R 
Also, when R (x) is known, the demand function can be found as р = мө 


The marginal revenue function ofa commodity is given as 
MR —12-—3x? +4x. Find the total revenue and the corresponding demand function. 
Solution: МЕ =12—3x7+44x 

R= f (2-5 ах хак 


R=12x-x3 --2x? [constant of integration is zero in this case] 
2. Revenue function is given by R = 12x +2x? — x? 
Since x = 0,8 = 0 >к = 0 


R i 
p-c-D-2x-x isthe demand function. ' 


ЖО ТВе marginal revenue function for a product is given by 
| WON lea 

(х-зу 

Find the total revenue function and the demand function. 


EN MATHEMATICS | 
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Solution : MR ee 4 
(x-3) - 
6 
R= кые шуу E 
J (х-3) х-3 
x=0,R=0 > К=-2 
R = ——©-—.—4х—2, whichis the required revenue function: 
ке 4d 
Now, р F (2%) = 
022630088 
7 x(x-3) x 
_-6-2х+6 , 
х(х-3) 
олз Чон 
х-3 3-х 


2 
2. The demand function is given by Р = === > 


3-х 


The marginal cost of production 5 MC = 20 — 0.04 x + 0. 003х2, where x is the number 
of units produced. The fixed cost is Rs. 7000. Find the total cost and the average cost 
function. 


The marginal cost function of manufacturing x units of a product H given by : 
MC —3x? —10x +3. The total cost of producing one unit ofthe product is Rs.7. Find 
thetotal and average cost functions. 
qu ` 14000 
3. The marginal cost function ofa commodity is given by MC = “БОГ and the fixed 
cost is Ёз. 18000. Find the total cost and average cost of producing 3 units of the product. 
th 
4. Ifthe marginal revenue function is MR = 4 5 -1› find the total шиш е 
) (2х+3) 
demand function. 
MATHEMATICS 


Application of Calculus in Commerce and Econ 
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5 If MR — 20— 5x 4- 3x, find total revenue function. 


& в MR —14 — 6x 4- 9x? , find the demand function. 


LET US SUM UP 


. Cost function of producing and selling x units of a product depends upon x. 
° C (x) =Fixed cost + Variable cost. : 


e Demand function written as p=f(x) or x=f(p) where pis the price per unit, andx 
number of units produced. | 


. Revenue function, is the money derived from sale of x units ofa product. .", R ( Эл px 
e Profit function=R (x) —C (x). ie. Р(х)= R(x)- C (x) 
e — Breakevenpointis that value ох for which P (x) = 0 


d 


A 
є Average cost AC = = | 1 
Marginal cost МС = 9. [С ( x) 1 

| 


° Average revenue AR = R =р 
X. 


e Marginal revenue = MR = iw | m 


e For minimization of AC, solve (АЮ) = 0 and then find that valie оёх она | 

m 4 ( СУН 
m2 20. : 
e For maximization of R(x) or P(X), solve a (R09) — 0 or 4 (969) 21 athe | 
find x for which 2nd order derivative is negative. 


C(x) = f (мс)ах-к, 


R(x)- f (MR)dx +k, 


Comm 


http : // www.wikipedia.org 
http : // mathworld.wolfram.com 


es 


Application of Calculus in Commerce and Economics 


OPTIONA 


2, T Mathematics for 
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l. Aprofitmaking company wants to launch а new product. It observes that the fixed cost 
of the new product is Rs.7500 and the variable cost is Rs.500. The revenue received on 


sale of x units is 2500 x — 100 х2. Find: (1) profit function (ii) break even point. 


A company paid Rs. 16100 towards rent of the building and interest оп loan. The cost о 
producing one unit of a product is Rs. 20. If each unit is sold for Rs. 27, find the break 
even point. 

3. A company has fixed cost of Rs. 26000 and the cost of producing one unit is Rs.30. 
each unit sells for Rs. 43, find the breakeven point. 

4. A company sells its product for Rs. 10 per unit. Fixed costs for the company аге Rs. 
35000 and the variable costs are estimated to run 30 % of total revenue. Determine : (i) 
the total revenue function (ii) ek cost function and (iii) quantity the о must sell to 
cover the fixed cost.. 

5. The fixed cost of anew product is Rs. 30000 and the variable cost per unit is Rs. 800.1 


the demand functionis p (х) = 4500—100х find the break even values. 
6. If the total cost function C of a product is given by 


N 


C=3x SER xd j Prove that the marginal cost falls continuously as the output increases. | 
x+5 


e 36 : 
7. The average cost function (AC) fora product is given by AC =x +5 qe — , where x 18 


the output. Find the output for which AC is increasing and the output for which ACi is 
decreasing with increasing output. Also find the total cost С and the marginal cost MC. 


8. A firm knows that the demand function for one of its products in linear. It also knows that 
it can sell 1000 units when the price is age 4 per unit, and it can sell 1500 units when the 


price is Rs.2 per unit. 
Find : (i) the demand function (ii) the total revenue function (iii) the average revenue 


function and (iv) the marginal revenue function. 


is gi =x+5 196. х= 0. Find 
9. The average cost function AC for a productis given by AC=x+ 77, : 


the total cost and marginal cost functions. Also find MC when x 10. 


10. Thedemand function fora product is givenas р--30--2Х-- 5x7, where x is the number 


of units demanded and p is the price per unit. Find (i) Total revenue (ii) Marginal revenue 
(iii) MR when x =3. 


show that the marginal revenue function is an in- 


П e 
‚ Forthe demand function p= XIX 


creasing function. 
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The demand function for Roda is given as 3x —24 — 2p, where xis the numberof 
units demanded at a price of p per unit. 


Find : (i) the Revenue function R in terms of p (ii) the price and number of units demanded 
for which revenueis maximum. 


The cost function C ofa firm is given as 
C-100x-10x +223, 


Calculate : (1) output, at which the marginal cost is minimum. (ii) output, at which the 
average costis minimum. (iii) output, at which the average cost is equal to the marginal 
cost. 


8000x 
500--х 
the p (x) is maximum. Also find the maximum profit. 


The profit ofa monopolist is given by p(x) = —х. Find the value of x for which 


The marginal cost of producing x units of a product is given byMC = x Jx +1 . Thecost ` 


of producing 3 units is Rs. 7800. Find the cost function. 
The marginal revenue function fora firm is given by 
; 2 2 
= IIS 
x+3 ( x+ 3) 


Show that the demand function isp= 228 +5. 
x+3 
The cost function of producing x units ofa product is given by C (x) = Jax+b- b . where 


a, bare positive. Using derivatives show that the average and marginal cost curves! 
continuously with increasing output. 


A manufactur's marginal revenue function is given by 


MR = 275 — x — 0.3x? . Find the increase in the manufacturer's total revenue ifthe pro- 
duction is increased from 10 to 20 units, 
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CHECK YOUR PROGRESS 41.1 
І x= Ses 


2 
3 х=@5 35 

4 R(x)=60x,C(x)=18000+ 15 x,x=400 

5 P (x) = 4500x —100x? — 35000, x =10, x =35, x <10,x > 35. 


CHECK YOUR PROGRESS 41.2 


0 
19-6) АС-1400 252% G) МС-25-4х, ( 
x ; 


@ |85 (iv) 83 
4 Е 
20009 АС-2х%3%- (@@МС=4х+3 (023 


1500 


о АС = 0.002x? — 0.04x 4- 5+ 22) 


1500 | 
@) МАС = 0.004x-004— 7 \ 


(ii) MC = 0.006х2 — 0.08x +5 


х 
і —(MC) = 0.012x — 0.08 
6) 4х 


4 @ мс-0018х2-0(4х-30 Gi) [МС] =13 | 
5 x76 | 
2 ee ӨЕ aX | 
6 @ к-25х-%- (i) AR = 25-7 | 
@ МЕ -25-7 (iv) x= 50, p - 12.5 | 
| 2 

7. @ x=2000—250p @R=8x- FG 

A х Gv) MR cq a 

(ш) AR = NE | 125 


—<€ ы сы ÁO 


n Commerce and Economies 


PROGRESS 41.3 


 OPTIONAL-I | CHECK YOUR 


Mathematics for 


Commerce, Economics | 1. 300 2; (i) x=10 Gi) x=15 (їп) x=15 
and Business 5 ! 
30 x-100, Rs.7 4x 110 5: 40, 400 
Gas 60, 25 8. 4000 
CHECK YOUR PROGRESS 41.4 
1. 20 x —0.02x? + 0.00133 +7000; 20-0.02х2-0.001х2 +7000. 
‘ x 
| о 5х2 --3x 4-7, AC=x?—5x4342 
| : -X 
OTS 10 
3. С 400047x--4--10000 , AG у +4 pues 
_ 4х Е A 
а. 6х+9 775,19 
5 вы ао 
2 
6. Plu mu 
j ў TERMINAL EXERCISE 
l. Р(д-? ^x—100x?— 7500; х=5, 15. 
2. 2300 3.- 2000 
4. К(х)=10х, C(x) 23x +35000, x 350 
5i x12,25 
7 ML DC odd 
8— x? х х 
б psS8-—— Ree SRR ще 
15 250° 250” 125 


9. х2+5х+36,2х+5;25 

1. К-30х-2х2-553, МЕ =30+4х-15х2,177 

12 R=5(24p-2p"), p= 6x =4 

13. i) x = 10 i) x =15 (iii) x-0,x -15 14. 1500,4500 


2 


ua 2 116888 
15. $697 ыу» 2 18.  Rs.1900 
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Questions For Practice - Mathematics for Commerce, Economics and Business 


Maximum Marks : 50 Time: 11 Hours 


Instructions : 


1. Answer all questions оп a separate sheet of paper. 


2. Give the following information on your answer sheet : 


e · Мате 

° Enrolment number 
° Subject 

° Assignment number 
. Address 


, Get your assignment checked by the subject teacher at жи study centre so that you get positive 
feedback about your performance. 


Do not send your assignment to the National Institute of Open Schooling 


1. Find the dividend received annually on 500 shares of par value of 100 each at 


5% payable half yearly. (2) 
2. Find the income received by investing Rs. 10,000 in 1% stock at 110. (2) 
3. The cost function ofa firm is given by C(x) = 2x? +3х+4 (2) 
Find the Average Cost (AC). 
4. The total cost function ofa firm is given as 


с(х) = 0.002х5 —0.04х2 +5x+1500  : (2). 
Find the Marginal Cost (МС)! function. : 
5. Aman buys 400 shares of a company ( of par value Rs. 100 each) for Rs.125 
per share and sells them at a premium of Rs. 45 per share. Find his gain. (3) 
6. Aman bought Rs. 12500 of 8% stock at Rs. 95 and sold it when it rose to Rs. 107. 


Find his total gain and gain percent ( Brokerage : Re 1). (3) 
7. The total cost function fora company is given by 
с(х)=2х2 -7х+27 
4 
(3) 


Find the level of output for which MC=AC 


RE 7 M 
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Questions For Practice 
OO ————————_——_———* 
8 


10. 


11 


122 


If MR -20-5х +3x?, find the total revenue function. Ч 0) 
A person invested Rs. 18000 in 8% at 90 and sold the stock at 95 and invested the 
proceeds in 12% stock, increasing his income by Rs. 680. At what price did he buy the 


latter stock? (4) 
Find simple aggregative index number for year 2000 with 1980 as base year 

Commodity A B C D E 

Price(in Rs) in 1980 200 .10 20 210 25 

Price(in Rs) in 2000 2503521502230 250 25 (4) 


The demand function for a product marketed by acompany is p = "M , where x is 


the number of units and p is the price perunit. At what value ofx will there be 


maximum revenue? What is this maximum revenue? (4) 
- sing simple average of relatives method, find price index for 2001 taking 1999 as base year. 
Commodity Wheat Rice Sugar Ghee Tea 

Price (per unitin 1999) 10 20 60 40 16 3 

Price(perunit)in2001 12 22 80 50 20: (6) 


A person invested Rs. 94649 partly in 8% stock at 104 and remaining in 5% stock at 9%. 
Ifhis total income from both stocks is Rs: 6240, find the respective investments in each stock. (6) 
A company sells its product for Rs. 10 per unit. Fixed costs for the company are 


Rs. 35,000 and the variable costs are estimated to run 30% ofthe total revenue. (6) 
Determine : 

G) ^ thetotal revenue function. 

(i) ^ total cost function 

(iii) quantity the company must sell to cover the fixed cos 


EN _ . MATHEMATICS 


QUESTION PAPER DESIGN 


Subject : Mathematics E А Class : Sr. Secondary level 
Marks : 100 Duration : 3 Hours 


1. Weightage by Objectives 


Objective 7 % of the total marks 


Knowledge 


Understanding 


Application 


Estimated 
Time a candidate 
(in minutes) 


dog 
42 
33 
36 


Number 
of questions 


Long answer questions 


Short answer questions-I 


Short answer questions-II 


Very short answer questions 


3. Weightage by Content 
Units/Sub units (Please specify ) 
Algebra 
Coordinate Geometry 
Sequences & Series 


Functions 


Calculus 
Statistics 
Optional Module** 


P.T.O 


* It is desired that the learner spends last 15 minutes for revision of the answer script. 


** Optionals are as follows : 
І. Vectors and Three Dimensional Geometry 
П. Mathematics for Commerce, Economics and Business 


2 im Bonus" etc 
Note: (i) Tabular premium per thousand, mode of payment, rate of rebate багаа T 
should be mentioned in each question of optional -I while framing q 


(ii) Rates of taxation like excise/customs duty, surcharge, education cess should be mentioned in 
each question of optional -П while framing question paper. 
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MATHEMATICS 


SAMPLE QUESTION PAPER 


Subject : Mathematics : Class : Senior Secondary 


Time : 3 Hours x Maximum Marks : 100 


Note: (i) This question paper consists of two Sections, viz., ‘A’ and ‘B’. 
(ii) All questions from Section ‘A’ are to be attempted. 
(iii) Section “В” has got more than one option. Candidates are require * 
to attempt questions from one option only. 


SECTION-A 
Т; ІҒІ, о, о? are the cube roots of unity, then prove that 
(2-o)(2-07)(2-!®)(2-@!!) =49 Q) 

2: Prove that ncs pn C, Мей “А? (2) 
3. In how many ways сап an animal trainer arrange 4 lions and 3 tigers 

in arow so that no two lions are together. (2) 
4. Find the eccentricity and the coordinates of the foci of the ellipse 3x? + 4y? =12 (2) 
8: Find the sum ofall natural numbers between 100 and 200 which are divisible Бу 7 

ОК 8 
The 4th and 9th terms of a GP. are 8 and 256 respectively. Find ће С.Р. (2). 


6. Let U={1,2,3,...,10}, A ={2,4,6,8} and В = {1,3,5,7} , verify that (AMB)'=A'UB' (2) 


me i ite 
ТЕ Find the domain of the function f (x) = ————————— (2) 
(х-1)(2х-5) 
8. Prove that ше ea еше М (2) 
8 5 3 
9. If о and В be the roots of the equation 
x? — p(x +1)—c = 0, find the value of (a+1)(B+1) . (3) 
OR 
2+i 


Find the modulus of the complex number 3-i 
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10. 


11: 


12 


Using properties of determinants, show that 


Іза 1 1 
1 1+b 1 |=be+ca+ab+abe (3) 
1 1 1+с 
OR 
Express the matrix p | asasum ofa symmetric and a skew-symmetric matrix. 
4 3 
x? y? 
Find the points on the curve Зүй 54 16 =1 at which the tangents are parallel to x-axis. 
OR 
Find the intervals in which the function 
f(x) =x3 -9x? + 24x +12 is 
' (a)increasing (0) decreasing (3) 
Evaluate : [see? xdx 
i OR 
m 
2 ЙБ ЕС. j 
Evaluate: [== (3) 
д Vsin X + үсоѕх 


Two cards are drawn at random, with replacement, from а well shuffled deck of 52 cards, 
Find the probability that both the cards are either black or red. (3) 


Find the middle-term (s) of the expansion 


1 J 3 A 
(x) @ 


The portion ofa line, intercepted between the coordinate axes, is bisected at the жээ. 0, з) 4) 


Find its equation. 
Find the equation of the tangent and normal to the circle 
x? + y? -2x -10y +1=0 atthe point (-3, 2) e 
5 x?cotx 
Evaluate : lim 
x201-cosx 
OR 
E y= |#©Хх+!шах «y йу (4) 


secx—tan x dx 
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18. 


19. 


Ole 


23. 


24. 


25. 


26. 


Solve the folowing differential equaiton : 
ET | secx-t 
Ер anx 4 
і У (4) 


In a study on effectiveness ofa medicine over a group of persons, 


the following results were obtained. 
Percentage ofrelief 0-20 20-40 40-600 60-80 80-100 
No. of patients 10 10 25 15 40 
Find the standard deviation of the above data. (4) 
Using matrix method, solve the following system of linear equations 

| х%2у%2-8,2х-у%2-3,х%3у-2-4 (6) 
Find the sum to n terms of the folowing series : 


v San эн 
+... 6 
135 357 579 (6) 


Prove that tan о: + 21ап 2+4 tan 4а + 8cot 80 = cot a 
OR Ў 
In any triangle ABC, ifa:b:c=7:8:9, show that (6) 
cos A:cos B:cos C =14:11:6 | 


A right circular cylinder is to be made so that the sum of its radius and its height is 6 m. 


Find the maximum volume of the cylinder. , (6) 
| | 6 
Evaluate [ках as limit ofa sum. (6) 
І р 
OR 
Find the area enclosed by the circle x? + y? =16 and x-axis in the first quadrant. 
SECTION-B 
OPTIONAL-I 
(Vectors and Three Dimensional Geometry) 
Show that the points P,Q and В , with position vectors 
a—2b, 2a +3b and — 7b respectively are collinear. (2) 
Find the angle between the vectors, : 
(3) 


зї+2]—3Ё and 21-3)-4К 


77:77:77) Mn c ni 
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23. 
26. 


27. 


28. 
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Find the equation ofthe plane through the points (-1, 1,1) and (1-4, 1) апа 


perpendicular to the plane x + 2у 4-22 — 5 (4) 


Prove that the lines 


хар уя3 285 д X-2 y-4 2-6 
EE K E A А 79 
are coplanar. Also find the equation of the plane containing these lines. (6) 
OR 


Find the centre and radius of the circle given by the equations : 


х2 «y? xz? -2y -4z-112 0 and х+2у+22=15 


OPTIONAL-II 
(Mathematics for Commerce, Economics and Business) 
How much money suould be invested to purchase Rs. 9600 stock at 95? . Q) 


А manat the age of 34 years takes a whole life policy (with profits) for Rs. 1 lakh. If the policy 
covers the risk of accident, calculate the amount of yearly premium assuming the following details: 


Tabular premium per thousand Rs. 30.05 : 0) 
Rebate for large sum assured Rs. 2 per thousand sum assured ў 
Rebate for mode of payment 3% of tabular premium 


Extra premium towards accident benefitRs.-1 per thousand 
| OR 


A wholesaler purchases 15 chairs from a the manufacturer at the rate of Rs, 100 per chair excluding 
tax and sells them to a retailer after adding value of Rs. 50 per chair, Calculate the total tax paid to 


. the Govt. in these transactions by Value Added Tax (VAT) method, if VAT is levied @ 12.5%at 


each stage. 
Using simple average of price-relative method, find the price index for the year 2001, 
taking 1996 as base year from the following data: \ 


Commodity Wheat Rice Sugar Ghee Tea 
Price(in Rs) in 1996 (per unit) 12 20 12 40 80 
Price(in Rs) in2001 (per unit) 16 25 16 60 96 (4) 


A firm has the following demand and the average cost function: 


х-480-20р and AC() - 10477 © 


Determine the profit maximizing output and price ofthe firm. 


MARKING SCHEME 
(For Sample Question Paper) 


Subject : Mathematics Class : Senior Secondary 
1. 1.Н8-102-0)0-02)(2-090)02-02962) 
-Q-e)G-e?)Q-eY2-e?) [3-1] І 
2 
-[0-0)(2-02)] : ^ 
=[4-2(o? е | 
-14-241 8 =49=RHS (Since 1+ю+®? =0) % 
n n Wo n! А п! и 
* kd “(ай GOD si : 
п! T | | 
=] 5 : 2 
221 n-r+l қ 
4 п! | n+l | и 
- (т-1)!(и-г)![ (п-г+1)г 
2o GOD! оры и, 
От!(п-г+1)! i 


: Ттт [ЕЕ] 7 


1, 
No. of ways of arranging 4 lions in a row = 4! = 24 y 
No: of ways of arranging 3 tigers in a row as shown in the table=3!=6 и 
1 
~. Required number of arrangements = 24x6 =144- % 
a The equation of the ellipse can be written as 
2 2 
x IY. 
75:29 
1 d 7 
=, a? =4, 52 = a 
b? =a” (1 = e?) 
: 2 
2 ANA 2 
5 3=4(1-е?) m7 
1 


Foci аге (+ ae, 0) i.e. (1,0), (-1,0) 
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ЭР We have to find the sum of 


105+112+.....+196 ГА 

196 =105+(n-1).7 2 n-14 2 

514 =-—105+196]= 2107 1 
OR 


Ty =ar" =8, ty =ar® = 256 


лар op хэл | 

ч 

а?-8 => 8а=8 =a=1 у, 

The required С.Р. is 1, 2, 8,....... и 
6. Al В=ф > (АІ B)'=U 1 

А' = {1,3,5,7,9,10}, В' = {2,4,6,8,9,10} и 

A'UB'=U=(AI В)' и 


1 


V(x -D(x-5) 


y The given function is f(x)= 


The function is not defined when (x-1)(2x-5)=0 ” 
For domain of f(x), we have 
(x-1)(2x-5)>0 Án 
(x-1) > Oand (2x —5) 0 7 
"or (x -1) «0and (2x -5) <0 
> I or x«l и 
Po 
-1(1 -1{1 АТ ИС 
8 LHS. = tan! | — |+ tan 1 = tan | 
8 5 1-1.1 
8 5 
13 
өн 1| 40 
= tan 39 и 
40 
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er ee LANE “с у 


9. Here «+В =p ап4ор--(р-с) 1 
(«+1 (В+1)=аВ+(а«+В)+1 1 


=-с-р+р+1 
-1-с 

OR 
214 (06:42 22222222 60722 
3-1 "$0 399 ТИ ps 


141 
a 
1 


с)- 
+ Th Pr 


1 


1 
а 
+ 
| 

1 
(Ёс 
К|--К|-К,4К, 

Р ЕРШ To d lol. 


I-4—3—4— 1+=—+—+— 1+=+—+— 
а с a b абс 


jt 
b 
4: 
с 


A=abe ін 
b 


o l= j= 
= 


1 
ан 1 3 
b b b 


a с 1 

D —+1 
с с с 
15:020 

= (ab + be +ca +abo)|È 1 0 
1 (С; 2C3-C;,C5 -Сҙ-С)) и 
- 0 1 
с 
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=(ab+be+ca+abc)-1 
— ab-- bc-- ca - abc 


о. 
3 22 
_А+А'_|2 0 
X202 0 3 


-А' |0 -4 
c-A-A'. 
2 4 0 


B 


2. A=B +C, where B is symmetric and С is skew-symmetric. 


п. EE cu UAI sus à) 


а 
When the tangent is parallel to x-axis, с =0 


=> x=0 
From (i), we get y = +4 
2. The required points are (0,4), (0,4) 


OR 

f(x) =x? —9x? +24х +12 
£'(x)=3(x? -6x+8) 

For increasing function, f'(x) > 0 

> x?-6x+8>0 

> (х-4)(х-2)>0 > 46) 

огх<2 
2, For decreasing function 2 < x <4 
12. I= [sec? x dx = [secx-sec? x dx 


Integrating by parts, we get 


= secx tan x — ftanx-seox tanx dx 


1 


EA : TEATS | 


EN 


Marking Scheme 


=secx tanx— Jsecx (sec? х-1)4х 
=secx tanx— sec? x dx + fsecx dx 


21 = sec x tan x + log (sec x +tanx)+c' 


1 1 Р 
I- secx tanx + log(secx + tanx) +e 


OR 
du 
дэ 
o vsinx + COSX 


И 
O ca 
[21 
6. 
B 
та 
la 
| 
я 
RIA 


т 
(| Мсовх 
0 Asin x + Ncosx 


ic 
2 T 
@+@ = 21- fax-1=> 
0 
т 
І-- 
5% 4 


13. P (Black card NE Наэ P (Red card) => 
. (В1асК сага) = 272 2 
P (Both Black cards) = 

1 
P (Both red cards) ==: = FA 


Eri 
P (Both Black or Both red) = 3 4x 4 


1 
2 
Т 
7-:( 1 
14. General term = t,, =” C, (x) 


Middle terms are 4th and Sth 


2. Putting r=3 and r=4 in (i), we get the middle terms 45 


ан м 
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7c co ius de ESI | 
5 2х т 2х 


35 4 35 
M бр 
ОЕТ um ac^ 
15. — Lettheintercepts on the axes be а" and 'b' respectively, 


For Figure 1 


2 коз My 
г. The equation of line is шит zio es (1) 


The portion of (1) i.e., AB is bisected at the point (2,3) , 


a+0_ 


L2 м, 
2 = a=4 


: р у 
2. Equation of line is TESI => 3x+2y=12 1 
16. Тһе given equation of circle is 
x? «y? -2x -10y 41-0 
The equation of tangent to circle at (x, y) is 
xxi +yyı +g(x+x,)+f(y+y,)+c=0 1 
Putting хі =-3,y, =2 and c =1,g =—1,f = -5 , we have the equation of tangent as 2 
-3х+2у-(х-3)-5(у+2)+1=0 
> НО 0mm Tt 2 () | 
Equation of normal is 3x-4y+k=0 й 
It passes through (—3,2) 
-9-8-К-0 = k=17 
2. The equation of normal is Зх — 4y +17 =0 1 
x? сойх ОЛС: x? | 


17; lim m 
x201—cosx xo0tanx 1-со8х 


4 х А ; 
= lim ——- lim : 
x0 tanx х-э0 242 x 124 
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— 


1- lim =2 
x0 ex 2 
2| 1 
4 х ; 1+% 
2 
OR 
I secx-ctanx | 4вес х + tan x 
secx—tanx /secx+tanx 1 
бесх +1апх 
с UU 1 
ТУ = seex tanx +sec? x 1% 
= sec x [tan x-secx] и 
18. This is a linear diferential equation. 
Here P = sec x, Q = tan x 1 
: ТЕЗ el baa a secx dx _ „loglsec+tanx) _ Sec x + tanx 1 
2. The solution is 
y (sec x + tan x) = fian x (sec x + tan.x) dx 1 
= [сх tan x dx + (бес? х -1) dx: 
= ѕесх +1ап-х+с 1 
' “©” 2 
19, Classes Xi fi di fidi fidi 
0-20 10-9 EO 20 -20 40 
20-40 30 10 -1 -10 10 
40-60 50 251 0 0 0 
60-80 70 15 1 15 15 
80-100 90 40 2 80 160 2 
Ef; =100 Xfd;-65 Уба = 225 
2 
sp = € JNzga;^ (564) и 
М 
- 20 Л0ж225-(65)* 1 
100 
- V18275 КУРА ГА 


EE ЕШШ 
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Marking Scheme 
20. The given system can be written as | 


1059571 
AX=B, where A=|2 -1 1| B-|a| x-|y Е 
15055251 4 2 
> Х-АЗВ 
|A|=11 1 
TONES S T 3078) 
Adoit A=| 3 -2 1| > r, ао „ 2% 
7 -1 -5 DENS 


ЕСЕН ҮТ 
>  x-Ly22,2-3 № 
1 1 1 1 
+ 82:16:13) | z 
Putting n= 1, 2, 3........ 


5-2 

374[35 63 2 

" 4[Qn-DQn«) Qn«DQn«3) 

Em 

74|3 хе ри 2 
E 


2 2 

sina cosa 2(cos & -sin a) 

22. tan a -cota =—— ———— = — = -2cot2a 2 
cosa sina 2cosasina 
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= tana =cota-—2cot2a 
Similarly 2tan2a = 2 cot 2a —4cot 4a 
| 4tan 4a = 4 cot 4a —8cot8a ...(А) 


8cot 8a =8cot8a 


Adding (A), we get 


tana +2tan2a+4tan4a+8cot8a = cot a 


OR 
b? +с2-а2 64481-49 2 
сөА-------------- 
2bc 144 3 
с? +а? -5? 81+49-64 11 
сөВ--------------- 
2са 126 21 
а? +652 с? 49-64-81 2 
со5С = 2223 
2ab 112 7 
122 
cos A e0sB:cosC = 2:27: 
=14:11:6 


23. . Letrbe the radius and b the height of cylinder 


r+h=6 => h=6-r © 


у - f(r) = г? (6-1) =6nr? - ni? 


ex 212708 3nr? 
dr 


42у 
Арап >= 12л—6лг 
dr? 


2 
Showing us as negative atr - 4 
r 


2, Maximum volume = 1x16x2 -32л 


2 
- 1 
24. I= [ках h=-—*=— => mel 


1% 


1% 


1% 


1% 


1 
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2 


[ках = tim h[1++h)+(1+2h)+...+{14+(n—Dh}] 2 
1 һ->0 
= lim Маз оа] 2 
һ->0 
(nh-h)nh] 3 
= lim | 06+ == 
h>0 2 
2 
[х dx == 1 
І 
OR 
For correct Figure 2 


Area of shaded region 
4 

- М6- x? dx 2 
0 


4 


TEEI +в | 


0 


-8х7-4л sq. units 2 

2 

OPTIONAL -1 

(Vectors and Three Dimensional Geometry) 
25. PQ=(2a+3b)—(a—26) -a4.5b л 
QR -(-75)-(24-35)--2(4-50) A 
> PQ|| QR and Q is common й 
P,Q апа К are collinear А 
26: Те be the angle between a=3i 42j-3k е 
апа Б=2ї+3]+4К 


3 2 v 
ЖЕ E (3х2)+(2х3)+(—3х4) = E 


№32 «QY «(733 422 432 44? 
| 252 № Б MATHEMATICS 


Marking Scheme 
0215 
2 
27. . Theequation of plane passing through (—1,1,1) is 
a(x+1)+b(y-1)+c(z-)=0 sn. (i) 
This passes through the point (1,-1,1) also 
2a—2b+0c=0 | -- (ii) 
since (i) is prependicular to the plane х+2у+22-5=0 
^ а+25+2с=0 -- (iii) 
From (ii) and (iii) 


сат DRS Bn es 
A 4 бе 


2. From (1), equation of plane is 
2(x+1)+2(y-1)-3(z-1)=0 
2х%2у-32%3-0 


28. . The lines are coplanar if 


хот удуур э 


Here, ху =-Ь уу =-3, 7; =—5 
хә =2, y, =4, 22 =6 
| =3, пу =5, ny =7; ly =» =4m =7 
Ber at 
39295: 
ДРА T 


=3(35-28)-7(21-7)+11(12-5)=0 


2. Lines are coplanar. 
Equation of the plane containing the lines is 


a(x+1)+b(y+3)+e(z+5)=0 


Where 3a+5b+7c=0 
a+4b+7c=0 

а... bite 3:2:50:2:0 

- 24 29 нэ 


| 7 
wm ee 
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2. Therequiredequationis  (x+1)—2y-6+z+5=0 


х-2у+2=0 З № 
OR 
Centre of sphere = (0,1, 2) 
ios P Radius of sphere = OP = 4 1 
та Equation of plane: х--2у--22-15-0 
00'= ae 3 i 
O'P? = ОР? =002=16-9=7 => ОР-/7 1 


2. Radius of the circle — /7 
Equation of line through (0, 1, 2) and prependicular to the plane is 
х-0 у-1 2-2 


Гал =^ = 


ед 
x=k,y=2k+1,z=2k+2 


=k 1 


Since И Нез on the plane x +2y + 22 =15 

k+4k+2+4k+4=15 
=> k=1 Г 
2. The coordinates of centre of circle are (1, 3, 4) 1 


OPTIONAL -II 
(Mathematics for Commerce, Economics of Business) 
25. — Rs100stock can be purchases for Rs. 95 A 
2. Rs 9600 stock can be purchases for Rs. 7900495 1 
= Кз. 9120 - и 
26. Tabular premium per thousand =Rs. 30.05 
Rebate for mode of payment = 3% of Rs. 30.05=Rs. 0.90 2 
Rebate for large sum assured =Rs. 2.00 per thousand sum assured 
Total = Rs. (30.05-0.90-2) =Rs. 27.15 и: 
Extra premium towards accident benefit ‚= Кз. 1.0 per thousand | 
Annual premium per thousand =Rs. 28.15 1 
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2. Annual premium to be paid =Rs. 252 x100000 = Rs. 2815.00 1 
OR 
Wholesalers cost price = Rs. (15x100) = Rs. 1500 
E Е LANG | уды, 
VAT @ 12.5% те Aus Rs. 188 
Total =Rs. 1688 1 
Value added @ Rs. 50 per chair = Rs. 750 
| Total =Rs. 2438 2 
я 12.5 
VAT on the added amount = Rs. 750х ЫЙЫ = Rs. 93.75 = Rs. 94 1 
| Therefore, final selling price is Rs. (2438 + 94) = Rs. 2532 
| Total VAT paid to the Govt. is Rs. (188 + 94) = Rs. 282. и 
Р, 
27. Commodity Price in 1996(Py) Price in 2001 (P, ) ra 
Wheat 12 16 133.33. 
Кісе 20 25 125.00 
Suger 12 16 133.33 
Ghee 40 60 150.00 
Tea 80 96 120.00 
Total 661.66 3 
| 661.66 
Price index for 2001 taking 1996 аз Базе year = rA 
= 132.33 1 
28; 20р-480-х 
х 
DES У 
5 ЕЕ 
х2 
R(x)=px=24x—— tes (i) 1 
(х)=рх 20 
AC(x) 2104. - 
15 
„2 
С(к)=10х+25: Sa (ii) { 
15 
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D өө 
7х2 
P(x) =(i)-Gi) -14x - — 1 
1 п 9,4 60 А 


^ 7x 
T P (0-м 


For maximum profit P'(x) =0— х= 60 1 
po ад № 
30 
60 
=24-% -21 
р 20 


2. Maximum output — 60 
and price at this output = 21 1 
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Dear learners, 
You must have enjoyed going through your course ‘material 
in Mathematics. It was our endeavor to make the study 
material relevant, interactive and interesting. Production of 
course material is a two way process. Your feedback would 
help us improve the study material. Do take a few minutes of 
your time and fill-up the feedback form so that an interesting 
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Feed back on Questions 


[ Lesson no. “| Lesson Name Intext Questions 


Terminal Question 


32 Useful Not useful 


mi г сіка 


34 
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No Enclosures allowed 


FUNDAMENTAL DUTIES 
Part IVA (Article 51 A) 


It shall be the duty of every citizen of India- 


(a) to abide by the Constitution and respect its ideals and institutions, the National Flag the 
National Anthem; 


(5) to cherish and follow the noble ideals which inspired our national struggle for freedom; 
(c) to uphold and protect the sovereignty, unity and integrity of India; 
(d) to defend the country and render national service when called upon to do so; 


to promote harmony and the spirit of common brotherhood amongst all the people of 
India transcending religious, linguistic and regional or sectional diversities; to renounce 
practices derogatory to the dignity of women; 2 


to value and preserve the rich heritage of our composite culture; 


to protect and improve the natural environment including forest, lake, rivers and wild life, 
and to have compassion for living creatures; 


to develop the scientific temper, humanism and the spirit of inquiry and reform; | 
to safeguard publie property and to abjure violence; \ 


7() ~—to-strive ‘towards excellence in all spheres of individual and collective activity so that 
nation constantly rises to higher levels of endeavour and achievement. 


A brief Guide to NIOS web site 


The success of open learning and distance education very much depends upon the harnessing of the 
new and latest technology. The emerging Internet and Web technology help in effective dissemination of 
knowledge breaking all geographical boundaries. The web-site is a dynamic source of latest information 
and is also electronic information guide. The contents in the NIOS web site are open to all. 


The learners can have an access to NIOS web-site at the following address: 
http:/www.nos.org & nios.ac.in 


Clicking the site address will bring the user to NIOS home page that will further guide them to visit 
different information pages of NIOS. NIOS is also developing a school network through Internet known 
| as Indian Open Schooling Network (IOSN). The network will provide a common communication 
platform for learners and educators. NIOS is offering Certificate in Computer Applications (CCA) through 
selected AVI. This course is also offered through Internet on NIOS Web-Site, 
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